Chapter 1 MATRICES

CHAPTER ONE
MATRICES

Matrices: which are rectangular arrays of numbers or functions (elements).
Matrices are important because they let us express a large amount of data and
functions in an organized and simplified form.

For Example:

10 -2 e %2 4
A= , B= , C=|a,
4 1 3 e®  4x 3

3

Whereas: A is a matrix of 2 rows and 3 columns, we call it Az+3 .
*In general An«m is a matrix that has n-rows and m-columns. The element in ith-
row and jth-column of matrix A can be expressed by ajj for example az3=3, a:2=0

Properties of the Matrices

1 - EgualiIx: If A and B are two matrices, we can say A=B if and only if
they have same elements in the same position.

Ex:
8 oo e

2 - Adding and Subtraction: If A and Bare two matrices can be
added or subtracted if they have the same number of rows and columns.

Ex:

2+1 1-1 30 2-1 1+1 1 2
A+B=3+2 0+43|=|5 3| , A-B=|3-2 0-3|=|1 -3
4+0 -1+1 4 0 4-0 -1-1 4 -2
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3- Multiplication:

= To multiply a matrix A by constant ¢, we multiply each element of A by c.

Ex:
4 -2
A= ,Cc=2
N
4*2 —2%*2 8 -4
A*C: =
3*2 1*2 6 2

B- To multiply a matrix A by matrix B, the number of columns in A must be equal

to the number of rows in B. we multiply row by column.
Ex: Find A*B, B*A

Ale) ‘I’ _01} , B= ; (2)}

i -1 33*2
A*B:_G*D+(3*®+{—I“4) ﬁ*0)+@*2)+01*$}:{2 3}
_(O*l)+(l*0)+(0*—l) (0*0)+(1*2)+(0*3) 0 2

1+0 3+0 -1+40 1 3 -1
B*A=| 0+0 O0+2 O0+0|=|0 2
_—1+0 -3+3 1+0 -1 0 1

Note: In general A*B=B*A

4- Square Matrix: Itisthe matrix that has same number of rows and

COlumnS An*n

Ex:
2 5 -1
A,,=|0 4 3
8 7 2

5- Unity Matrix ( I ): Itisamatrix inwhich the element of main diagonal is

equal one and the other elements are zero.
1 0 O
I={0 1 O
O 0 1




Chapter 1 MATRICES

6- Zero Matrix: It is a matrix in which all the elements are equal zero.
O O O

A=(0 O O
O 0 O

7- A(BC) = (AB)C where A,B and € are matrices.

8- AB = BA

9- (kA)B = k(AB) where A and B are matrices. k is constant.
Ex: Show that (kA)B =k(AB) if:

4 2 2 1
A= , B= , k=2

(8 4 8 24
kA= = (kA)B =
12 16 -28 66

(4 12 8 24
AB = = k(AB) =
14 33 ~28 66

10- (A+ B)C = AC +BC Where A, B and C are matrices
Ex: Show that (A+ B)C = AC + BC if:

SRR
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Chapter 1
HW!1: Find A*B and B*A if:
3 4 5
A=[§ _37 ﬂB= 11 4]
2 1 4

HW?2: Find A*B and B*A if:

2 3

12 -3 4 . |-5 o
A_[o 5 —1 1]'3‘ 6 —2]
1 -3
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Determinants

For each square matrix, there is a number called determinant and

denoted by:
det.A or |A]
e IfA=[-2] ,
then |A| = |-2| = -2
. Ifa=[* ]
then 4] =|* °| = ad - e

az1 QA Aa4z3
az1 Az dAzz

a1 Aq2 Q4g3
e Ingeneral,if A=

di1 Q12 413
Then |[A] = |@21 Q22 Q23
dz1 dzz 0433

Al = ay, |a22 a23| —ay, |a21 azs| s |a21 a22|

a3z Az3 dz; Az3 az1 Az

Ex1: Find the det.A if:

12 -1
A_[4 3]
Ex2: Find the |Alif:
2 0 5
A=13 -1 2
4 -2 3
Ex3: Find the |A] if:
1 3 0
A=]|2 6 4
-1 0 2
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Properties of Determinant:

1- If two rows or columns are identical then the determinant is
zero.

2-If row or column multiplied by a constant then the
determinant will multiply same constant.

3-If the elements of the matrix above or below the main
diagonal is equal to zero then the determinant is the product
of the element of the main diagonal.

4-If all the elements of row or column of a square matrix is
equal to zero then the determinant is zero.

5- If two rows or columns are interchanged then the determinant
just change its sign.
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Rank of the Matrix

It is the order of the highest square matrix with determinant does
not equal zero. If A is a square matrix (n*n) it has Rank=n if and
only if:

|A] # 0 , Then the rank =n.

Ex1: Find the rank of A if:

2 -1 =2
A=]1 3 0
-2 4 0

Ex2: Find the rank of the following matrix:

1 2 -1
A=12 -1 1
3 1 0

Ex3: Find the rank of the following matrix:

-1 7 4 9

3 022‘
7 =7 0 =5
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Inverse of the Matrix

To find the inverse of the square matrix A™*:

1) Find the determinant of A.

2) Write down the minors of A (min. A).

3) Write down the cofactor matrix of A (cof. A).

4) Find the adjoint matrix (adj. A) by transposing cof. A.

-1 _adjA
5) 471 = 24

e 2 Ol
Ex1: If 4 = | 3]fmdA L

1 3 0
Ex2:IfA=|2 6 4|findA™1.
-1 0 2

2 3 -4
Ex3:IfA=(3 -2 5 ] find A71.
1 4 =3
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Solving Equations using Matrices
If we have (n) equations with (m) variables for example
a1X + ay + a413z2 = by
ay1X + a,,y+ a,3z = b,
az1X + az,y + az3z = by

These equations can be written in matrix form:

a1 Qq2 di3 X b,

Az Qpp Q3| [y] = |b,

azy; 0dzz 0As3 z bs
Ax*X =B

There are three methods to solve these equations using matrices:

1) Cramer's Rule.
2) Inverse of the matrix.
3) Gaussian Elimination Method
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1- Cramer's Rule: which include that

_ 144 _ 4l _ 144l
Al ! Al ! |Al
Note: |A| # 0
Where

by Ay, a3
Ay =|by ay; az;
[b; asz, assl

a1 by ag3)
A, =|az; by ay;
las; b3 ass)

[ay7 Q12 by]
A, =lazy az, by
laz; Az, bsl

Ex1: Using Cramer's rule solve the following equations:
2x — 3y +4z=-19

6x +4y—2z=28

X+ 5y + 4z = 23

Ex2: Using Cramer's rule solve the following equations:

x+2y—z=3
2x—y+z=4
3x+y=7

HW1: Solve the following linear system equations using Cramer's
rule:

x—y+z=4%
2x+y+z=7

2z—x—2y+1=0

10
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2- Inverse of the Matrix Method
If the linear system equations in matrix form is given by:

a1 12 Qg3 X by
% -
Z bs

az1 Az A3
A TAxX =A"'B

az1 dzp QAszz

AxX =B

I«X=A"'B

X=A"'B

Ex1: Solve the following system equations using inverse of the
matrix method.

x+2y=1

x—y=4

HW2: Solve the following system equations using inverse of the
matrix method.

x+2y+2z=5

3x—2y+2z=—6

2x+y—z=-1

11
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3- Gauss Elimination Method

1) Arrange the equations according to the unknown variables.
2) Write the augmented Matrix A = [A: B].

3) Eliminate x; from second and third equations.

4) Eliminate x, from third equation.

5) Find x5, x, and x;using back substitution.

Ex1: Solve the linear system equations
Xy — X1 +2x3 =2
xX3+3x;—x, =6

3xy; —x1 +4x3 =4

Ex2: Solve the following equations using Gauss elimination method:
3x1 +2x, +x3 =3
2x1 + Xy + X3 = 0

6x1 + 2x; +4x3 = 6

Ex3: Solve the following equations using Gauss elimination method:
3x1 + 2x, + 2x3 — 5x, =8

HW2: For the following current equations, find the values of
I,1I,and I5.

12 = 13 + 11
101, + 201, = 80

2515 + 101, = 90

12
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3. Use matrices to solve: x+2y+3z=15
2x—-3y—-z=3
SBxt+4y+5z=3

1. Find the general solution to the system of equations given by

—3x1+6x; —x3+x3=-—7,
X1 —2x3 4+ 2x3 4+ 3x4 = -1,
2x1 —4x7 + 5x3 4+ 8xy = —4.

1. Using Gaussian elimination with back substitution, solve the following two systems of equations:
(a)

3.\'1 == 7,\’3 == 2.\'3 = ~7,
—3x1 +5x3 + x3 =5,
6x1 —4xy; = 2.

(b)

x1—2x+3x3=1,
—x1+3x —x3=—1,

2x1 —5xp +5x3 =1.

HW: Using Gauss Elimination method solve the following equations
—2x3 — 7xy + 3x1 = =7

5x, +x3—3x; =5

6x; — 4x, = 2

HW: Using Gauss Elimination method solve the following equations
3x3 —2x, +x, =1

3x, —x3 —x; =—1

le - 5x2 + SX3 - 1

13
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CHAPTER TWO Differentiation

Differentiation: ‘ Y= f0)

It helps us to understand how functional Ox + Ay fix +8x)
relationships change such as the position or speed
of moving object as function of time, the
changing slope of curve being traversed by a
point moving along it.

Given an arbitrary functiony=f(x), we calculate " T Ax
the average rate of change of y with respect to x

over the interval [x1, x2] by:
Ay ﬂ lim f(x+ Ax) — f(x)
AX dx A)Ho AX

fix + Ax)— flx)

yr

Ex1: If y=x*find % using limits?

Sol: f(x)=x? f(x+Ax):(x+Ax)2

ﬂ_l. (X+Ax)* - _lim X% 4+ 2XAX + AX® — X?
dx Aler(] AX AHO AX
AX(2X + AX)

A I :Iim (2X+AX)=2X

Aer A Ax—0

Ex2: If y=+/xfind y' using limits?
Sol: f(x)=+/x, f(x+AX)=/X+Ax
\/X+AX—\/;*\/X+AX+\/;

y :IAIHJ AX X+ AX + /X
v = lim (X+ AX) + VXX + AX = XX+ AX =X . X+ AX — X
m AX(VX + AX +/X) —1m AX(VX + AX +/X)

. 1 1
y_IAlerJ(\/x+Ax+\/§) 2Jx

Differentiation Rules:

1) ? = zero (where:cisaconstant) .
X

2) dlcx” —en x!
dx

3) (1) =n(r oy L

4) %(f(x)i g(X)):&f(X)i%Q(X)

d *g(x)= F)-L a4
5) L (F(0*900)=F() - a0)+9(x) - F(x)

dx
df (x) £ (%) dg(]j(xx)

6) (1099 g
dx{ g(x) (g(x))

2 2
7) d > F(X) =y"(x), d—z f (x) = high order derivative
dx dx
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CHAPTER TWO

Differentiation

Ex1:If y(x)=6x+5x+10findy'?
Sol:y =18x*+5+0

Ex2: find Y ifyog=S+x %7
dx X

-3
4

Sol: y(x)=x"*+x %

Y gxs s (—§x_%)
dx 4

Ex3: find% if y(x)= (x> +)(+3)?
Sol:

%z(x2 +1)*3x% + (x* +3) * 2x
X

ﬂ:?,x“ +3x2 +2x* + 6%
dx

ﬂ:5x4+3x2+6x

dx
g Ay _ -1,
Ex4: find o if y(t) = NEE
Sol:
dy (€ +D)2t—(* -1)3t*
dt (t3 +1)2
dy 2" +2t-3t* +3t?
dt (t° +1)2
dy -t'+3t+2t HW: 3.2: p169
dt (t® +1)?

Differentiation of Trigonometric Functions:

Derivative f'(u) , u=g(6)

d . du
—(sinu)=cosu—
do déo

d . du
—(cosu) = —sinu—
dé déo

i(tan u)=sec’ ,4u
do do

i(cotu)z—csczuﬂ
do do

d du
—(secu)=secu tanu—
do do
d du

@(cscu) = —cscu cotu@
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Ex1: Proof that ;—e(tan 0)=sec’ 6 .

Sol: tang = "%

cos®
i(sin@}_cos@cos@—(—sin@sin@) _cos’O+sin’0 1 g
do\ cosé cos’ 0 cos’ @ cos’ @

Ex2: find % if y(x)=sin?x>.

Sol:

dy 2sin xz(cosx2)2x
dx

dy _ 4xsinx? cosx?
dx

Ex3: find % if y(x)=x%sinx.

Sol:

? = X% COoSX+2XsinX

X

Ex4: find % if y(x) =%

1-sinx’
Sol:
dy _ —(@-sinx)sinx—cosx(0-cosx)
dx (1-sinx)’
dy _ —sinx+sin® x+cos’
dx (1-sinx)’

dy (l-sinx) 1
dx (1-sinx)® 1-sinx

Ex5: find Y" if y(x)=secx.

Sol.
y' =secxtan x

HW: 3.4: p188

y” =secxsec’ X + tan xsecx tan x
y" =sec® x+secxtan’ x
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The Chain Rule:

It is used for composite function. If y=f(u) and u=g(x)then:
dy _dy, du
dx du dx

Where % is evaluated u=g(x).

EXAMPLE 1
The function y = (3x% + 1)?

is the composite of y = u? and u = 3x> + 1. Calculating derivatives, we see that

b,

T U= 23x° + 1)

du _ gy

dx

dy _dy du )

i dn e 23x° + 1)-6x

= 36x% + 12x.

Calculating the derivative from the expanded formula, we get
d} d 4 2

e 5(9}6 + 6x° + 1)

= 36x° + 12x.
EXAMPLE 2

x(1) = cos(z? + 1). Find the dx/dt

Solution = We know that the velocity 1s dx/dr. In this instance, x 1s a composite function:

x = cos(u)andu = 1> + 1. We have
dx .
—— = —sin(u)
du
du _ 21,
dt

By the Chain Rule,

dx _ dx du
dt du dt

= —sin(u) -2t
= —sin(t? + 1)+2¢

= =2rsin(1? + 1).
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Differentiation

CHAPTER TWO

EXAMPLE 3
The function y (f) = tan(5 — sin 21).

is the composite of y =tanu andu=5 — sin 2¢

?z sec? (u)= sec’(5 — sin2t)
e

du _
= 2(cos 2t)

& _ Y du_gac2(5 — g _
it = da" af =56 (5 = sin2).—2(cos 21) HW: section 3.5: p 201
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Implicit Differentiation:

Xt = }': — 25 =10, ' —x =10, or x° + }'3 — Oxy = 0.
The above eq. we cannot put in the form of y=f(x)to differentiate it

in usual way, so we use implicit differentiation.

Steps of Implicit Differentiation
1. Differentiate both sides of the equation with respect to x, treating y as a differ-
entiable function of x.

2. Collect the terms with dy/dx on one side of the equation.
3. Solve for dy/dx.

Ex1: find %if y? =x? +sinxy?
Sol:

i(y2) = 2x+cosxyi(xy)

dx dx

2yﬂ = 2x+cosxy(xﬂ+ yj
dx dx

ZyQ— xcosxyﬂ =2X+ Yy COSXy
dx dx

?(Zy— XCOSXY)= 2X + y COSXY
X

dy _ 2x+ycosxy
dx 2y-—Xcosxy

Ex2: find %if y?+3x°y% +xy+ x> =272
Sol:
3y2ﬂ+3[2x2yg+2y2x}+{xﬂ+ y}+2x=0
dx dx dx
%[3y2+6x2y+x]+6y2x+ y+2x=0
X

dy _ By*x+y+2x

dx  3y% +6x%y+x

Ex3: find the slope of the tangent to the curve x*+xy+y?=7 at (1,2)?
Sol.

dy dy _
2x+[xdx+y}+2ydx_0

%[x+2y]+2x+y:0
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CHAPTER TWO Differentiation
y _ 2X+Y
" Ter2y] Slope of the tangent
) d 2D + (2 4
At point (1,2), d_i:_ [1(3;((2)1 =<

Partial Derivative:

If z=f(x, y) then
0z

o = Zx ' represents the partial derivative of z with respect to x.

0z
oy

Ex1: Find the values of Z—]; and Z_]; at the point (4,-5) if
fl,y) =x*+3xy+y—1

=z, :represents the partial derivative of zwith respect to y.

Ex2: Verify that f,, = f,» if f(x,¥) = xsiny + ysinx + xy

Ex3: Find Z—£ and Z—f/ if f(x,y) = ysinxy
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CHAPTER TWO

Differentiation

Applications of Derivative:

Ex1: A body is moving on a coordinate line with s(t) = t? — 3t + 2 in meter
and t in sec where 0 < t < 2 find:

1- The body displacement and average velocity for the given time

interval.
2- Find the speed and the acceleration of the body at end points of
the interval.
Sol:
Displacement = As = s(0) — s(2)
s(0) =2 s(2)=0

As=2—-0=2m

= 1m/sec

NN

locity — As
avg.velocity = — =
To find the speed:

v(t) = dz(tt) =2t—3

Whent =0, v(0) = |(2*0)—3| =3m/sec
t=2, v(2)= |(2%2)—3|=1m/sec
To find the acceleration
w0 = O
dt
When t = 0, a(0) = 2m?/sec
t =2, a(2) =2m?/sec

=2

Ex2: find the slope of the tangent to the curve x*+xy+y?=7 at (1,2)?
Sol.

2x+[xy+ y}+2yﬂ:0
dx dx

%[x+2y]+2x+y:0
dy  2x+y
i [ 2y] Slope of the tangent

At point (1,2), ?}fﬁ);gi =—§
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Ex3: Find the tangent line and the normal line to the curve % =2 at (3,1).

Ex4
For the following electrical circuit, if Rl is decreasing at the rate of
1()/sec and R2 is increasing at the rate of 0.5 ()/sec. What is the
changing rate of R when R1=75(2 and R2=501).

Sol: F— .

|

2R —1Q/sec , 2R = 0.5 Q/sec | !

dt dt n | ,
S= - SR SRR

R Ry R, — | |

—1dR -1 dR, 1 dR, | |

R?2 dt R,> dt R,* dt e St -

At R1=75(2 and R2=501?
1 1 1 1 1

R R "R, 75750
R = 300
—1 dR 1 0.5 1 0.5

(30)2dt  (75)% (5002 5625 2500

R _ 0.02 Q
77 = 0 /sec
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CHAPTER TWO

Differentiation

Ex3:

out at the rate of 3000 Lf min? If the raduis of the cylindrical tank is 1 m.
Solution

We pump out at the rate of

dVv

To find dh/dr, we first write an equation that relates i to I7 The equation depends on
the units chosen for 17, r, and h. With 17 in liters and » and h in meters, the appropriate
equation for the cylinder’s volume is

v =mrh

Since i'andjr are differentiable functions of r, we can differentiate both sides of the
equation J” =7l with respect to f to get an equation that relates dh/d to dI'/dt:

dr __ 2dh
dr dt
. — 3000 3.
We substitute the known value d1/dr = 1000 = — 3 m/min
2dh
3=
dh __ 3
nf.r T”': ’
_ . dh _ 3 . .
Ifr=1m: it R =0.95 m/min

Ex4:

Solution  We answer the question in six steps.

the picture are
## = the angle in radians the range finder makes with the ground.

v = the height in feet of the balloon.

At the moment in question, the balloon is rising at the rate of 140 ft/min.

E'—'.

7 —3000. 3000 L/min. The rate is negative dh
because the volume is decreasing.

We are asked to find # How fast will the
at

1. Draw a picture and name the variables and constants (Figure 3.43). The variables in

How rapidly will the fluid level inside a vertical cylindrical tank drop if we pump the fluid

—

|

4V _ 3000 L/min
dt

A hot air balloon rising straight up from a level field is tracked by a range finder 500 ft
from the liftoff point. At the moment the range finder’s elevation angle is 7 /4, the angle is
increasing at the rate of 0.14 rad/min. How fast is the balloon rising at that moment?

Balloon @

do

dt
when # = w/4

= 0.14 rad/min
dy

v dt 0

2. Write down the additional numerical information.
i}
R.
% = 0.14 rad/min when 6 = % fi:;gf= =00
3. Write down what we are to find. We want dy/dt when 8 = /4.
4. IWrite an equation that relates the variables y and 6.
"‘I — y —_—
Sop — tan (7] or ¥ = 500 tan 6
5. Differentiate with respect to t. The result tells how dv/dr (which
we want) is related to df/dt (which we know).
dy 2 4, df
ar 500 (sec BJE
6. Evaluate with @ = /4 and d6/dt = 0.14 to find dy/dt.
Y _ 500(V2)%(0.14) = 140 sec T = 2
dt ’ a4 -
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CHAPTER THREE Transcendental Function

This chapter is study exponential, natural logarithmic, trigonometric, and
hyperbolic function.

Natural Log. General Log
log, x=Inx log, x

Inverse of Natural Log. |Inverse General Log
e” =exp(x) ar

1-  Natural Logarithms ~)‘
The natural logarithm of a positive
number (x), written as In x, is the value
of an integral.

1n_1-=/}a’r, x>0
|

If x>1, then In x is the area under the
curvey =1/t from t=1to t=x. For O<x<1 In

x gives the negative of the area under the curve from x

: I
tol. The function is not defined for x<O. * -
0 undefined
. . d dlt ﬂﬂS —3.0(]
1- Derivative: — |ny = l— , u > 0.5 -0.69
dx u dx : 0
2 0.69
l 3 1.10
2- Integral: —du = In|u| + C. ) 39
U 10 2.30

Properties of Logarithms
For any numbers a > 0 and x = 0, the natural logarithm satisfies the following
rules:

1. Product Rule: Inax = lna + Inx
. . o
2. Quotient Rule: Iny =Ilna — Inx
3. Reciprocal Rule: Inid = —in Rule 2 with a = |
. eciprocal Rule: ¥ = x Rule 2 with a = 1

4. Power Rule: Inx" = rinx
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Transcendental Function

sin@

1) Insinf — In (—

):

1
3x

3) In(3x% — 9x) + ln( ) =

Ex1 :Use the properties of Natural Log. to simplify the following expression:

sin@
sin@
5

in(%55) =ns.

2)InsecH +1Incosf = In(secHcosf) =ln1=0.

3x2-9x
3x

In (

)=ln(x—3).

8x+4
4

4)In(8x+4) —In22 =In(8x + 4) —In4 = ln( ) =In(2x+1).
5) 2In(4t*) ~In2 = InV4tF —In2 = n2¢* ~In2 = In (%) = In¢>.
6)3InYZ—1—1In(t+1) = 3In(t2 — 1)5 — In(t + 1) = 3 (é) In(t2 —1) —In(t + 1) =

In (

Ex2: Find &
dx

(t+1)(t-1)
(t+1)

) = In(t — 1).

1 & 1 1
a Py = - - ¥y — > = —
(a) In2x o dr{‘” 2_1_{_1 T

" - 2
®inG2+3)=— L2413y =—1 .5p-_2
x? + 3 dx x2+ 3 x2+ 3
(C) Find dv/dx if
(x2 + 1)x + 312
- x> 1.

x — |

Solution We take the natural logarithm of both sides and simplify the result with the

properties of logarithms:
(x* + 1)Mx + 3)'-
In » In
: x = |

= Ini{{x® + 1)x + 3)3) = Inix = 1)

. .
In(x< =+ 1) + Ini{x + 3)"* — In(x — 1)

1 o
=In(x + 3) —In(x —1).

= In(x? + 1) +

We then take derivatives of both sides with respect to x, using Equation (1) on the lefi:

1 v 1 . 1 1

; "X T - - .

¥ dx ¥ 4 ] 2 r += 3 r = |

Next we solve for dy/ dx:

dy ( 2x 1 1 }
dx ~ Y\ 4 2x + 6 x—= 1)
dy _ (x? + 1)(x + 3)2 % 1 1 )
dx x—1 2 + ] 2x + 6 x— 1)
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Transcendental Function
Ex3: Find the integral:

(a) j 22de><= In|x* - 5| ]2 =1In() - In(5) = -In5

>

4cosd

s Ca .
md@z{ln\:ﬂ%m@\ ];}_Z[In(3+25m(2)) In(3+ 2sin( 2))}
2[In(5) - In()]=2In5

(C)Itwwxdx j

~
o
~

I m[y iy o

————dx——JnkostFc=ln
COSX

+¢ =Injsecx|+c
lcosX|

HW: section 7.2
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Transcendental Function

2- Exponential sl N
X _1 i ) :Dr .
e — eXp(X) — In (X) 7 x=1Iny
(3
5+
Typical values of I
x e* (rounded) : e
2 v=Inx
— 0.37 e .
0 I t | | g 1 | x
I 2.72 -2 -1 ,0 1 2 e 4
2 7.39 /
10 22026
100 2.6881 x 10%

1- Derivative

dx

2- Integration

e du

(all x = 0)
(all x)

Laws of Exponents for e*
For all numbers x, x;, and x», the natural exponential e* obeys the following laws:
1 e¥le g’ = gf1Tx 5 lnx _
. .e"™ =x
— 1 i} Xy —
X - =
2. e * = P In (e¥) X
x|
e S
3. o = et n
4. (E,J.-I}x: — E_r,xg — (EI:}II
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CHAPTER THREE Transcendental Function

Ex1: Put the following expressions in form of y=f(x):
1-In(y—1)—In2=x+1Inx
Sol:
In(y—1)—In2—-Inx =x
y—1
1n< 2x ) -
eln(yz__xl) = eX
y—1=2xe*
y(x) =2xe* +1

2-In(y? — 1) —In(y + 1) = In (sinx)

Sol:
y?-1 . .
In ( 1 ) =In(sinx) = In(y—1) = In(sinx)
eln(y—l) — eln(sinx) = y— 1 = sinx
y=sinx+1

Ex2: Find
dx
d d

(a) L€ =e dxf‘_sze-{'_n:_e-

(b) ie = f’-“'”%(sm x) = %™+ cos x

©) y=(1+2x)e >

y =(1+2x)e™ £ (=2x)+2e X

y =—2(1 +2x)e ¥ + 27> = —4xe =
Ex3: Find the integral:

In2 In2
J‘e3xdx=1 jSoeSde:le?’x
(G) 0 39 3

_ %[eSInZ _ e3|n0]

In2

0
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In2 In 8 1
(a) e dx = e = du u = 3x, —du=dx, u(0)=0,
0 0 3 S R

I In8 u(ln2) = 3 2= 2°=1In8
=—f e" du
3 0
In8
_ 1"
3 0
1 7
= (8 —1) =+
3( ) 3
w2
b 1 cotfl sc? @ do Letu=cotf
( )f_”‘( Te )CSC du=—csc:20d0',9=§
T2 0 — — T — -
=f:_.4csczf}d0—f] e" du u=Li=3 = u=0;

= [—cot 4] —[e]!
= [—cot (3) +cot ()] - (& =)

=0+1)—(l—e)=e

HW: section 7.3
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Transcendental Function

3- General Logarithm

General Log

Inverse of general Log:

1- Derivative

1- Derivative % a'—a'mnad¥
@ g y_ L. 1du > >
dx ° Ina u dx
2- Integral _fa”du=lia+c
- eqgra 09, udu=|—-du
2- Integral {iog,ud ::zd
.o, ay .
Ex: Find = if
dx
v = logs (\_)
2%x + 1+
d. o L d 3
@) plognBx+ 1) =1 0 o T ) = moG+
“logy x 1 [ In; Inx
(b) j T dx = 1112_/ xrdx logax = 1=
= ﬁ j u du u=Inx, du=
R _ 1 (nx)? _ (Inx)?
"m22 ¢ m2 2 TCTama T ¢
(c) }.7 — 2Siﬂ31 :>
2 = (2% In 2)(cos 31)(3)
= (3 cos 3t) (2%"*) (In 2)
(d) w /2 _ .
f 7¢'sin t dt .
L Letu=cost = du= —sintdt
0 ) _ _ _ T _
- _ 7“du_[—?—}Q '[—0=>l]—l,'[—2=>l]—0
l In 1
_ (-1 0 _ 6
() -7)=

HW: section 7.4
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Transcendental Function

3- Trigonometric Functions

T Se—

o

NE
=

___._._'_I_.

CHAPTER THREE
Function
1- sing=2
r
A y
FA e
“19 N
S
X
2- cosf =2
;
3- tanH:Siﬂ:X
coséd X
4- cotg- -
tang vy
5- csc¢9:,izL
sind 'y
6- secd=—-— ="
cosd r

AT




CHAPTER THREE Communication Eng. Dept. /1 stage /2019-2020  Tanscandental Function

Some Important Rule of Trigonometric Functions:

Even Odd
cos(—x) = cosx sin(—x) = —sinx
sec(—x) = sec x tan(—x) = —tanx
csc(—x) = —cscx
cot(—x) = —cotx
. . 2, 1+ cos20
1) cos® 6 + sin“0 = 1 6) cos™f —
+ 20 = gec? 1 — ane?)
2) 1 + tan” 8 = sec” 0 7) sin’6 = 1 ;0:1 26

1 + cot’ @ = csc’ @ - +
3) 8) cosld + B) =cosAcosB — sindsmB

4) cos 26 = cos’ 6 — sin’ 6

5) sin 26 = 2 sin 6 cos @ 9) sin(4 + B) = sinA4 cos B + cos Asin B

Differentiation and integration of Trigonometric Functions:

Derivative i'(u) , u=g(6) Integration
1) 9 (sinu)=cosu Y |sinudu=—cosu+c
do do
d . du [ Qi
2) — (cosu)=—sinu— cosu du=sinu+c
) & (cosu)=—sinu 2 |
3) i(tanu):secz el) tanu du =—In|cosu|+c
d o
d ., du ) _ .
4) (cotu)=—csc’ u— cotu du =Injsinu|+c
do dé ’
5) ;—9(secu)=secu tanu:—; secu du = In|secu + tanu|+c
6) dd_H(CSCU):_CSCU tanuj—; .CSCU du= In\cscu —COtU‘ +C




Communication Eng. Dept. / 1 stage / 2019-2020 Transcendental Function

CHAPTER THREE
4- Inverse of Trigonometric Function:
Function f(x) Plot
- ¥
1- y=sin"x ~
27
Jy=sin"lx
l i
o 1 7
/ -
T3
2- y=cos™x y
-7
N | y=cosTx
) o
2
\
' ¢ X
-1 1
3- y=tan"x X
_______ ol I —
2 ,/‘"}F“= tan~lx
| ! ! ! x
2 1 - I 2
,,,,,, ~_m
R 2l ___
=
4- y=cot'x '
_______ ? R
"""""""""""" ~—— y = cot"'x
\\: =
\“‘--.
1 | T — )- X
2 ] I 2
5- y=sec’x y
>
//” - y = sec”'x
S I
| é’l | x
2 I 2
.
6- y=csc?x A
o
2 T\ y = csclx
N
[ . -
..... 2 i 2
2
N\
m
i i 2
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CHAPTER THREE Transcendental Function

Derivative of the Inverse Trigonometric Functions:

Derivatives of the inverse trigonometric functions
d(sin™" u) du/dx
7 = . Jul <1
X V1] — H2
5 d(cos™ u) _ du/dx Dl <1
dx 1 — uz
3 d(tan™'u)  dujdx
) S
4 d(cot™ u) B du/dx
) O R
d(sec™ u) du/dx
5. 7 = . |ul =1
. lu| Vu? — 1
d(csc™ u) —du/dx
6. 7 = , |ul =1
X lu| Vu? — 1

Some important rule:

. . _1
sin (sin”' x )=x - .
( ) cos ' x+ sin"'x= 7/2

sin ~!(sin x )=x
'x)=x

cos” '(cos x)=x

~ cot ' x +tan” ' x= /2
cos (cos

-1 _
csc x +sec ! x= /2

od .o —1 1
Exli:prove —SsIn  x =
sol dx ] — x2
ol : J
siny = x y = sin" ! x <= siny = x
% (Sit‘j y} = 1 Derivative of both sides with respect to x
dy
cOs ¥ - =1 Chain Rule
c‘f_}’ 1 We can divide because cos == ()
dv = COsy for —7/2 << y << w7 /2.
_ 1 .
= Y . 2 ~ag 1 =N 1 — sin” »
l _SII'I_}’ COs 3 .
1

_\/l — x°
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Ex2:

A particle moves along the x-axis so that its position at any time ¢ = 0 is x(¢) = tan™! V.
What is the velocity of the particle when t = 16?

Solution

| d 1 |
—— i — r — w
1 + (V1)? drv- L+t 2v¢

v(t) = %tan_l\ﬁ =

When t = 16, the velocity is

1 ] 1

6 = 1316 " 5 /1 136°
. d A 4
Ex3: find —sec™(5x*)
dx
d _ —1,z_4 | d 4
—sec  (5x7) = —(5x7)
dx |5x4|\/{5x4}2 —1 dx
1 3
= (20x7)
S5x4\V/25x% — 1
4

*\V25x% — 1

Integral of the inverse trigonometric functions

Integrals evaluated with inverse trigonometric functions

The following formulas hold for any constant a # 0.

du . fu ‘
1. f— = sin”! (—) +C (Valid for u? < a?)
Val = 2 a
2. [ U (%) +C  (Validforall u)

02 + 1{2

= Llsec|4 + ¢ (Validfor [u] > a > 0)

3 / du
uVu? — a? @
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CHAPTER THREE
Ex4: find [
I\/3—4x2
Sol:
j' dx = 1/* du D= /3y = 2y and du/2 = dx
‘\/;3 — 4.‘(2 - \f;ﬂ‘z — uz R -1 E o S TS
= %sin‘1 (%) + C
= %sm‘1 ( 2”’_‘_) +C
V3
Exb: find dx
7=
Solution
Ve* — 6 Vi — & = VA

r

4
Ex6: evaluate | w:
2

_ / du
fﬁ
uNu — a

= flzs’e':_]|i;| + C

I_. sec”! ( £ ) + C
V6 V6

2dx
—6x+10
2 dx _2f4 dx
F—bx+10 — “Jy TH(T=6x+9)
) 4
= __dx 1y
_21; [+x—37 tan™" (x — 3)],

= 2[tan”' 1 —tan™! (—1)]

~2[5- (-9 =
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CHAPTER THREE Transcendental Function

The Hyperbolic Functions:

The hyperbolic functions are formed by taking combinations of the two exponential func-
tions e and e™. The hyperbolic functions simplify many mathematical expressions and
they are important in applications. For instance, they are used in problems such as comput-
ing the tension in a cable suspended by its two ends, as in an electric transmission line.
They also play an important role in finding solutions to differential equations. In this sec-
fion, we give a brief introduction to hyperbolic functions, their graphs, how their deriva-
tives are calculated, and why they appear as important antiderivatives.

The basic hyperbolic functions

et + e
coshx = > v
x
5
tanh x — sinh x _ et — e ¥ 5 ¥ = coth x
cosh x et + e~ y=1
coth x — coshx e+ e ™
i sinh x et — e *
(c)
sechx = I = 2
N cosh x et + e "
1 2
cschx = =

sinh x et — e -

(e)
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Transcendental Function

Some Important rule of hyperbolic function

Identities for hyperbolic functions

cosh?x — sinh?x = 1
cosh® x + sinh®x = cosh 2x

sinh 2x = 2 sinh x cosh x

cosh? ¢ — cosh2x + 1
2
sinh? ¢ — cosh 2; — 1

tanh’x = 1 — sech®x
coth®’x = 1 + csch?x

Derivatives of hyperbolic functions

d oo d
E(smh u) = cnshudx

d o du

e (coshu) = sinhu e

d _ ) du

e (tanh ) = sech” u p

d _ o2, du

0 (cothu) = —csch U

d _ du
dr(SECh u) = —sech u tanh u i

d o du
i (cschu) = —cschu coth u i

| Integral formulas for hyperbolic functions

/sinh udu = coshu + C
coshu du = sinhu + C

sech’ u du = tanhu + C
esch’udu = —cothu + C

sechu tanhu du = —sechu + C

cschucothudu = —cschu + C

— S S —
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Ex1: Solve

@ y = In (sinh z)
dy _ 1

dz  sinh z

cosh z— coth z

(b) %(tanh \/l + 1‘2) = sech? \/l = ¢ %(\/l + 1‘2)

;sechz 1 + 22
V1 o+ 2

© y = (x? + 1) sech (In x)
— (X2 + 1) (elnxﬁe—lnx)
— (X + 1) (X+X1)

— (X 1) (X2+1

2x = L =2

Ex2:Solve :

(a) coth 5x dx = C?Sh ox dx
| sinh 5x

= +n|sinh 5x| + C

In2 In2 x _ _—x
(b) / 4e” sinh x dx = / 4e* € 5 € dx
0 0

In2
= / (2e™ — 2) dx
0

= ¥ — |5 = (2" = 2In2) — (1 — 0)
=4 - 22— 1
1.6137

Q
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CHAPTER THREE Transcendental Function

Derivative and Integral of Inverse Hyperbolic Function:

Derivatives of inverse hyperbolic functions

d(sinh™" u) B 1 du
dx /] 3 ,2dx
d(cosh™ u) 1 du
= ; u > 1
dx Vil — 1 dx
d(tanh™'
( u) _ 1 du. ul <1
dx 1 — wu?dx
d(coth™
( u) 1 du. ul > 1
[',lrx 1 — “2 dx
d(sech™ u —du/dx
( ) = / , 0<wu<l
dx uV1 — u?
d(csch™ u —du/dx
( ) / u # 0

dx lu[V' 1 + u?

Identities for inverse
hyperbolic functions

11

sech™'x = cosh™ X

_ R |
csch™!'x = sinh IE

_ 1
coth™ ' x = tanh 1;
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CHAPTER THREE Transcendental Function

Integrals leading to inverse hyperbolic functions

du T
1. /—Zsmh — |+ C, a >0
\/az—l-z{z (a) '
2 / au =cosh' (2 ) + C u>a>0
1 -1 [ U o 2 2
p 7 tanh (E) + C ifu < a
U .
3 /32_-’12_ | 1 {u 2 2
- coth ]+ G ifu® > a
4 / du =—lsech_1 (“)%—C O0<u<a
t M'v(flz_ﬂz a a ’
Tu | 1l u
5. /(—Z—Ecschl‘a‘-l-(], u#0anda > 0
u\fa2+zf2

Ex1: simplify the hyperbolic function y =2cosh(inx)

Ex2: simplify the hyperbolic function

y = In(coshx + sinh x) + In(coshx —sinh x)

e*+e ™ ef—-e™” e*+e e -e"
y=In + +1In -
2 2 2 2
yzln[zz J+|n(262 ]:In(ex)+ln(ex)

y=x-=
X

Ex3: simplify the hyperbolic function

y = (sinhx + coshx)*

y = e*—e™ +ex e
2 2

2e" )’
= :e4x
(%)
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Transcendental Function

Ex4: Find % if y=2Vttanht

2
yzz\/{sech \/f+2tanh\/fzsech2\/f+tanh\/f
dt 2\t Jt Jt

Ex5: Find % if y=sinh*/x

dy 1 1

1
dX JItx 2Jx  2x(1+ %)

Ex6: Find g—z if y=(1-6)tanh™6

ﬂ:(l—a) L tanhto

de 1-6°
ﬂ — i_ tanh’l 2]
do  (1-0)(1+0)

ﬂ: 1 —tanh @
do  (1+6)
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_S_ﬂ\eé_*('q\‘\of\'- (An{','_ D e,l’;Uale'Ve'_)

ZeLL fcx) 1S afuncf}fon 24 Yen’
UaV;ab{eﬂt. oVer fﬂ‘fe:ﬂ/cv( Eq,b]ag
Showr i« Figw, o Hos arme

LMO/C’.” 'Hm Curve— oy (aUar'ag.a_ of the —
?unc}‘-oﬂj 152
b
Fa - 5 fex) dx
a

We_(‘e._ aYe ":,Uda BF& of ,‘0 }gr‘q‘{’; e '\
O Lot \f\kegfcy\ i

Sfcx)d'x:n-%)“"c

@ Finite 'nfggral
5 fen) du = Ef-’ﬁ)l = F¢b)~-F<)

a

Seme IQV”fU}“—’fB o Xﬂ’gfq\‘\w\
@ Sf(xj le S?CW‘J% @fﬁcx)a/x:o

@ S fC%) +§CZ)0{% —ngX)dgc_.‘_SgC’()d;(
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\ 1’\)( 2 (‘oé( e

@ S CLM, = U +< whete U=2gcx)

n -+l

@ 5 U!nc’u: L:/) i, o here 714 -
+)

Exl » find ¥ nreql of
S ;5%-7(;t+i. dx

_ 5x* _ _25_3*-?_?6 + <

Ex2 . Se\e Xha Rollow 09 ‘\'\‘(2@3\ \

S \/WLA% \
= (%) 2r £ dx - 5 S 9 (1x+1) - dx
% 3
\ (x0T Lzt
- e T S A
Exst Frind Y00 For the ﬁ”//”‘g e XPression,
dy 2
Tx X&ﬁc
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Epx4 Find 4 if “ér = A EE at xeo
ard =3 -

Sa'-

CJJ—‘%[/—/—%" dx

: \
Sdy= § 2 (1raD* g

B 3.
y. G+x)t U rx) "

- =R s
L 3/q_ 3

|when iy = -3 & g =0 (to #rnel the Ualne of AR

—

3y
—< = (/—3-"-0) - é C__ —Ia
fhan % (2 ) q'-“lsg"

x5t firel X curve Wl/lﬂse,‘slo};c, IS 3 x> andl passes
Hu’?k tha point PC1-D

R

u\/kc/lé ==\ 5 X= C“%Pamf }9)
—-I"l"f'c::->é:—-2_

thon Hhe curve is W= 43 -9 3
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E’Jbﬁ'- E\/a'vw‘}e, The eéna u/g ‘\f\&é(‘“\.‘
> 2Y J

i 5
\,1-
(R
3 M=V
- & Y
9‘3\/1_),-‘2_ -+ <

1«\\;\6\%0‘*\ o9 Wiqonomedvic. Funchlon s+

® S W du:s — Cosu + & whare w = f o)
®§ cosudu = siau +C

1@8 Sec*h dusr Yanwn +C

@SLSC\A Hax = _cotu+c

@SS&LM Tonu du = Secw +

@S S U O’{'b( 6"(4:. aw S W %,
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- b N

_E;‘_’i.j: S \‘o\f\\/\ olw\__ S e

" -Ln\casul +c =Ln }se:.u'l .y

E XL. g _ CoSW
C)*W O\V\ z _—_fbxﬂ\’\ Clv\
sln)sinu] <
Ey'g‘. %-\Y'\Ql \\I\O. 3 (_.0,5‘2.-[; Qk'\',
st dt *2'2?
\_1_—81_C_a-51_“(1 Cl‘t = T S‘\ AL&-*C-
Ex4:
.___.___> CaS‘L% A
fﬂ. L%
S"\\‘ S CoS L% 5|f1 1-?b Cﬂ% ¥ %:
&\ ZX \
\ "\ =
= — - ST, = -
: Lt 45V O
EXs . | 7+ o851
o - = x 0’76
ST
57\ N g -S‘L% z S"""S‘L
5 Sir\"‘?—?& - Sin*1x ol;t_, SC‘SC?’M%-'- sintup [©
o .
2 o ol e e BT,

- =

- - cot(ap) _._J’:_ (3 (L) +C

®

=
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== 5 SWBR cosqry dx | TP 5“"‘”" L
\de)jww\f/yfbfg )L-/\’

\ ;b}ld\a‘ﬁ(f

ek S SWN2R ouTX) dx *# o2 AN
5[5:‘463+7)% + sin L?-3)%) J ’M]
z —‘{_Ki S sinle’X oI?C-t-Sslnztx a/x_l
= y[-)s cshom - pesst® uc

% Note

D S A CosB = o D (AR + Y 51n(A-B)
@ $\ﬂA S‘J\% : % C,D_Séq _[3)-— _\_i_-c‘_gs (’4‘1‘[3)

(2) Cos A cpsg—-——;: Ces (A-B)-’-—%; s (A +R)
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_S—“*é%&\‘“\ - Expenent Funchions,

Q S&“c}w\:e"‘—rc

@ 5 0\”\ JV\: lf:nua -+ C

wl'u-"é, u= fc'x.)

Kﬂ*grb\k\\ N cr?- \—Oéq‘f; ﬂ\ Mic F-uu’lc.:l’; on s

| o (- dws LnJul+e

U
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5 (1+ ) cstpdy o
. e/c,a{'rﬂ—

60"

- g C,.SC&GJ&L*- g csterder

= ks _ e -~ C

1A}
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z \,\g\(_}(\\ onsS

wl'\ue.. u-= FC'X)
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Methods o< “i_ﬂ*cé«wc‘.m )

@ PoW(Y‘ o f -}Y‘goname’f\/;g Q-»mc'x\“ﬂ& ', Se< (3'4:'
@ PDWQ\/' - %‘\R’X-g CGS‘:\%‘. )

. S -
Al — \ 'Z t -
W ﬂ/’)_ooﬂolno (5:ﬁ9¢+ Cas;l’,-l)

Exl fg.fngpo olx = fs!nz;c sinxdx

3 §</ ~cestx) sinx dgx

gsfﬂxc/x - §Cos17x sinxdx

\\

I\

3
-@sx+@§%+c

B S cos®x dx = gcvs4% cosxdx

. L
55(/—51111;5.) C_.OSQCCQ%
L ] 4

= S 695%6’% - 82-8""194@5’)60!?( ~t g%""*" SRS

- Sr./]% -9 S‘\VFPC
¥ 4

©
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'E_:gis .Sr'ﬂ?;gdx :Ssin(j(, 3.‘4750!;»5-.((@{41@55:4%4&

3
2 g(/- cost) siaxex

’4S(’,26051%+C054x>(I_C452x) s‘ﬂ\?(c'-'?(.
- S(I-S C°$196+3C'454?C—(305{’)¢) SINX CJX
z gg inxdx ~ Sfcxss?%s i‘/‘%o/x -]-3§oas4?ﬁ sf’lpc&gcos")ésl-\paf'é‘,

5-@5%-1‘,3/6"“3% _ 3Cosx " C.aS?/'\S

— N -+ <
F 5 7

aS?C
‘[.%’4 S 5/»?;; C,oS)’, cl;(, gsmgx C.aj;k% e
- gsiﬂgx (1-5/1"%) cas xolx

_ :
sfs»ﬂxcosxcjpc -jsm’-x cosx dx

4 £
Sz
g 2B S0 e
4.
Hoov!
O (coslz da

@fsm;z cosxcﬁ;g,
@ { cosk sk da D!
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When N = Even peo ‘E sintx = % (\-cosii)

QaSLQC - \-‘7?"- ('\ . 2 C/""S?—?‘")

Exl. 55,-,.,1,5 dx = S L (1 -cesx) A x

:J\
g Ledw - —Sc_asv_%cbc -#.7""’-

EXL: ( costady = [(cos™x ) dx
,g_‘\? (l-/- c,oszx)z'cb(,
i -;,:[S | +§ teoszodx + § cosLx O[?ij

lAr—x-* st 7X+3T

\\
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Chapter Two

Applications of Integral

1- Area Between Curves: (sec. 5-6)
The area between curves can be found by two methods:
A) When the Slab is Moving Along the x-

AXis:

We choose a rectangular slab and find the

area of this slab, then find the total area by p

Applications of Definite Integrals

Upper curve

Ay

y= .fhl/’\[

to x-axis over a given period.

Area of the slab As = Ax x Ay
Because the slab is moving along the x-axis
then:

Ax = dx

Then the total area bounded by the two curves is:

b
a=[ 1@ -g00 ax

B) When the Slab is Moving Along the y-Axis:
Area of the slab As = Ax x Ay
Because the slab is moving along the y-axis then:

Ay =dy

Then the total area bounded by the two curves is:

d
A =f f)—gy)d

integrating the area of the slab with respect \T_/

Ax

b

Lower curve

y = g(x)

>

the slab is moving along the x-axis

Ay = upper curve — lower curve = f(x) — g(x)

Ax = Right curve — Left curve = f(y) — g(v)

/(’

x=g(y)
Left curve |C

x=f(y)

Right curve

A

The slab is moving along the y-axis

X
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Chapter Two Applications of Integral

Ex1: Find the area of the region enclosed by the parabola y = 2 — x2 and the line
y = —X.
Sol: At first, we sketch the two curves.

X y = 2— xz X y=—X
-2 -2 -2 2
-1 1 -1 1
0 2 0 0
1 1 1 -1
2 2 2 2
To find the intersection point between two curves:
5 _ 2 : _ A
- X X (x, f(x))
x*—x—2=10 R /\
Y _ 2
(x+ Dx—2)=0 Fact Yeed
(-1. 1) A
x=—1, x=2. - / baid
1
. . -1 0
The slab is moving from x = —1 to x = 2.
The limits of integration area = —1, b = 2. -l
& . (x, g(x))
The area between the curves is ;
“h ) - -
A= / [flx) — glx)] dx = / [(2 — x?) — (—x)] dx

-

= /_[2 + x — xY) dx =
J-1

4 % I 1\ o9
:(4+2"3)_("3_2+3):2

Ex2: Find the area of the region in the 1%t quadrant that is bounded by y = +/x and the
liney =x — 2.
Sol: At first we sketch the region:

X yz\/; X y=x-2 : y=Vax
“ —4 o )2 T 10 >0
0 0 -4 | -6 vex_2
1 +1 1 [-3 Ir
4 +2 1 [ LN
4 2 _ g(x) Ly
o] y=072 4



BAREZ
Typewritten Text
-


Applications of Integral

Chapter Two

For) = x = 2 flx) — glx) = Vx — 0 = Vi
For2=x=4 flx) —glt)=Vx-(x-2)=Vx—x+2

4
Vi de + / (Vx — x + 2) dx

0

2 2 s 2

& 19 177 X

=[xV + |FxV — - 2x
-’ I:I -‘ i

g 1M 2 19 1/
2 -0+ (@4:-‘-' -8+ 3) - (%[2]-‘- -2+ 4)
J o 3

Total area =

4

7

Method 2: If we choose a slab moving along y-axis then:

d
1= [ r»-gmay

2
A=f (y+2)—y*dy
0

2 372
|y y’ 10

A—[Z + 2y + 3]0— 3
HW:
1) Find the area of the region enclosed by x — y? = 0 and x + 2y? = 3 sketch the

region.
2) Find the total area of the shaded region in the figure below:
v

A y=-x>+3x




Chapter Two Applications of Integral

2-Volumes of Revolution (Sec. 6.1)
A- Disk Method:

The solid generated by rotating a plane region about an axis in its plane is called a solid of
revolution. To find the volume of a solid like the one shown in figure below, we need only
observe that the cross sectional area (A) is the area of a disk of radius (R), then the area of
the disk is:

A = r[Radius]? = [R]?

Then the volume is:

b

a

d

c

b

a

d

c

V= jA(x) dx = Jn[R(x)]2 dx If the Rotation about the x — axis

V= JA(y) dy = J w[R(y)|?dy  If the Rotation about the y — axis

Disk

(3D- Plot)

x=fv)
M\ ‘ R(y)
g 0 > .
(2D- Plot) (2D_. Plot)
> =\ Vi R(x) = Vx

(3D- Plot)




Applications of Integral

Chapter Two

EXAMPLE 1: A Solid of Revolution (Rotation About the x-Axis)
Find the region between the curve y = Vx,0 = x = 4, and the x-axis is revolved
about the x-axis to generate a solid. Find its volume.

Solution ~ We draw figures showing the region, a typical radius, and the generated solid

The volume is

EXAMPLE 2 Rotation About the y-Axis

curvex = 2/y, | = y = 4, about the y-axis.

Solution
. The volume is

4
V= [ T[ROP dy

4 /.\2

e
4 4

4 1 3]

T —dy =47 |—| = 47|+

ﬁ y? ? [ *]1 [4

= 3.

o

7 - -
Rix)= Vx
/ T /! m T

y=VE_—

{ 4 r.'z' /)

(a)

Rix) = W

¥= Vx

_-"'1_1-

Find the volume of the solid generated by revolving the region between the y-axis and the

We draw figures showing the region, a typical radius, and the generated solid

Disk

(b




Chapter Two Applications of Integral

EXAMPLE 3  Rotation About a Vertical Axis y RGI=3-(2+1)

2y aly
- -

Find the volume of the solid generated by revolving the region between the parabola _ \ =2
2 . , . ) VIE VAV
x =y~ + | and the line x = 3 about the linex = 3.
Vi .;l-
Solution  We draw figures showing the region, a typical radius, and the generated solid —5— 3 T
Nofe that the cross-sections are perpendicular to the line x = 3. The volume is
| ox=yr e =
~ RV S ~(3.-vI)
V2
- I
= / _wR() dy
-2 Y Rwm=1-3?
V2 : . 'y \ x=3
aA Riv) 3 —(y° J A \
= w2 — y ) dy o V2 \
[\E 2 =y d) 5 _ 2 L
V3 I I L.y
; of 1 3 5
- 1 — 42 4+ %
= rr/ L St S R 7 /g
=\ 2 _." 2 l
B _'\_.-"E— r=y+
4 5 YV
= —lap - 2.3 172
= ?T{-U- Fy ?] _ )
- 7 12
64w \V2
15
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Chapter Two

B- Washer Method

y

(x, R(x))

=

(x,rx))

Washer

If the region we revolve to generate a solid does not border on or cross the axis of
revolution, the solid has a hole in it as shown in the above figure. The cross section
perpendicular to the axis of revolution are washers instead of disk. The radius of a typical
washer are:
Outer radius: R
Inner radius: r
Then the washer’s area is:
A = Outer Area — Inner Area
A = r[R)? — n[r]? = n[R? — 1?]

Then the total volume is:

V= f;A(x) dx = nff([R(x)]2 —[r(x)]?) dx  If the Rotation about the x — axis

V= deA(y) dy =m fcd([R(y)]2 —[r(]?) dy  If the Rotation about the y — axis




Chapter Two

Applications of Integral

EXAMPLE 1 A Washer Cross-Section (Rotation About the x-Axis)

The region bounded by the curve y = x* + 1 and the line y = =x + 3 is revolved about __

the x-axis to generate a solid. Find the volume of the solid. RLJ :x+ 3
Solution :

Jnﬂ:
. Draw the region and sketch a line segment across it perpendicular fo the axis of revo-

lution ¥
- ; T : Interval of L
2. Find the outer and inner radii of the washer that would be swept out by the line seg- iy
o . . . niegraton
ment if it were revolved about the x-axis along with the region.
These radit are the distances of the ends of the line segment from the axis of revolu- W y
tion (Figure 6.14).
e } P 9
Outer radius:  R(x) = —x + 3 T
) Rix)=-x+3 |
Inner radius:  #(x) = x> + | F (I 1)
e o L=
3. Find the limits of integration by finding the x-coordinates of the intersection points of } |
the curve and line in Figure 6.14a. =L
c e ¢ x
1 \ TRy
rt+l=-x+3 |
|
bl
X tx-2=10
x+2)x-1)=0
y=-2 y=1 Washer cross section
Outer radis: R(x) =-x + 3
4. Evaluate the volume integral. Tnner radius: #(x) = 2% + 1
(b)
b
- (o)) d
Values from Steps 2
b
—x+ 3= (DY d d )

8 —6r —x* —x¥)dy

= e
[
-/
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EXAMPLE 2 A Washer Cross-Section (Rotation About the y-Axis)

The region bounded by the parabola y = x?and the line y = 2x in the firstquadrant
isrevolved about the y-axis to generate a solid. Find the volume of the solid.

Solution  First we sketch the region and draw a line segment across it perpendicular to
the axis of revolution (the y-axis).

The line and parabola intersect at y = 0 and y = 4. so the limits of integration are
¢ = Oand d = 4. We integrate to find the volume:

- f (RO - FOIP) dy

o DY
5= ])a

Interval of integration
A,

(ki

H.W:

Find the volume of the solid generated by revolving the region bounded by y = v/x and
the lines y = 2 and x = 0 about the:

1) x-axis. 2) y-axis.
3) Theliney =2 4) The line x = 4.

Note: sketch the region and write only the equations with indicating the limits of integration
that find the volume without solving the integrals.

10
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Applications of Integral

3- Length of The Curve (sec. 6.3): A

To find the length of the curve from P1 to P2 we
use these formulas:

curve (graph) v = f(x) fromx = atox = b is

c= "+ (ZY &
LA+ (@)

1- Formula for the Length of y = f(x), a =x=0
If f is continuously differentiable on the closed interval [a, /], the length of the

fromy = ctoy =dis

A

2-Formula for the Length of x = g(y), c=y=d
If ¢ is continuously differentiable on [¢, d], the length of the curve x = g(y)

14
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Chapter Two

EXAMPLE 1 Find the length of the curve

AVO
p="YEB32 1 0=x=1.
- .

Solution ~ We use Equation witha = 0,b = 1, and

y = xe =1

dv  4\2

dx 3 ;
ffl
‘) 1/2)4 — g
(ff\ ) ) 8x.

The length of the curve fromx = 0tox = 1 1s

u’l R
L = — 4:1'1' = V1 + 8xdx
0 \ 0

1

32| 13
—(1 + 8x)~ L— 6

Lu|lu)

|x|>—t

15




Chapter Two Applications of Integral

EXAMPLE 2 Find the length of the curve y = (x/2)?” fromx = Otox = 2.

dy 2 (x\"" 1 12\
dx  3\2 2) 7 3\x

1s not defined at x = 0, so we cannot find the curve’s length with Equation (1).

We therefore rewrite the equation to express x in terms of y:
y

Solution  The derivative

2/3 -
V= £ I
: (2> ;-=EM,D5_:;52
32 _ X Raise both sides e = 2.1
Yy = 2 to the power 3/2,
x = 2p32,
The derivative is continuouson ¥y = 0toy = 1 ! ! s
Jd 0 1 2
ax _ 4 3\ 12 _ 3172
dy 2 ) )
d T ']
L= fl+(—) d-=/ V1 + 9ydy
l Y dy ? 0 7@
1
_ 1.2, 3/2
=9 3l[l + 9y) ]u
= 2= (10V10 — 1) ~ 2.27
27 -

3

1
EXAMPLE 3 Find the length of the curve X= y? + 4_y from y=1 to y=3.

Sol:
dx 2 1 dx 2 4 1 1
@=}’—@=>(@) =Y 3T g
? 1 1
= L:L \/1+y4—§+@dy
3
_ : 1 1
—j: \/y_l+§+]6y4 d}’

3 1 2 3 5 1
=f, (y2+{—vf) dy = l(y +@r)dy

R Y. 1 1 1\ _ 1 1 1
—{3— 4}1—(T_E —(3-3)=9-1m—-5+3
- (=1 —4+3) (—=2) __ 53
=9+ 12 =9+ 12 7 6
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4- Surface Area of Revelution: AL
(sec. 6.5) g3

To find the surface area of the curve
we choose washer with raduis r and |,/>S B
thickness of AL then

(]
S|
-

S= jcircumference of the circlex AL

S :jZﬂr*AL (a) ®

Surface Area for Revolution About the x-Axis

If the function f(x) = 0 is continuously differentiable on [a, #], the area of the
surface generated by revolving the curve v = f(x) about the x-axis is

b _E.' dy 2
5 = j; 27:';»*\;.-:1 + (E) dx

Surface Area for Revolution About the y-Axis
If x = g{y) = 0 is continuously differentiable on [¢, d], the area of the surface
generated by revolving the curve x = g(y) about the y-axis is

" e \2
\Y =l Eﬂx\;.'l + (E) dy

17
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Applications of Integral

EXAMPLE 1 Find the area of the surface generated by revolving the curve y = 2\/;, l=x=2,

about the x-axis.-

Solution  We evaluate the formula y
b .'I dy 2
§= ‘i 2y \Iii'l + (E) dx
. dy 1
with a=1, b=2 y=2Vx &
. 0
(@) e ()
jil + (_ = _;ill + —_—
\l' dx \n' x
—_ '+ l E .lilix 1 = x + 1 \. /..-
\ x o\ X \/; : . .

With these substitutions,

2 2
s=/ 2ﬂ-2\/;7\'i/_ﬂdx=4w Vi + 1dv
| X |

(x + 1)352}2 = 8T’“’(n/i -2V2).
1

[SSTES]

= 447+

EXAMPLE 2 The line segment x = | — 3,0 = y = |, is revolved about the y-axis to generate the
cone in Figure - Find its lateral surface area (which excludes the base area).

Solution

c =0, d=1, x=1=y, £!'£=—l.
dy

\1 - (g{-) =V1+(-12=\V2

d T T, ! ~—4
S =/ 277.\'\ 1 + ﬂ) dy =/ 27(1 — }')\/2—11)- -
c 0

P
-~
-

/= 1’: l = y 7
= 27\V/2 {_\‘ - '71 = 27V/2 (l - %) = 7V2.

18

y

A0, 1)

x+y=1

‘B(1,0)




Chapter Three Vector Calculations

Vectors

Some of the things we measure are determined simply by their magnitudes. To
record mass, length, or time, for example, we need only write down a number and name
an appropriate unit of measure. We need more information to describe a force,
displacement, or velocity. To describe a force, we need to record the direction in which
it acts as well as how large it is.

Vector in Space:
AB = (Xg =X)i+ (Y, = ¥,) ] +(z; — 7))k AB /E;(XE :¥2,22
AB = Xi + yj + zk K

. . . A(Xl :'}‘1 _Z] J
Then the length (magnitude) of the vector is: , 0 J\
‘ﬁ‘:Jx2+y2+zz y

X

Where as

I - is a unit vector in the direction of x.
J :is a unit vector in the direction of y.
k : is a unit vector in the direction of z.
Note: Two vectors are equal if they have the same length and direction.

Unit Vector:
It is a vector whose length is equal to the one unit of length along the coordinate axis.

Ex: let A (-3, 4, 1) and B (-5, 2, 2) two points in the space, find:
1- The vector AB.
2- Length of AB.
3- Unit vector of AB .

Sol:
AB = (X, —x)i+ (Y, = Y1) i + (2, —z,)k = (-5+3)i + (2 4) j + (2-Dk
AB=-2i-2j+k

‘ﬁ‘:Jx2+y2+zz =J4+4+1=49=3

AB _—2i-2j+k_-2. 2

.1
UAB:‘A—B>‘: 3 =3 —§j+§k
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Addition and Subtraction of Vectors: let
V,=Xi+Y,j+zKk

V, = X,i+Y,]j+2,k
\71 +\72 = (% + X))+ (Y, +Y,)+ (2, +2,)k
V1 _Vz = (Xl - Xz)i + (yl - yz)j + (Zl - Zz)k

V2

VI+V2 V2

Tt/
V1 ,f"

-2

VI+(-V2)

Vi V2

0 0 *70
(2) (b)

()

Multiply Vectors with constant:

When we multiply a vector with a constant, that is mean changing in the length of the
vector (scaling vector length). Let C is a constant and the vector V is:

V =Xxi+yj+zk

Then

C*V = (C*X)i+(C*y)j+(C*2)k

Ex: let vV, =-i+3j+k and v, =4i+7j find:

1- v, +V,. 2-V, -V, . 3- ‘—vl .

V,+V, = (X +X)i+ (Y, +VY,)j+(z,+2,)k =3i+10j +k
V, =V, = (% = %,)i + (Y, — ¥5) i+ (2~ 2,)k =-5i —4j +k

_ /mgzﬁzzm
4 4 4 4 2

1 —
\Evl




Chapter Three

Vector Calculations

1-Dot (Scalar) Product:

If we want to measure the angle between two vectors we apply the dot product. Also we
apply it to find the projection of one vector onto another. Then let we have two vectors:

A=aji+a,j+ak
B=hi+b,]j+bk

The AeB is called the dot (scalar) product of A& B and given by:

AeB =ab, +a,b, +ab, —‘AHB‘COS@

0= cos{%} . Where @ is the angle between two vectors

Note:
1) iei=jej=kek=1
2) iej=jek=kei=0
3) Ae(B+C)=AeB+AeC
if AeB=0 B
if A-B:\AHEE\

because c0s90=0

because cosO=1

y

-~

EX: Find the angle between A=i—2j—2k andB =6i+3j+2k .

Sol:

AeB=(1%6)+(-2*3)+(-2*2) =4

W:‘/ainrblszclz —J1+4+4=
‘g‘:\/azz+b22+c22 _J36+914=7

_ -1 Ae —1 —4 _ 0
= CO0S [‘A”BJ (—(3)(7)j 100.98

Vector Projection:

AeB = ‘Aué‘cose
AeB
8

‘A‘cos@ =

{5

Length = |a| cos ¢
(a)

|
G

Length = —|j.\| cos f

(b}
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2- Cross Product:

When we apply the cross product onto two vectors we will get a new vector normal to
these vectors. Also it gives us information about the area of the parallelogram which
contains the vectors.

If we have two vectors:
A=ai+a,j+ak
B=hi+b,j+b,k

I ]k
o a, a] [la a a, a
AxB=la, a, a,/=|_ li—| - Zli—-| Y
b, byl b, Dbg|” |b by
b, b, b,

AxB = n‘AHé‘sinH

Note: i
1— if A//B then sin@=0 AxB=0 / \\

2— iXi:ijZKXk:O
3- AxB=—(BxA) K ——]
4 — (AXE)Oéz(éxé)oﬂz(éx,&)oé
Ex: Findu X vandv X uifu =2i+ j+ kandv = —4i + 3j + k
Solution
k
X 2] il 1 Lol ‘ i - : k
u X v = = i— j
3 1 — 1 — 3
-4 3 1
= —2i — 6j + 10k

vXu=—(uXxXv)=2i+6j— 10k
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-

Note: ‘U XV

Area = base * height

\

A

L

|

rd |
k= [¥| |sin 8

|

A8

u

represents the area of the parallelogram

ul - |v||sin &

u =y

The parallelogram
determined by u and v.

EX: 1-Find the normal vector to the plane which contains points A (1,-1,0), B(2,1,-1),
C(-1,1,2).

2- Find the area of the parallelogram contains the points.
3- Find the normal unit vector to the plane.

Solution

AB=(2-Di+0-(-D))j+(-1-0)k =i+2j—k
AC = (-1-Di+(1— (1) j + (2—0)k = —2i + 2 + 2k

Then the normal vector to the plane is:

i ] K
ABxAC=|1 2 -1=6i+6k
—2 2 2

‘E x E‘ = /36+36 =+/72 = 6+/2 Area of the parallelogram contains these vectors.

AB x AC 6 6
‘AB % AC‘ 6\/_ 6\/_ \/_ \/_

—k normal unit vector to the plane

H.w: Determine if the two vectors are orthogonal or parallel or not?
1- A=6i+6k and B=-2i+2j+2k
2- A=3i-2j+k and B=2j+4k

3- A=6i+3j+2k and B =12i+6]+4k
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3-Parametric Equations of Lines in Space: (g>43U)

In the plane, a point and a number giving the slope of the line determine a line. In
space a line is determined by a point and a vector giving the direction of the line.
Suppose that L is a line passing through a point p,(x,,Y,.2,) and parallel to the vector
V =vji+v,j+v,k . Then L is a set of all points p(x,y,z) for which PP, is parallel to V .
Then PP, =tV for some scalar t. The value of t depends on the location of the point P
along the line and its domain (-o0,00). The expanded form of the equation PP, =tV is:
(X_Xo)i +(y_ yo) J "‘(Z - Zo)k :t(Vli +V, ] "‘Vsk)

Xi+y j+zk=Xi+Y, j+ 2z, k+t(vji +V,j+VK)

Then the vector equation for the line L passes through the point p,(x,,Y,,z,)and
parallel to V is:

r(t) — rO + tV | Po(xgs Yo 20)
Where

rt)=xi+yj+zk position vectorof p(x,y, z).

L) =x,1+Y, j+2z,k positionvectorof p(X,, Yy, Z,)-

Parametric Equations for a Line
The standard parametrization of the line through Py(xy, yy, z9) parallel to
v=wviit+twvnj+ wnkis

X =Xxpt+ tviy, v=v9g+ vy, z=12zp+ vz, —00 <[ <O
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Vector Calculations

ExI: Find parametric equations for the line through (—2, 0, 4) parallel to
v=2+4j—2k.

x = —2+ 24, v = 44, z =4 — 2f.
Ex2: Find parametric equations for the line through P(—3,2, —3) and

o1, —1,4).
The vector pg = (1 — (=3))i + (=1 — 2)j + (4 — (=3))k
= 4i — 3j + 7k
is parallel to the line, with (xq, yo, z9) = (=3, 2, —3) give
x = —3 + 44, y = 2 — 3t, z=—3+ Tt.
We could have chosen O(1, —1, 4) as the “base point™ and written
x =1 + 4, v = —1 — 3¢, z=4 + 7t.

These equations serve as well as the first; they simply place you at

a different point on the line for a given value of 7. Notice that
parametrizations are not unique -

4-The Distance from a Point to a Line in Space  (&>=)
To find the distance from a point S to a line that passes through a point P parallel to a vector v,

5
Distance from a Point .$ to a Line Through P Parallel to v

_|PS X v]

M

fﬁ £3 ﬁ; Sin g

Ex: Find the distance from the point S(1, 1, 5) to the line
L: x=1+1, v =3 -1, z = 2t.

We see from the equations for L that L passes through P(1, 3, 0) parallel to
v =1i—j+ 2k With

PS=(1—1i+(1—=3)j+(5—0k=—2j + 5k
and

i
PS Xv= |0 -2
] —1

= i + 5j + 2Kk,

k2 th A

g APS XVl VI + 25 +4 V30
|v] Vi+1+4 Ve
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Chapter Three

5- Plane Equation in space:
Suppose M is a plane passes through the point Py (Xo, Yo, Zo). Also M plane is a set of

points P (X, y, z). And N is a vector normal to the M plane. Then:

PP = (x — x0)i + (¥ — yo)j + (z — z0)k
Plane M

N = Ai + Bj + Ck L

P(x, y, 2)
@

LN
P()(:X()a yo,:M

e N = |P(TP||IV| cos90 =0

J

=~
S

=~
S

P()—P)‘ﬁ:(X—XO)A+()’_3’0)B+(Z—ZO)C=0

AX+By+Cz=AX,+By;+Czy =D | pane equation in space.

Where D is a constant.

Ex1: Find the equation for the plane passes through Py (-3, 0, 7) and perpendicular to

N=5i+2j—Kk.

Sol:

Ax+ By +Cz = Ax, + By, +Cz, N A
5X+2y—-z=-15+0-7

SX+2y—z2=-22

z=1(x,y)=22+5x+2y

Ex>: Find the Eqg. for the plane through A (0,
0,1),B(2,0,0)and C (0, 3, 0).

Sol: V = (x=X,)i+(y—Y,)j+(z-2z,)k
AB = (2-0)i+(0-0)j+(0-1k

AB =2i—k

AC =3j—k

N = AB x AC

k
-1=3i+2j+6k

Z|

I
O N =+
W O el

Now we have a vector normal (N) to the plane and point A (0, 0, 1) we can find the
plane equation.

Ax + By +Cz = Ax, + By, +Cz,

3X+2y+6z2=6

Note: to find a plane eq. we must have a normal vector and a point within the plane.

8
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6-The Distance from the Point to a Plane: ( #34a3U)

If P is a point on a plane with normalN, then the

distance from any point S to the plane is the length of 5
the vector projection on toN . Then the distance from S ‘
to the plane is:

Distance from
S to the plane

—_—

d:S_P>.ﬁ

|

¥

Where N = Ai + Bj +Ck is normal to the plane.

Ex1: Find the distance from S (1, 1, 3) to the plane 3x + 2y + 6z = 6.
Sol: N=3i+2j+6k

S point may be a point of intersection between the plane and the y-axis. Then x=z=0
then the point S is (0,3,0) :

SP=(1-0)i+(1-3)j+B-0k=i-2j+3k
— N . .. 3i+2j+6k
d=SP.— =i-2j+3k T2
: V9+4+36

N

] . 3. 2. 6
d=(-2j]+3k).ci+=]J+=k
(i-2]j )(7 =y 7)

(2.0, S0, 3, 0)
d—E—ﬂ+§=g length unit /

7 7 7

Distance from
S to the plane




Vector Calculations

Chapter Three

EXx: Find parametric equations for the line in which the planes
3x — 6y — 2z = [5and 2x + y — 2z = 5 intersect.

We find a vector parallel to the line and a point on the line-

The line of intersection of two planes is perpendicular to both planes’ normal

vectors n; and n, and therefore parallel to n; X n,. Turning this around,
n; X mpis a vector parallel to the planes’ line of intersection.

i j k 2
nXm=1|3 -6 -=2|=14i+2j + 15k X0y

2 I -2
v = 14i + 2j + 15Kk as a vector parallel to the line.
To find apoint on the line, we can take any point common to the two planes. Substituting z = 0 in

the plane equations and solving for x and y simultaneously identifies one of these points as
(3, —1,0). The line is
x = 3 + 14+ y= -1+ 2i. z = 15¢.

H.W:

1- Find the distance from the point P (2, -3, 4) to the planex+2y +2z =13.
2- If A=S8i+2j, B=5j+k fing A.B,|Al|Bland the vector projection of B onto
A, (proj?)

7- Angles Between Planes

Two planes that are not parallel will intersect in a line. The angle between two
intersecting planes is defined to be the angle between their Iy
normal vectors. N1 /

N2

If the equations of planes are:

Ax+By+Cz=D

A'x+By+CZz=D’ Jo

Then the corresponding normal vectors are:

N, = Ai +Bj+Ck
N, =Ai+Bj+Ck

N,.N, =‘N1HN2‘COSH

Zi

1+

N

6 =cos*

2|z

HZl

10




Chapter Three Vector Calculations

Exi: Find the angle between the planes 3x—-6y—-2z=0 and2x+y-2z=5.

N, =2i+j-2k } The vectors are normal to the planes.

N =V/3% +67 +2° =49 =7

N,| =22 +1° +2° =9 =3

L (Bi-6j-2K).(2i+ j—2K)
7%3

=79°

6 =cos

0= cos™ 6-6+4

Exz: Find a vector parallel to the line of intersection of the plane 3x-6y - 2z =15 and
2X+Yy-2z=5.

Sol:

The vector parallel to the line of intersection is the vector results from the cross product
between the two normal vectors N, N, .

N, =2i+ -2k }the vectors normal to the planes.
i j ok
V=N,xN,=3 -6 -2/=14i+2j+15k
2 1 -2
V =14i+2j+15k

H.Wi: find vector parallel to the line of intersection between two planes.
1) x+y+z=1land x+y=2.
2) x—2y+4z=2 and x+y-2z=5

H.W>: Find the angle between the planes x+y=1 and 2x+y—-2z=2

11




Chapter Three Vector Calculations

8- Gradient, Divergence and Curl of VVectors:

In three-dimensional Cartesian coordinate system (X, y, z) the Del operator (V) is
defined in term of partial derivative and given by:

A- The gradient: In x-y plane to find the slope of the curve we use the derivative.
Whereas in space we use the partial derivative to find the gradient (slope) the plane.
Let we have a function f(x,y,z)then:

of . of . of
grad f =Vf =—i+—j+—Kk
ox oy 0z
The gradient field <2x-4, 2y+2 > of the function f=x?- 4x +y*+ 2y.
TN Y Y Yy
“‘ A T T N Y l A A l 3
MY " > s A 4 4
R LS. N N T T LT I
S, SN S NUR ’

OfF . . ™ - . -
- - -« - - - e - —
e e S S S / N -
- S S e / | DR
B 3 3 SV A

A E LT N

Ex1: find the gradient of f(x,y,z) =2y® +4xz+3x.

Sol:

i:4z+3

OX

of

Z—6V?

2y y

i:4x

0z
Vf:ﬂnij+ﬂk:(4z+3)i+(6y2)j+(4x)k

oX oy 0z

12
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Vector Calculations

B- Divergence of a vector ( V ): It is a scalar function can be found by:

Let we have a vector V = Vi +V, j+V;K then

OX

div.\7=v-\7=(3i+ij+ﬁk
0z

%y

VeV ="14
ox oy

0z

Ny Ny | Vg

Jo(vli +V, | +VK)

Ex1: Find the divergence of the vector V = (3xz)i + (2xy) j — (yz*)k

Sol:

- 0 0 0
VeV = —(3xz) + — (2xy) + — (—yz*
8x( )+8y( Y)+az( yz°)

Vo\7:3z+2x—2yz

13




Chapter Three Vector Calculations

C- Curl of Vector field:

The curl of the vector V is a vector function that can be founded by the cross product

between del operator and V . ‘/-\
o}
N/ v i ; : L W
Let we have a vector V =Vv,i+V, j+V;K then: i pl
Rll("llbtati(m
[ j k ‘/ \*
—_— —_— 10
CurIV=V><V=i o a AP
oXx oy oz 7XA<0
v, vV, V, LHC rotation
Ex1: Find the curl of the V = (3x2)i + (2xy) j i
VXA =0
Sol: no rotation

i j k i j k
CurI\7=Vx\7=i g gzg 2 2
ox oy oz| |ox oy oz

Vi V, Vg [3xz 2xy O

— 0 . 0 . 0 0

VxV =|0-——(2xy) i—| 0——(3x2) |j +| —(2xy) ——(3x2) |k
9 ( 2 y)j ( a )jj [ax( -2 >j
Vx\7=0i+(3x)j+(2y)k=(3x)j+(2y)k

Ex1: FindVeV andVxV , if V =-2vi+2xj .

Sol:
V.VZ%+%+%=£(—2y)+£(2X)+0=0
OXx oy 01 X oy

i ik i i k
Curl\7:V><\7:i i i: ﬁ ﬁ Q
oXx oy oz ox oy oz
Vi oV, Vg |2y 2x 0

— 0 . 0 . [0 0
V xV :(O_E(ZX)) —(O—E(—Zy)jj +(&(2x)—5(—2y)]k
VxV =0i—0j+4k = 4k

14




Chapter Four Polar Coordinates

The purpose of polar coordinates: (Sec. 10.5)

It is useful in the application that deals with the radiation pattern and tracking objects.
Another benefit of polar coordinates is to simplify some of the complex integrals. It is
also used in analysis of electrical circuits.

Vertical Horizz%ntal

i
1507487,

300" 2a0° T e e

) 2+D°
Horizontal

270"

Vertical




Chapter Four Polar Coordinates

Definition of Polar Coordinates:

To define polar coordinate for the plane, we start with the origin "O" and initial ray (x-
axis). Then each point in polar coordinate can be written in form of p(r, o).

Where r: represents the direct distance from "O" to
"P", the value of r can be positive or negative.

Fir, 8}

9: angle bounded between initial ray and opray. The Urisi{l

, , : g
value of gis +ve when it measured counter clockwise {J\ \
and —ve when it measured clockwise. Initial ray

X

Notice: The point in Cartesian coordinates has only one pair, whereas it has infinitely
many pairs in polar coordinates as shown in example below.

EX: Find all the polar coordinate pairs of the point P(Z,%).

There will be two sets of points of P the first set when:

r=+2
Then the values of 4 will be:

9=%, ZiZn, £i47r, ......................

6 6

Initial ray

P(Z,%i 2n7zj , Wheren=0,£1,+2 +3........

when: -
r=-2
Then the values of ¢ will be:
0= 7—ﬂ 7—ﬂ + 2, 7—” FAT, i
6 6 6

H.W: Find all the polar coordinate pairs of the point P(— 3,—%}.




Chapter Four Polar Coordinates

Transformation between polar and Cartesian coordinates:
To transform between polar and Cartesian coordinates, we use below equations:

.‘r’
Equations Relating Polar and Cartesian Coordinates
) Ray 6 = ;
X = rcos#, v = rsind, ‘1
T TSP = P 6)
] o] =5 1' / /\/\\r ‘\
re=x*+ y°, tan = Common /4 }.\\
origin /4
N
0 x / Initial ray !
=0
EX: Replace the following polar equations by \\ L
equivalent Cartesian equations: —
1- rcos@) =2 > X=2
2- r>cos(g)sin(d) = 4 > xy—4
3- r?cos’(f) -r*sin’() =1 > x> —y*=1

X? +y? =142x
x? +y? =(1+2x)
y? —3x* -4x-1=0

v

4- r =1+ 2rcos(®)

X
X2+ y? —x
2 2
X2 +y? = x> +y° —x

(X2 +y +x)° =x"+y?

x> +y?=1-

v

5- r=1-cos(@®)

X' +ytr2xPy? +2xP £ 2xy? —y? =0




Chapter Four

Polar Coordinates

Graphing in Polar Coordinates:

To plot polar function we let the values of (9) then substitute the assumed values in the
function to find the values of (r).

Ex1: Graph the r =1—cos(@):

O (radian) O (degree) | r =1—cos(9)
0 0 )= 0
60 1 1
90 0= 1
7z
120 1y-3
2% (5N= 3
T 180 (1-(-1)) = 2
41t 240 3
/3 >
1
37‘[/2 270
51 300 1
/3 >
0

21 360




Chapter Four

Polar Coordinates

1- Circle and line Equations:

A-

Equation | Graph

Circle of radius |a| centered at

Line through O making an angle 6, with the initial ray

0]

TT/2
"IT/3

T1/6

0 T

me < J 11ml6

511/3

133

a

r

and

(b)y —3 = p = 2 and 8—%
() %’T =g = 5% (no restriction on )
¥ w
"|5r<_:2.u=_:b'5g T /H/—E
=7
2
\\ ey -3 =r
. Ak
0 1 2 )

(=) (b)

diameter of a as shown in figure below.

51116

/1/6

Ex: Graph the sets of points whose polar coordinates satisfy the following conditions:

B- If the equation ist =a COS(F), then the graph is a circle on the x-axis with

/2

211/3 /3

4m1/3

A
A

oy
ol

w

0

(©)




Chapter Four Polar Coordinates

YA AY

r=-acos(f}) r=a cos(@)

i . > X
h 0 as) a
Y Y
(a) when the value of a is negative (b) when the value of a is positive

C- If the equation is" =a Sin(@), then the graph is a circle on the y-axis with
diameter of a as shown in figure below.

A

r =a sin({})

—a r=-— asin(f})

A

S

(a) when the value of a is negative (b) when the value of a is positive




Chapter Four Polar Coordinates

2- Limacon Equations:
It is also called the limacon of Pascal. The word "limagon” comes from the Latin limax,
meaning "snail" or "helix". The equation of limacon is:

r=axbcos(@)
r=a=+bsin(@)

Inner loop Limacon Heart/Cardioid Dimple Limacon Convex Limacon
2 <1 o1 1<-<2 252
b b _ b b~
—r | a i ——
ﬂ( \\ ax / \
{
| \
. ’ 7
'f(-}-ﬂ /b+a b-a \a+b b-a || ;tﬁb
-a K \ /
— __/ -l / _!i ‘/ i -'/

Notice:

*cos(-6) =cos(@)
*sin(—0) = —sin(0)




Polar Coordinates

Chapter Four

Ex2: Graph the
1) r=2-5

sin(@)

3) r =5—2cos(@)

2) r =3—2cos(@)
4) r =2+ 2sin(@)

211/3 e ™/3 /3
511/6 /6 N /6
i O e R
7T1/6 J M/ 717/ /).'1ﬁﬂ6
411/3 317/2 o1/3 417/3 S 511/3
r =2 —5sin( ) r=3-—2cos(0)
211/3 /2 1T/2
] 21'|'/3 4 'I'I'/3
/6 511/6 /6
0 " 2W2 0
J1mle 71/6 1117/6
- '5" /3 511/3
Ll 417/3 311/

r =72+ 2sin( 8)




Chapter Four Polar Coordinates

3-Rose Equations:
The equations of Rose are:

r=acos(ng)
r=asin(ng)

To plot the rose equation:
1- Find the number of leaves which is equal to:

No.of leaves=n ... When n is odd.
No.of leaves=2n ... When n is even.
2- Find the angle of the 1% leaf by:
r=acos(nd) r =asin(nd)
cos(ng) =1 sin(ng) =1
nd=0 no="~
0=0 2
positionof the1stleaf at =0 9="

2n

positionof thelstleaf at 6 = %

3- Find the spacing angle between the leaves by:

_ 360

~ No. of leaves
4- Specify the positions of the other leaves with respect to the 1% leaf depending on the
value of SP.

EX:
1)
r =2cos(26)
No.of leaves=2n=4 — (n:even) 7N
ng =0 v
6=0 €~ »-;
positionof thelstleafat @ =0 U ]
p_ 360 _ 360 _90° Nap,
No. of leaves 4
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Polar Coordinates

2)
r =2sin(20)
No.of leaves=n=4— (n:even)
n6’=£
2
20=2 5 ¢==
2 4

positionof thelstleaf at & = %
360 360

SP = = =90°
No. of leaves 4

3)

r =2cos(360)

No.of leaves=n=3— (n:odd)
ng =0

0=0
positionof thelstleafat & =0
P_ 360 _ 36021200
No. of leaves 3
4)
r =2sin(36)
No.of leaves=n=3— (n:odd)
no=2=
2
30=2 5 9==
2 6
positionof thelstleaf at @ = %
Sp 360 36021200

- No. of Ieaves: 3

10




Chapter Four Polar Coordinates

4-Lemniscate Equation:
The equations of lemniscates are:

r* =a’”cos(26)
r’ =a’sin(20)

r’ =a’cos(20) r2 =a2sin(26)
H.W1: name and sketch the following equations:
1) r=1-sin(0)

2) I'=-1+sin(6)
3) I'=2-2co0s(0)
4) r=sin(¢) -2
5) I =—sin(30)
6) I =sin(50)

7) I =-c0s(50)
8) r’ =sin(d)

9) r? =cos(®)

10) I =-2+sin(0)
11




Chapter Four Polar Coordinates

H.w2:

1. Which polar coordinate pairs label the same point?

a. (3,0) b. (—3,0) c. (2,2m7/3)
d. (2,77/3) e. (—3,) f. (2,7/3)
g. (—3,2m) h. (=2, —7/3)

2. Which polar coordinate pairs label the same point?
a. (—2,m7/3) b. (2, —7/3) c. (r,8)
d. (r.0 + ) e. (—r, @) f. (2, —27/3)
g. (—r,08 +m) h. (—2,27/3)

3. Plot the following points (given in polar coordinates). Then find
all the polar coordinates of each point.

a. (2, 7/2) b. (2, 0)
c. (=2,7/2) d. (—2,0)

4. Plot the following points (given in polar coordinates). Then find
all the polar coordinates of each point.

a. (3, 7/4) b. (=3, 7/4)
c. (3, —m/4) d. (=3, —m/4)

12
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