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Chapter 1 

CHAPTER ONE 

MATRICES 

Matrices: which are rectangular arrays of numbers or functions (elements). 

Matrices are important because they let us express a large amount of data and 

functions in an organized and simplified form. 

For Example: 
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. 2*3Acolumns, we call it  3is a matrix of 2 rows and  AWhereas:  

-ithcolumns. The element in -mrows and -nis a matrix that has  n*mA In general*

 =012=3, a23afor example  ijacan be expressed by  Acolumn of matrix -jthrow and 

. 

 

Properties of the Matrices 

are two matrices, we can say A=B if and only if  Band  AIf  :Equality – 1

they have same elements in the same position. 

Ex:  
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2 – Adding and Subtraction: If A and B are two matrices can be 

added or subtracted if they have the same number of rows and columns.  

Ex:  
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3- Multiplication: 

A – To multiply a matrix A by constant c, we multiply each element of A by c. 

Ex: 
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B- To multiply a matrix A by matrix B, the number of columns in A must be equal 

to the number of rows in B. we multiply row by column. 

 Ex: Find A*B, B*A 
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Note: In general ABBA **   

4- Square Matrix: It is the matrix that has same number of rows and 

columns An*n 

Ex: 
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5- Unity Matrix ( I ): It is a matrix in which the element of main diagonal is 

equal one and the other elements are zero. 
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6- Zero Matrix: It is a matrix in which all the elements are equal zero. 
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7- CABBCA )()(  where A,B and C are matrices. 

8- BAAB   

 

9-    ABkBkA   where A and B are matrices. k is constant. 

Ex: Show that    ABkBkA   if: 
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10-   BCACCBA   Where A, B and C are matrices 

Ex: Show that   BCACCBA  if: 
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HW1: Find A*B and B*A if: 

𝐴 = [
2 3 1
2 −7 4

]  𝐵 = [
3 4 5
1 1 4
2 1 4

] 

HW2: Find A*B and B*A if: 

𝐴 = [
1 2 −3 4
0 −5 −1 1

] , 𝐵 = [

2 3
−5 0
6

−1
−2
−3

] 
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Determinants 

 For each square matrix, there is a number called determinant and 

denoted by: 

𝑑𝑒𝑡. 𝐴    𝑜𝑟  |𝐴| 

 If 𝐴 = [−2]   , 

then |𝐴| = |−2| = −2 

 If 𝐴 = [
𝑎 𝑏
𝑐 𝑑

],  

then |𝐴| = |
𝑎 𝑏
𝑐 𝑑

| = 𝑎𝑑 − 𝑏𝑐 

 In general, if 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

Then |𝐴| = |

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

| 

|𝐴| = 𝑎11 |
𝑎22 𝑎23

𝑎32 𝑎33
| − 𝑎12 |

𝑎21 𝑎23

𝑎31 𝑎33
| + 𝑎13 |

𝑎21 𝑎22

𝑎31 𝑎32
| 

 

Ex1: Find the det.A if:  

𝐴 = [
2 −1
4 3

] 

Ex2: Find the |𝐴|if: 

𝐴 = [
2 0 5
3 −1 2
4 −2 3

] 

Ex3: Find the |𝐴| if: 

𝐴 = [
1 3 0
2 6 4

−1 0 2
] 
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Properties of Determinant: 

1- If two rows or columns are identical then the determinant is 

zero. 

2- If row or column multiplied by a constant then the 

determinant will multiply same constant. 

3- If the elements of the matrix above or below the main 

diagonal is equal to zero then the determinant is the product 

of the element of the main diagonal.  

4- If all the elements of row or column of a square matrix is 

equal to zero then the determinant is zero.   

5- If two rows or columns are interchanged then the determinant 

just change its sign.  
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Rank of the Matrix 

It is the order of the highest square matrix with determinant does 

not equal zero. If A is a square matrix (n*n) it has Rank=n if and 

only if:  

|𝐴| ≠ 0 , Then the rank =n. 

Ex1: Find the rank of A if: 

𝐴 = [
2 −1 −2
1 3 0

−2 4 0
] 

Ex2: Find the rank of the following matrix: 

𝐴 = [
1 2 −1
2 −1     1
3 1     0

]  

Ex3: Find the rank of the following matrix: 

𝐴 = [
3     0 2 2

−1    7 4 9
7 −7 0 −5

] 
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Inverse of the Matrix 

To find the inverse of the square matrix 𝐴−1: 

1) Find the determinant of A. 

2) Write down the minors of A (min. A). 

3) Write down the cofactor matrix of A (cof. A). 

4) Find the adjoint matrix (adj. A) by transposing cof. A. 

5) 𝐴−1 =
𝑎𝑑𝑗 𝐴

|𝐴|
. 

Ex1: If 𝐴 = [
2 0
1 3

] find𝐴−1. 

Ex2: If 𝐴 = [
1 3 0
2 6 4

−1 0 2
] find𝐴−1. 

Ex3: If 𝐴 = [
2 3 −4
3 −2 5
1 4 −3

] find 𝐴−1. 
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Solving Equations using Matrices 

If we have (n) equations with (m) variables for example 

𝑎11𝑥 + 𝑎12𝑦 + 𝑎13𝑧 = 𝑏1 

𝑎21𝑥 + 𝑎22𝑦 + 𝑎23𝑧 = 𝑏2 

𝑎31𝑥 + 𝑎32𝑦 + 𝑎33𝑧 = 𝑏3 

These equations can be written in matrix form: 

[

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] ∗ [
𝑥
𝑦
𝑧

] = [
𝑏1

𝑏2

𝑏3

] 

𝐴 ∗ 𝑋 = 𝐵 

There are three methods to solve these equations using matrices: 

1) Cramer’s Rule. 

2) Inverse of the matrix. 

3) Gaussian Elimination Method 
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1- Cramer’s Rule: which include that  

𝑥 =
|𝐴𝑥|

|𝐴|
   ,                𝑦 =

|𝐴𝑦|

|𝐴|
   ,    𝑧 =

|𝐴𝑧|

|𝐴|
 

Note: |𝐴| ≠ 0 

Where  

𝐴𝑥 = [

𝑏1 𝑎12 𝑎13

𝑏2 𝑎22 𝑎23

𝑏3 𝑎32 𝑎33

] 

𝐴𝑦 = [

𝑎11 𝑏1 𝑎13

𝑎21 𝑏2 𝑎23

𝑎31 𝑏3 𝑎33

] 

𝐴𝑧 = [
𝑎11 𝑎12 𝑏1

𝑎21 𝑎22 𝑏2

𝑎31 𝑎32 𝑏3

] 

Ex1: Using Cramer’s rule solve the following equations: 

2𝑥 − 3𝑦 + 4𝑧 = −19 

6𝑥 + 4𝑦 − 2𝑧 = 8 

𝑥 + 5𝑦 + 4𝑧 = 23 

Ex2: Using Cramer’s rule solve the following equations: 

𝑥 + 2𝑦 − 𝑧 = 3 

2𝑥 − 𝑦 + 𝑧 = 4 

3𝑥 + 𝑦 = 7 

HW1: Solve the following linear system equations using Cramer’s 

rule: 

𝑥 − 𝑦 + 𝑧 = 4 

2𝑥 + 𝑦 + 𝑧 = 7 

2𝑧 − 𝑥 − 2𝑦 + 1 = 0 
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2- Inverse of the Matrix Method 

If the linear system equations in matrix form is given by: 

[

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] ∗ [
𝑥
𝑦
𝑧

] = [
𝑏1

𝑏2

𝑏3

] 

𝐴 ∗ 𝑋 = 𝐵 

𝐴−1𝐴 ∗ 𝑋 = 𝐴−1𝐵 

𝐼 ∗ 𝑋 = 𝐴−1𝐵 

𝑋 = 𝐴−1𝐵 

Ex1: Solve the following system equations using inverse of the 

matrix method. 

𝑥 + 2𝑦 = 1 

𝑥 − 𝑦 = 4 

HW2: Solve the following system equations using inverse of the 

matrix method. 

𝑥 + 2𝑦 + 2𝑧 = 5 

3𝑥 − 2𝑦 + 𝑧 = −6 

2𝑥 + 𝑦 − 𝑧 = −1 
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3- Gauss Elimination Method 

1) Arrange the equations according to the unknown variables. 

2) Write the augmented Matrix 𝐴 =̃ [𝐴: 𝐵]. 

3) Eliminate 𝑥1from second and third equations. 

4) Eliminate 𝑥2 from third equation. 

5) Find 𝑥3, 𝑥2 and 𝑥1using back substitution. 

Ex1: Solve the linear system equations 

𝑥2 − 𝑥1 + 2𝑥3 = 2  

𝑥3 + 3𝑥1 − 𝑥2 = 6 

3𝑥2 − 𝑥1 + 4𝑥3 = 4 

 

Ex2: Solve the following equations using Gauss elimination method: 

3𝑥1 + 2𝑥2 + 𝑥3 = 3 

2𝑥1 + 𝑥2 + 𝑥3 = 0 

6𝑥1 + 2𝑥2 + 4𝑥3 = 6 

 

Ex3: Solve the following equations using Gauss elimination method: 

3𝑥1 + 2𝑥2 + 2𝑥3 − 5𝑥4 = 8 

0.6𝑥1 + 1.5𝑥2 + 1.5𝑥3 − 5.4𝑥4 = 2.7 

1.2𝑥1 − 0.3𝑥2 − 0.3𝑥3 + 2.4𝑥4 = 2.1 

HW2: For the following current equations, find the values of 

𝑰𝟏, 𝑰𝟐 𝒂𝒏𝒅 𝑰𝟑. 

𝐼2 = 𝐼3 + 𝐼1 

10𝐼2 + 20𝐼1 = 80 

25𝐼3 + 10𝐼2 = 90 
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HW: Using Gauss Elimination method solve the following equations 

−2𝑥3 − 7𝑥2 + 3𝑥1 = −7 

5𝑥2 + 𝑥3 − 3𝑥1 = 5 

6𝑥1 − 4𝑥2 = 2 

HW: Using Gauss Elimination method solve the following equations 

3𝑥3 − 2𝑥2 + 𝑥1 = 1 

3𝑥2 − 𝑥3 − 𝑥1 = −1 

2𝑥1 − 5𝑥2 + 5𝑥3 = 1 
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Differentiation: 

It helps us to understand how functional 

relationships change such as the position or speed 

of moving object as function of time, the 

changing slope of curve being traversed by a 

point moving along it. 

Given an arbitrary function )(xfy  , we calculate 

the average rate of change of y with respect to x 

over the interval [x1, x2] by: 
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Ex1: If 2xy  find 
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dy  using limits? 
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Ex2: If xy  find y  using limits? 
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Differentiation Rules: 
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Ex1: If 1056)( 3  xxxy find y? 

Sol: 0518 2  xy  

Ex2: find
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Differentiation of Trigonometric Functions: 

Derivative )(uf   , u=g(θ) 
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(𝑐𝑠𝑐 𝑢) = − 𝑐𝑠𝑐 𝑢   𝑐𝑜𝑡 𝑢

𝑑𝑢

𝑑𝜃
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Ex1: Proof that   


2sectan 
d

d
 . 

Sol:





cos

sin
tan   
















2

22

22

2
sec

cos

1

cos

sincos

cos

)sinsin(coscos

cos

sin
















d

d
 

Ex2: find 
dx

dy
 if 22sin)( xxy  . 

Sol: 

 

22

22

cossin4

2 cossin2

xxx
dx

dy

xxx
dx

dy





 

 Ex3: find 
dx

dy
 if xxxy sin)( 2 . 

Sol: 

xxxx
dx

dy
sin2cos2   

Ex4: find 
dx

dy
 if 

x

x
xy

sin1

cos
)(


 . 

Sol: 

 

 
 
  xx

x

dx

dy

x

xxx

dx

dy

x

xxxx

dx

dy

sin1

1

sin1

sin1

sin1

cossinsin

sin1

)cos0(cossin)sin1(

2

2

22

2



















 

Ex5: find y   if xxy sec)(  . 
Sol: 

xxxy

xxxxxy

xxy

23

2

tansecsec

tansectansecsec

tansec






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The Chain Rule:  

It is used for composite function. If )(  and   )( xguufy  then: 

dx

du

du

dy

dx

dy
   

Where 
du

dy
 is evaluated u=g(x). 
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Implicit Differentiation: 

 

The above eq. we cannot put in the form of )(xfy  to differentiate it 

in usual way, so we use implicit differentiation.  

 

Ex1: find 
dx

dy
if xyxy sin22  ? 

Sol: 

xyyx
dx

dy
xyx

dx

dy
y

y
dx

dy
xxyx

dx

dy
y

xy
dx

d
xyxy

dx

d

cos2cos2

cos22

)(cos2)( 2















 

 

xyxy

xyyx

dx

dy

xyyxxyxy
dx

dy

cos2

cos2

cos2cos2








 

Ex2: find 
dx

dy
if 23 2223  xxyyxy ? 

Sol: 

022233 222 
















 xy

dx

dy
xxy

dx

dy
yx

dx

dy
y  

  02663 222  xyxyxyxy
dx

dy
 

xyxy

xyxy

dx

dy






22

2

63

26
 

Ex3: find the slope of the tangent to the curve 722  yxyx  at (1,2)? 

Sol: 

022 









dx

dy
yy

dx

dy
xx  

  022  yxyx
dx

dy
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 yx

yx

dx

dy

2

2




  Slope of the tangent 

At point (1,2),  
  5

4

)2(21

)2()1(2







dx

dy
 

 

Partial Derivative:  
If z=f(x, y) then  
𝜕𝑧

𝜕𝑥
= 𝑧𝑥   : represents the partial derivative of z with respect to x. 

𝜕𝑧

𝜕𝑦
= 𝑧𝑦   : represents the partial derivative of z with respect to y. 

Ex1: Find the values of  
𝜕𝑓

𝜕𝑥
 and  

𝜕𝑓

𝜕𝑦
 at the point (4, −5) if 

𝑓(𝑥, 𝑦) = 𝑥2 + 3𝑥𝑦 + 𝑦 − 1 

 

 

 

Ex2: Verify that 𝑓𝑥𝑦 = 𝑓𝑦𝑥 if 𝑓(𝑥, 𝑦) = 𝑥 sin 𝑦 + 𝑦 sin 𝑥 + 𝑥𝑦 

 

Ex3: Find 
𝜕𝑓

𝜕𝑥
 and 

𝜕𝑓

𝜕𝑦
 if 𝑓(𝑥, 𝑦) = 𝑦 sin 𝑥𝑦 
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Applications of Derivative: 

Ex1: A body is moving on a coordinate line with 𝑠(𝑡) = 𝑡2 − 3𝑡 + 2 in meter 

and t in sec where 0 < t < 2 find: 

1- The body displacement and average velocity for the given time 

interval. 

2- Find the speed and the acceleration of the body at end points of 

the interval.  

Sol: 

𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 =  ∆𝑠 = 𝑠(0) − 𝑠(2)  
𝑠(0) = 2                               𝑠(2) = 0       

 ∆𝑠 = 2 − 0 = 2𝑚            

𝑎𝑣𝑔. 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 =
∆𝑠

∆𝑡
=

2

2
= 1 𝑚/𝑠𝑒𝑐 

To find the speed: 

 𝑣(𝑡) =
𝑑𝑠(𝑡)

𝑑𝑡
= 2𝑡 − 3 

When 𝑡 = 0,   𝑣(0) =  |(2 ∗ 0) − 3| = 3 𝑚/ sec   

           𝑡 = 2,   𝑣(2) =  |(2 ∗ 2) − 3| = 1 𝑚/ sec   

To find the acceleration  

𝑎(𝑡) =
𝑑𝑣(𝑡)

𝑑𝑡
= 2 

When 𝑡 = 0,   𝑎(0) = 2 𝑚2/ sec   

          𝑡 = 2,   𝑎(2) = 2 𝑚2/ sec   

 

Ex2: find the slope of the tangent to the curve 722  yxyx  at (1,2)? 

Sol: 

022 









dx

dy
yy

dx

dy
xx  

  022  yxyx
dx

dy
 

 yx

yx

dx

dy

2

2




  Slope of the tangent 

At point (1,2),  
  5

4

)2(21

)2()1(2







dx

dy
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Ex3: Find the tangent line and the normal line to the curve 
𝑥−𝑦

𝑥−2𝑦
= 2 𝑎𝑡 (3,1). 

 

Ex4 

For the following electrical circuit, if R1 is decreasing at the rate of 

1Ω/sec and R2 is increasing at the rate of 0.5 Ω/sec. What is the 

changing rate of R when R1=75Ω and R2=50Ω. 

Sol: 
𝑑𝑅1

𝑑𝑡
= −1 Ω/𝑠𝑒𝑐  ,   

𝑑𝑅2

𝑑𝑡
= 0.5 Ω/𝑠𝑒𝑐 

1

𝑅
=

1

𝑅1
+

1

𝑅2
  

−1

𝑅2

𝑑𝑅

𝑑𝑡
=

−1

𝑅1
2

𝑑𝑅1

𝑑𝑡
−

1

𝑅2
2

𝑑𝑅2

𝑑𝑡
 

At R1=75Ω and R2=50Ω 
1

𝑅
=

1

𝑅1
+

1

𝑅2
=

1

75
+

1

50
 

𝑅 = 30Ω 
−1

(30)2

𝑑𝑅

𝑑𝑡
=

1

(75)2
−

0.5

(50)2
=

1

5625
−

0.5

2500
 

𝑑𝑅

𝑑𝑡
= 0.02 Ω/𝑠𝑒𝑐 
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Ex3: 

 
Ex4: 
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This chapter is study exponential, natural logarithmic, trigonometric, and 

hyperbolic function. 

Natural Log. General Log 

xxe lnlog   
xalog  

Inverse of Natural Log. Inverse General Log 

)exp(xe x   xa  
 

1- Natural Logarithms 

The natural logarithm of a positive 

number (x), written as ln x, is the value 

of an integral. 

 
If x>1, then ln x is the area under the 

curve ty /1  from t=1to t=x. For 0<x<1 ln 

x gives the negative of the area under the curve from x 

to1. The function is not defined for x<0. 
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Ex1:Use the properties of Natural Log. to simplify the following expression: 

1) ln 𝑠𝑖𝑛𝜃 − ln (
𝑠𝑖𝑛𝜃

5
) =  ln (

𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃

5

) = ln 5 . 

2) ln sec 𝜃 + ln cos 𝜃 =  ln(sec 𝜃 cos 𝜃) = ln 1 = 0 . 

3) ln(3𝑥2 − 9𝑥) + ln (
1

3𝑥
) = ln (

3𝑥2−9𝑥

3𝑥
) = ln(𝑥 − 3) . 

4) ln(8𝑥 + 4) − ln 22 = ln(8𝑥 + 4) − ln 4 = ln (
8𝑥+4

4
) = ln(2𝑥 + 1) . 

5) 
1

2
ln(4𝑡4) − ln 2 = ln √4𝑡4 − ln 2 = ln 2𝑡2 − ln 2 = ln (

2𝑡2

2
) = ln 𝑡2. 

6) 3 ln √𝑡2 − 1
3

− ln(𝑡 + 1) = 3 ln(𝑡2 − 1)
1

3 − ln(𝑡 + 1) = 3 (
1

3
) ln(𝑡2 − 1) − ln(𝑡 + 1) =

ln (
(𝑡+1)(𝑡−1)

(𝑡+1)
) = ln(𝑡 − 1). 

Ex2: Find 
dx

dy
: 
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Ex3: Find the integral: 

(a)   5ln)5ln()1ln( 5ln
5

2 2

0

2

2

0

2


 xdx
x

x
 

(b) 



  5ln2)1ln()5ln(2

))
2

sin(23ln())
2

sin(23ln(2 sin23ln2
sin23

cos4
2

2

2

2










































d

 

(c) cxc
x

cxdx
x

x
xdx   secln

cos

1
lncosln

cos

sin
tan  
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2- Exponential  

)(ln)exp( 1 xxe x   
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Ex1: Put the following expressions in form of y=f(x): 

1- ln(𝑦 − 1) − ln 2 = 𝑥 + ln 𝑥 
Sol: 

ln(𝑦 − 1) − ln 2 −ln 𝑥 = 𝑥 

ln (
𝑦 − 1

2𝑥
) = 𝑥 

𝑒ln(
𝑦−1
2𝑥 ) = 𝑒𝑥 

𝑦 − 1 = 2𝑥𝑒𝑥 
𝑦(𝑥) = 2𝑥𝑒𝑥 + 1 

 

 

2- ln(𝑦2 − 1) − ln(𝑦 + 1) = ln (sin 𝑥) 

Sol:  

ln (
𝑦2 − 1

𝑦 + 1
) = ln(sin 𝑥)   ⇒    ln(𝑦 − 1) = ln(sin 𝑥) 

𝑒ln(𝑦−1) = 𝑒ln(sin 𝑥 )           ⇒  𝑦 − 1 =  sin 𝑥 

𝑦 = sin 𝑥 + 1 
 

Ex2: Find 
dx

dy
: 

 
Ex3: Find the integral: 

(a) 

 0ln32ln3

2ln

0

3

2ln

0

3

2ln

0

3

3

1

3

1
3

3

1

ee

edxedxe xxx



 
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3- General Logarithm  

General Log 

 

Inverse of general Log: 

 

1- Derivative  

dx

du

ua
u

dx

d
a

1

ln

1
log   

 

2- Integral   du
a

u
udua

ln

ln
log  

1- Derivative 
dx

du
aaa

dx

d uu ln  

 

2- Integral   C
a

a
dua

u
u

ln
 

 
 

Ex:  Find 
𝑑𝑦

𝑑𝑥
 if 
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3- Trigonometric Functions :         

Function  Plot 

1- 
r

y
sin  

 

2- 
r

x
cos  

 

3- 
x

y







cos

sin
tan   

4- 
y

x





tan

1
cot  

 
5- 

y

r





sin

1
csc  

 

6- 
r

x





cos

1
sec   
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Some Important Rule of  Trigonometric Functions: 

 

 

 

 

Differentiation and integration of Trigonometric Functions: 

Derivative )(uf   , u=g(θ) Integration 

1)  
 d

du
uu

d

d
cossin     cuduu cos sin  

2)  
 d

du
uu

d

d
sincos     cuduu sin cos  

3)  
 d

du
uu

d

d 2sectan   cuduu  cosln tan  

4)  
 d

du
uu

d

d 2csccot   cuduu  sinln cot  

5)  
 d

du
uuu

d

d
tan  secsec   cuuduu  tansecln sec  

6)  
 d

du
uuu

d

d
tan  csccsc   cuuduu  cotcscln csc  
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4- Inverse of Trigonometric Function: 

Function f(x) Plot 

1- xy 1sin  

 
2- xy 1cos  

 
3- xy 1tan   

 
4- xy 1cot  

 
5- xy 1sec  

 
6- xy 1csc  
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Derivative of the Inverse Trigonometric Functions: 

 

Some important rule: 
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Ex2: 

 

Ex3: find )5(sec 41 x
dx

d   

 

Integral of the inverse trigonometric functions 
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Ex4: find 
 243 x

dx
 

Sol: 

 

Ex5: find 
 62xe

dx
 

 

Ex6: evaluate  

4

2

2 106

2

xx

dx
 

 
 

 



 

Transcendental Function CHAPTER THREE 
Communication Eng. Dept. / 1 stage / 2019-2020 

The Hyperbolic Functions: 
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Some Important rule of hyperbolic function 
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Ex1: Solve  

 

Ex2:Solve : 
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Derivative and Integral of Inverse Hyperbolic Function: 
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Ex1: simplify the hyperbolic function )cosh(ln2 xy   

x
x

e
x

ee
y

x

xx 11

2
2

ln

lnln







 

Ex2: simplify the hyperbolic function 

 )sinhln(cosh)sinhln(cosh xxxxy   

x
xy

ee
ee

y

eeeeeeee
y

xx
xx

xxxxxxxx

1

)ln()ln(
2

2
ln

2

2
ln

22
ln

22
ln





























 











 










 

Ex3: simplify the hyperbolic function 

4)cosh(sinh xxy   

x
x

xxxx

e
e

y

eeee
y

4

4

4

2

2

22


















 






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Ex4: Find 
dt

dy  if tty tanh 2  

t

t
th

t

t

t

th
t

dt

dy tanh
sec

tanh2

2

sec
2 2

2

  

Ex5: Find 
dx

dy  if xy 1sinh  

)1(2

1

2

1
.

1

1

xxxxdx

dy





  

Ex6: Find 
d

dy
 if  1tanh)1( y  

















1

1

1

2

tanh
)1(

1

tanh
)1)(1(

)1(

tanh
1

1
)1(























d

dy

d

dy

d

dy

 

 

 























































BAREZ
Pencil

BAREZ
Pencil

















BAREZ
Pencil

















 

Chapter Two Applications of Integral 

Applications of  Definite Integrals 
1- Area Between Curves: (sec. 5-6) 

The area between curves can be found by two methods: 

A) When the Slab is Moving Along the x-

Axis: 

We choose a rectangular slab and find the 

area of this slab, then find the total area by 

integrating the area of the slab with respect 

to x-axis over a given period.  

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑎𝑏 𝐴𝑠 = ∆𝑥 ∗ ∆𝑦 

Because the slab is moving along the x-axis 

then: 

       ∆𝑥 = 𝑑𝑥 

∆𝑦 = 𝑢𝑝𝑝𝑒𝑟 𝑐𝑢𝑟𝑣𝑒 − 𝑙𝑜𝑤𝑒𝑟 𝑐𝑢𝑟𝑣𝑒 = 𝑓(𝑥) − 𝑔(𝑥) 

Then the total area bounded by the two curves is: 

𝐴 = ∫ 𝑓(𝑥) − 𝑔(𝑥) 𝑑𝑥
𝑏

𝑎

 

 

B) When the Slab is Moving Along the y-Axis: 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑎𝑏 𝐴𝑠 = ∆𝑥 ∗ ∆𝑦 

Because the slab is moving along the y-axis then: 

       ∆𝑦 = 𝑑𝑦 

∆𝑥 = 𝑅𝑖𝑔ℎ𝑡 𝑐𝑢𝑟𝑣𝑒 − 𝐿𝑒𝑓𝑡 𝑐𝑢𝑟𝑣𝑒 = 𝑓(𝑦) − 𝑔(𝑦) 

Then the total area bounded by the two curves is: 

𝐴 = ∫ 𝑓(𝑦) − 𝑔(𝑦) 𝑑𝑥
𝑑

𝑐
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Chapter Two Applications of Integral 

Ex1: Find the area of the region enclosed by the parabola 𝑦 = 2 − 𝑥2 and the line       

𝑦 = −𝑥.  

Sol: At first, we sketch the two curves. 

 

x 𝑦 = 2 − 𝑥2  

 

……………. 

 

 

……………. 

x 𝑦 = −𝑥 

-2 -2 -2 2 

-1 1 -1 1 

0 2 0 0 

1 1 1 -1 

2 -2 2 -2 

 

To find the intersection point between two curves: 

 
 

Ex2: Find the area of the region in the 1st quadrant that is bounded by 𝑦 = √𝑥 and the 

line 𝑦 = 𝑥 − 2. 

Sol: At first we sketch the region: 

 

X 𝑦 = √𝑥  x 𝑦 = 𝑥 − 2 

 2 0 تهمل     4−√ 4-

 0 2 تهمل     1−√ 1-

0 0 -4 -6 

1 ±1 -1 -3 

4 ±2 1 -1 

 4 2 

  

 

 

 

BAREZ
Typewritten Text
-



 

Chapter Two Applications of Integral 

 
Method 2: If we choose a slab moving along y-axis then:  

𝐴 = ∫ 𝑓(𝑦) − 𝑔(𝑦) 𝑑𝑦
𝑑

𝑐

 

 

𝐴 = ∫ (𝑦 + 2) − 𝑦2 𝑑𝑦
2

0

 

𝐴 = [
𝑦2

2
+ 2𝑦 +

𝑦3

3
]

0

2

=
10

3
 

 

 

HW:  

1) Find the area of the region enclosed by  𝑥 − 𝑦2 = 0 and  𝑥 + 2𝑦2 = 3 sketch the 

region. 

2) Find the total area of the shaded region in the figure below: 
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Chapter Two Applications of Integral 

2-Volumes of Revolution (Sec. 6.1) 

A- Disk Method: 

The solid generated by rotating a plane region about an axis in its plane is called a solid of 

revolution. To find the volume of a solid like the one shown in figure below, we need only 

observe that the cross sectional area (A) is the area of a disk of radius (R), then the area of 

the disk is: 

𝐴 = 𝜋[𝑅𝑎𝑑𝑖𝑢𝑠]2 = 𝜋[𝑅]2  

Then the volume is: 

𝑉 = ∫ 𝐴(𝑥) 𝑑𝑥 = ∫ 𝜋[𝑅(𝑥)]2 𝑑𝑥       𝐼𝑓 𝑡ℎ𝑒 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠

𝑏

𝑎

𝑏

𝑎

 

𝑉 = ∫ 𝐴(𝑦) 𝑑𝑦 = ∫ 𝜋[𝑅(𝑦)]2 𝑑𝑦        𝐼𝑓 𝑡ℎ𝑒 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝑦 − 𝑎𝑥𝑖𝑠

𝑑

𝑐

𝑑

𝑐

 

 

 

(2D- Plot) 

(3D- Plot) 
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Chapter Two Applications of Integral 
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Chapter Two Applications of Integral 
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Chapter Two Applications of Integral 

B- Washer Method 

If the region we revolve to generate a solid does not border on or cross the axis of 

revolution, the solid has a hole in it as shown in the above figure. The cross section 

perpendicular to the axis of revolution are washers instead of disk. The radius of a typical 

washer are: 

          Outer radius:  R 

          Inner radius:   r 

Then the washer’s area is: 

𝐴 = 𝑂𝑢𝑡𝑒𝑟 𝐴𝑟𝑒𝑎 − 𝐼𝑛𝑛𝑒𝑟 𝐴𝑟𝑒𝑎 

𝐴 = 𝜋[𝑅]2 − 𝜋[𝑟]2 = 𝜋[𝑅2 − 𝑟2] 
 

Then the total volume is: 

 

 

𝑉 = ∫ 𝐴(𝑥) 𝑑𝑥
𝑏

𝑎
= 𝜋 ∫ ([𝑅(𝑥)]2 − [𝑟(𝑥)]2) 𝑑𝑥 

𝑏

𝑎
       𝐼𝑓 𝑡ℎ𝑒 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝒙 − 𝑎𝑥𝑖𝑠 

𝑉 = ∫ 𝐴(𝑦) 𝑑𝑦
𝑑

𝑐
= 𝜋 ∫ ([𝑅(𝑦)]2 − [𝑟(𝑦)]2) 𝑑𝑦

𝑑

𝑐
        𝐼𝑓 𝑡ℎ𝑒 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝒚 − 𝑎𝑥𝑖𝑠 
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Chapter Two Applications of Integral 
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Chapter Two Applications of Integral 

 

H.W: 

Find the volume of the solid generated by revolving the region bounded by 𝑦 = √𝑥  and 

the lines 𝑦 = 2 𝑎𝑛𝑑 𝑥 = 0 about the: 

1) x-axis.                                           2)  y-axis. 

3) The line 𝑦 = 2                              4) The line 𝑥 = 4. 

Note: sketch the region and write only the equations with indicating the limits of integration 

that find the volume without solving the integrals.  
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Chapter Two Applications of Integral 

3- Length of The Curve (sec. 6.3):  

To  find the length of the curve from P1 to P2 we 

use these formulas: 
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Chapter Two Applications of Integral 

 



 

16 
 

Chapter Two Applications of Integral 

 

EXAMPLE 3   Find the length of the curve  
y

y
x

4

1

3

3

   from y=1 to y=3. 

Sol: 
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Chapter Two Applications of Integral 

4- Surface Area of Revelution: 

(sec. 6.5) للأطلاع 
To find the surface area of the curve 

we choose washer with raduis r and 

thickness of L  then  









LrS

LncecircumfereS

 2

circle  theof 


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Chapter Two Applications of Integral 
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Chapter Three Vector Calculations 

Vectors 

Some of the things we measure are determined simply by their magnitudes. To 

record mass, length, or time, for example, we need only write down a number and name 

an appropriate unit of measure. We need more information to describe a force, 

displacement, or velocity. To describe a force, we need to record the direction in which 

it acts as well as how large it is. 

Vector in Space: 

zkyjxiAB

kzzjyyixxAB



 )()()( 121212
 

Then the length (magnitude) of the vector is: 

222 zyxAB   

Where as  

i : is a unit vector in the direction of x. 

j : is a unit vector in the direction of y. 

k : is a unit vector in the direction of z. 

Note: Two vectors are equal if they have the same length and direction. 

Unit Vector: 
It is a vector whose length is equal to the one unit of length along the coordinate axis. 

AB

AB
U AB   

Ex: let A (-3, 4, 1) and B (-5, 2, 2) two points in the space, find: 

1- The vector AB . 

2- Length of AB . 

3- Unit vector of AB . 
Sol: 

kjiAB

kjikzzjyyixxAB





22

)12()42()35()()()( 121212
 

39144222  zyxAB  

kji
kji

AB

AB
U AB

3

1

3

2

3

2

3

22






  
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Chapter Three Vector Calculations 

Addition and Subtraction of Vectors: let 

kzzjyyixxVV

kzzjyyixxVV

kzjyixV

kzjyixV

)()()(

)()()(

21212121

21212121

2222

1111















 

 

Multiply Vectors with constant:  

 When we multiply a vector with a constant, that is mean changing in the length of the 

vector (scaling vector length). Let C is a constant and the vector V is: 

zkyjxiV   

Then 

kzCjyCixCVC )*()*()*(*   

Ex: let kjiV  31


 and jiV 742 


 find: 

1- 21 VV  .         2- 21 VV  .                3- 1
2

1
V . 

kjikzzjyyixxVV

kjikzzjyyixxVV





45)()()(

103)()()(

21212121

21212121



 

 

11
2

1

4

11

4

1

4

9

4

1

2

1
1 V  
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Chapter Three Vector Calculations 

1-Dot (Scalar) Product: 
If we want to measure the angle between two vectors we apply the dot product. Also we 

apply it to find the projection of one vector onto another. Then let we have two vectors: 

kbjbibB

kajaiaA

321

321








 

The BA  is called the dot (scalar) product of A & B and given by: 

1cos0      because         //           

090cos    because                       0  

)(A  )3

0  )2

1  )1

:Note

  vectorsobetween tw angle  theis      Where,  cos

cos

1

332211
































BABABAif

BABAif

CABACB

ikkjji

kkjjii

BA

BA

BAbababaBA

















 

Ex: Find the angle between kjiA 22 


 and kjiB 236 


. 

Sol: 

 cos 1
















 

BA

BA




  

4)2*2()3*2()6*1(  BA  

74936

3441

2

2

2

2

2

2

2

1

2

1

2

1





cbaB

cbaA

 

011 98.001 
)7)(3(

4
cos cos 







 

















 

BA

BA




  

Vector Projection: 

 

  Pr

cos

cos























B

BA
oj

B

BA
A

BABA

A

B 














 



 

4 
 

Chapter Three Vector Calculations 

2- Cross Product: 

When we apply the cross product onto two vectors we will get a new vector normal to 

these vectors. Also it gives us information about the area of the parallelogram which 

contains the vectors.  

 
If we have two vectors: 

kbjbibB

kajaiaA

321

321








 

BACACBCBA

ABBA

kkjjii

BABAif

Note

BAnBA

k
bb

aa
j

bb

aa
i

bb

aa

bbb

aaa

kji

BA























)()()(    4

)(   -3

 0   2

    0    0sin          then//      1

:

sin

21

21

31

31

32

32

321

321





 

 

 

 

 

 

 

 

 

i 

j k 
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Chapter Three Vector Calculations 

Note: vu  represents the area of the parallelogram  

 

 

 

 

Ex: 1-Find the normal vector to the plane which contains points A (1,-1,0), B(2,1,-1),   

C(-1,1,2). 

2- Find the area of the parallelogram contains the points. 

3- Find the normal unit vector to the plane. 

Solution 

kjikjiAC

kjikjiAB

222)02())1(1()11(

2)01())1(1()12(




 

Then the normal vector to the plane is: 

ki

kji

ACAB 66

222

121 



   

26723636  ACAB  Area of the parallelogram contains these vectors. 

kiki
ACAB

ACAB
n

2

1

2

1

26

6

26

6





   normal unit vector to the plane 

H.w: Determine if the two vectors are orthogonal or parallel or not? 

1- kjiBkiA 222                 and               66   

2- kjBjiA 42                  and   k          23   

3- kjiBjiA 4612                  and  k         2 36   
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Chapter Three Vector Calculations 

3-Parametric Equations of Lines in Space: (للاطلاع) 
In the plane, a point and a number giving the slope of the line determine a line. In  

space a line is determined by a point and a vector giving the direction of the line. 

Suppose that L is a line passing through a point ),,( 0000 zyxp  and parallel to the vector 

kvjvivV 321   . Then L is a set of all points ),,( zyxp  for which 0PP  is parallel to V . 

Then  VtPP  0  for some scalar t. The value of t depends on the location of the point P 

along the line and its domain (-∞,∞). The expanded form of the equation VtPP  0   is: 

       kvjvivtkzzjyyixx 321000      

 kvjvivtkzjyixkzjyix 321000         

  Then the vector equation for the line L passes through the point ),,( 0000 zyxp and 

parallel to V  is: 

Vtrtr  0)(  

Where  

 

).,,( ofector position v        )(

).,,( ofector position v              

0000000 zyxpkzjyixtr

zyxpkzjyixtr




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Chapter Three Vector Calculations 

 

 

 

 

 

 

 

 

 

  )للاطلاع( 
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Chapter Three Vector Calculations 

5- Plane Equation in space: 
Suppose M is a plane passes through the point P0 (x0, y0, z0). Also M plane is a set of 

points P (x, y, z). And N


is a vector normal to the M plane. Then: 

𝑃0𝑃⃗⃗⃗⃗⃗⃗  ⃗ = (𝑥 − 𝑥0)𝑖 + (𝑦 − 𝑦0)𝑗 + (𝑧 − 𝑧0)𝑘 

𝑁⃗⃗ = 𝐴𝑖 + 𝐵𝑗 + 𝐶𝑘 

𝑃0𝑃⃗⃗⃗⃗⃗⃗  ⃗ ⊥  𝑁⃗⃗  

𝑃0𝑃⃗⃗⃗⃗⃗⃗  ⃗ • 𝑁⃗⃗ = |𝑃0𝑃⃗⃗⃗⃗⃗⃗  ⃗||𝑁⃗⃗ | cos 90 = 0 

𝑃0𝑃⃗⃗⃗⃗⃗⃗  ⃗ • 𝑁⃗⃗ = (𝑥 − 𝑥0)𝐴 + (𝑦 − 𝑦0)𝐵 + (𝑧 − 𝑧0)𝐶 = 0 

DCzByAxCzByAx  000        Plane equation in space. 

Where D is a constant. 

Ex1: Find the equation for the plane passes through P0 (-3, 0, 7) and perpendicular to

kjiN  25


. 

Sol: 

000 CzByAxCzByAx   

yxyxfz

zyx

zyx

2522),(

2225

701525







 

Ex2: Find the Eq. for the plane through A (0, 

0, 1), B (2, 0, 0) and C (0, 3, 0). 

Sol: kzzjyyixxV )()()( 000   

kji

kji

N

ACABN

kjAC

kiAB

kjiAB

623

130

102

3

2

)10()00()02(





















 
Now we have a vector normal ( N


) to the plane and point A (0, 0, 1) we can find the 

plane equation.  

6623

000





zyx

CzByAxCzByAx

 
Note: to find a plane eq. we must have a normal vector and a point within the plane. 
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Chapter Three Vector Calculations 

6-The Distance from the Point to a Plane: ( للاطلاع ) 

If P is a point on a plane with normal N


, then the 

distance from any point S  to the plane is the length of 

the vector projection on to N


. Then the distance from S 

to the plane is: 

N

N
SPd 

                                                                                               

Where CkBjAiN 


 is normal to the plane. 

 

Ex1: Find the distance from S (1, 1, 3) to the plane 3x + 2y + 6z = 6. 

Sol: kjiN 623 


 

S point may be a point of intersection between the plane and the y-axis.  Then x=z=0 

then the point S is (0,3,0) 

unitlengthd

kjikjid

kji
kji

N

N
SPd

kjikjiSP

     
7

17

7

18

7

4

7

3

)
7

6

7

2

7

3
).(32(

3649

623
.32.

32)03()31()01(















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Chapter Three Vector Calculations 

 

H.W:  

1- Find the distance from the point P (2, -3, 4) to the plane 1322  zyx . 

2- If kjBjiA  5      ,23


 find BABA


 , , . and the vector projection of B


 onto

   , B

AprojA


. 

7- Angles Between Planes  

Two planes that are not parallel will intersect in a line. The angle between two 

intersecting planes is defined to be the angle between their 

normal vectors. 

If the equations of planes are: 

DzCyBxA

DCzByAx





 

Then the corresponding normal vectors are: 

kCjBiAN

CkBjAiN





2

1




 

cos   . 2121 NNNN



 

  

 .
cos

21

211

NN

NN





                                                                            ………(5) 
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Chapter Three Vector Calculations 

Ex1: Find the angle between the planes 0263  zyx  and 522  zyx . 

Sol: 

kjiN

kjiN

22

263

2

1








            The vectors are normal to the planes. 

  

 .
cos

21

211

NN

NN





 

3  9212

749263

222

2

422

1





N

N





 

01

1

79
21

466
cos

3*7

)22( . )263(
cos
















kjikji

 

Ex2: Find a vector parallel to the line of intersection of the plane 3x-6y - 2z =15 and      

2x + y - 2z = 5. 

Sol: 

The vector parallel to the line of intersection is the vector results from the cross product 

between the two normal vectors 
21, NN


 . 

  kjiN

kjiN

22

263

2

1








    the vectors normal to the planes. 

kjiV

kji

kji

NNV

15214

15214

212

26321













 

H.W1: find vector parallel to the line of intersection between two planes. 

1)   1 zyx  and 2 yx . 

2) 242  zyx  and 52  zyx  

H.W2: Find the angle between the planes 1 yx  and 222  zyx  
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Chapter Three Vector Calculations 

8- Gradient, Divergence and Curl of Vectors: 

In three-dimensional Cartesian coordinate system (x, y, z) the Del operator ( ) is 

defined in term of partial derivative and given by: 

k
z

j
y

i
x 












  

A- The gradient: In x-y plane to find the slope of the curve we use the derivative. 

Whereas in space we use the partial derivative to find the gradient (slope) the plane.  

Let we have a function ),,( zyxf then : 

k
z

f
j

y

f
i

x

f
ffgrad














  

 

Ex1: find the gradient of xxzyzyxf 342),,( 3  . 

Sol: 

x
z

f

y
y

f

z
x

f

4

6

34

2
















 

kxjyizk
z

f
j

y

f
i

x

f
f )4()6()34( 2 














  
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Chapter Three Vector Calculations 

B- Divergence of a vector ( V  ): It is a scalar function can be found by: 

Let we have a vector kvjvivV 321   then  

 

z

v

y

v

x

v
V

kvjvivk
z

j
y

i
x

VVdiv








































321

321 .

  

Ex1: Find the divergence of the vector kyzjxyixzV )()2()3( 2  

Sol: 

yzxzV

yz
z

xy
y

xz
x

V

223

)()2()3( 2


















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Chapter Three Vector Calculations 

C- Curl of Vector field: 

The curl of the vector V  is a vector function that can be founded by the cross product 

between del operator and V .  

Let we have a vector kvjvivV 321   then: 

321

  

vvv

zyx

kji

VVCurl











  

Ex1: Find the curl of the jxyixzV )2()3(    

Sol: 

kyjxkyjxiV

kxz
y

xy
x

jxz
z

ixy
z

V

xyxz
zyx

kji

vvv
zyx

kji

VVCurl

)2()3()2()3(0

)3()2()3(0)2(0

023

  

321










































































 

Ex1: Find VandV    , if  xjyiV 22   . 

Sol: 

    0022321 























 x

y
y

xz

v

y

v

x

v
V  

kkjiV

ky
y

x
x

jy
z

ix
z

V

xy
zyx

kji

vvv
zyx

kji

VVCurl

4400

)2()2()2(0)2(0

022

  

321













































































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Chapter Four 

 

Polar Coordinates 

The purpose of polar coordinates: (Sec. 10.5) 

It is useful in the application that deals with the radiation pattern and tracking objects. 

Another benefit of polar coordinates is to simplify some of the complex integrals. It is 

also used in analysis of electrical circuits. 
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Chapter Four 

 

Polar Coordinates 

Definition of Polar Coordinates: 

To define polar coordinate for the plane, we start with the origin "O" and initial ray (x-

axis). Then each point in polar coordinate can be written in form of  ,rP .  

Where r: represents the direct distance from "O" to 

"P", the value of r can be positive or negative. 

 : angle bounded between initial ray and op ray. The 

value of  is +ve when it measured counter clockwise 

and –ve when it measured clockwise. 

Notice: The point in Cartesian coordinates has only one pair, whereas it has infinitely 

many pairs in polar coordinates as shown in example below.    

Ex: Find all the polar coordinate pairs of the point 








6
,2


P . 

There will be two sets of points of P the first set when: 

2r  
Then the values of    will be: 

        ...................... ,4
6

     ,2
6

       ,
6







   

3........2,1,0,n    where,    2
6

,2 







 


nP   

when: 

2r  
Then the values of    will be: 

        ...................... ,4
6

7
     ,2

6

7
       ,

6

7






   

3........2,1,0,n    where,    2
6

7
,2 








 


nP   

H.W: Find all the polar coordinate pairs of the point 









4
,3


P . 
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Chapter Four 

 

Polar Coordinates 

Transformation between polar and Cartesian coordinates: 

To transform between polar and Cartesian coordinates, we use below equations:   

  

Ex: Replace the following polar equations by 

equivalent Cartesian equations: 

1- 2)cos( r                                                                      2x  

2- 4)sin()cos(2 r                                                            4xy   

3- 1)(sin)(cos 2222   rr                                                     122  yx  

 

4- )cos(21 rr                                                                 

0143

21

21

22

222

22







xxy

xyx

xyx

   

 

5- )cos(1 r                                                                

0222

)(

1

2232244

22222

2222

22

22

22

22

22















yxyxyxyx

yxxyx

xyxyx

yx

xyx
yx

yx

x
yx
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Chapter Four 

 

Polar Coordinates 

Graphing in Polar Coordinates: 

To plot polar function we let the values of ( ) then substitute the assumed values in the 

function to find the values of ( r ).   

Ex1: Graph the )cos(1 r : 

    (radian) 
   (degree) )cos(1 r  

 0 0 (1-1) =      0 

3


 
60 (1-

2

1
)=     

2

1
 

2
  90 (1-0) =       1 

3
2  120 (1-(-

2

1
)) = 

2

3
 

  180 (1-(-1)) =   2 

4𝜋
3⁄  240 

2

3
 

3𝜋
2⁄  270 1 

5𝜋
3⁄  300 

2

1
 

2π 360 0 
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Chapter Four 

 

Polar Coordinates 

1- Circle and line Equations:  

          

 

 

Ex: Graph the sets of points whose polar coordinates satisfy the following conditions:  

B- If the equation is )cos(  ar  , then the graph is a circle on the x-axis with 

diameter of a as shown in figure below. 

A- 

r = a 
0  
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Chapter Four 

 

Polar Coordinates 

 

C- If the equation is )(in  sar  , then the graph is a circle on the y-axis with 

diameter of a as shown in figure below. 
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Chapter Four 

 

Polar Coordinates 

2- Limacon Equations: 

It is also called the limaçon of Pascal. The word "limaçon" comes from the Latin limax, 

meaning "snail" or "helix". The equation of limacon is: 

)sin

  )cos(

(θbar

bar



 
 

Notice: 

)sin()sin(*

)cos()cos( *








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Chapter Four 

 

Polar Coordinates 

Ex2: Graph the 

1) )sin(52 r                                        2) )cos(23 r  

3) )cos(25 r                                        4) )sin(22 r  
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Chapter Four 

 

Polar Coordinates 

3-Rose Equations: 

The equations of Rose are: 

)sin

  )cos(

(nθar

nar



 
 

To plot the rose equation: 

1- Find the number of leaves which is equal to: 

nNo  leaves of .        …….When n is odd. 

nNo 2 leaves of .       ……. When n is even. 

2- Find the angle of the 1st leaf by: 

)cos( nar   )sin(nθar    

0at  leaf1st   theofposition 

 0

0

1)cos(

















n

n

 

n

n

n

n

2
at  leaf1st   theofposition 

 
2

2

1)sin(




















 

 

3- Find the spacing angle between the leaves by: 

leavesofNo
SP

   .

360
   

4- Specify the positions of the other leaves with respect to the 1st leaf depending on the 

value of SP. 

 

Ex: 

1)   

090
4

360

   .

360

0at  leaf1st   theofposition 

 0

0

):(    42leaves of .

)2cos(2













leavesofNo
SP

n

evennnNo

r








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2) 

090
4

360

   .

360

4
at  leaf1st   theofposition 

4
         

2
2

2

):(   4leaves of .

)2sin(2













leavesofNo
SP

n

evennnNo

r















 

 

3) 

0120
3

360

   .

360

0at  leaf1st   theofposition 

 0

0

):(   3leaves of .

)3cos(2













leavesofNo
SP

n

oddnnNo

r









 

 

 

4) 

0120
3

360

   .

360

6
at  leaf1st   theofposition 

6
         

2
3

2

):(   3leaves of .

)3sin(2













leavesofNo
SP

n

oddnnNo

r














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Polar Coordinates 

4-Lemniscate Equation: 

The equations of lemniscates are: 

)2sin

  )2cos(

22

22

θ(ar

ar



 
 

 

 

   

 

 

)2cos(22 ar                                                                                                   )2sin22 θ(ar   

H.W1: name and sketch the following equations: 

1) )sin(1 r  

2) )sin(1 r  

3) )cos(22 r  

4) 2)sin(  r  

5) )3sin( r  

6) )5sin( r  

7) )5cos( r  

8) )sin(2 r  

9) )cos(2 r  

10) )sin(2 r  
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H.w2: 
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