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FIGURE 1.38 The radian measure of the

central angle 4’CB' is the number 8 = s/r.

For a unit circle of radims r = 1, 8 is the
length of arc 4B that central angle ACB
cuts from the unit circle.

This section reviews radian measure and the basic trigonometric functions.

Angles

Angles are measured in degrees or radians. The number of radians in the central 2
A’CB’ within a circle of radius r is defined as the number of “radius units” contained in
the arc s subtended by that central angle. If we denote this central angle by 6 when meas-
ured in radians, this means that § = s/r (Figure 1.38), or

s =716 (6 in radians). (1)

If the circle is a unit circle having radius r = 1, then from Figure 1.38 and Equation (1),
we see that the central angle 8 measured in radians is just the length of the arc that the an-
gle cuts from the unit circle. Since one complete revolution of the unit circle is 360° or 27

radians, we have
7 radians = 180° (2)

and

| degree = =~ (~ 0.017) radians.

o 3805
1 radian = — (= 57.3) degrees or 180

Table 1.2 shows the equivalence between degree and radian measures for some basic

angles.

TABLE 1.2 Angles measured in degrees and radians

Degrees —180 —135

=37

90

: =T
@ (radians) T 4 2

—45 0 30 45 60 90 120 135

A A 27 3w
4 6

&9
w3
(L]




FIGURE 1.39  Angles in standard position in the x

Angles describing counterclockwise rotations can go arbiti
ans or 360°. Similarly, angles describing clockwise rotations can have
of all sizes (Figure 1.40).

y

in

X X > X
/3m
97 1
4
hypotenuse :
Spposlic FIGURE 1.40 Nonzero radian measures can be positive or negative and can go beyond 27r.
|6 Angle Convention: Use Radians From now on, in this book it is assumed that all angles
adjacent are measured in radians unless degrees or some other unit is stated explicitly. When we talk
o, T about the angle /3, we mean 7r/3 radians (which is 60°), not 77/3 degrees. We use radians
~ hyp ~ opp because it simplifies many of the operations in calculus, and some results we will obtain
el I involving the trigonometric functions are not true when angles are measured in degrees.
" hyp adj
nf =% coth= The Six Basic Trigonometric Functions
You are probably familiar with defining the trigonometric functions of an acute angle in
FIGURE 1.41 Trigonometric terms of the sides of a right triangle (Figure 1.41). We extend this definition to obtuse and
ratios of an acute angle. negative angles by first placing the angle in standard position in a circle of radius r.
We then define the trigonometric functions in terms of the coordinates of the point P(x, y)
where the angle’s terminal ray intersects the circle (Figure 1.42).
b4 2 ; 2y
sine: sinf = 3 cosecant: cscf =
Px,y)

cosine: cos0 = secant: secf =

20 tangent: tanf = cotangent: cotf =

Sl S ERSAlS

wls e
| Y|

These extended definitions agree with the right-triangle definitions when the angle is acute.
Notice also that whenever the quotients are defined,

sin @ g |
tanf = cotf = i
FIGURE 1.42 The trigonometric cos 6 L
i 1
ﬁmcnon_s of a general angle & arc b 1 i
defined in terms of x, y, and r. cos 6 sin 8

= - — e ® . [ TN <5 Pl R
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The CAST rule (Figure 1.44) is useful for remembering when the basic t ZOT
tions are positive or negative. For instance, from the triangle in Figure 1.45, we s

EL e Yy 2w 2
BIn e ey tan 3 Bt
¥ 21 o 2w S NVE
t (cos 3'"', sin Tw)_(_f' 2)
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-
S
et
]

ral=
s

tan pos €Os pos \
/
/"/

FIGURE 1.44 The CAST rule, g
remembered by the statement
“Calculus Activates Student FIGURE 1.45 The triangle for
Thinking,” tells which calculating the sine and cosine of 27/3
trigonometric functions are radians. The side lengths come from the
positive in each quadrant. geometry of right triangles.

Using a similar method we determined the values of sin 8, cos 6, and tan 6 shown in Table 1.3.

TABLE 1.3 Values of sin 6, cos 6, and tan @ for selected values of 6

BB 80 —135 —90 45 0 30 45 60 9 120 135 150 130 270 56
i £ RN R oo 0 Sl it R A Sl 3m
) o D s s E e A 6. TR
e D1 V2 VB
2 2 R )
B V0O N2
2 2 2 ey oo
1 1 <0 % | A




Even

cos{—x) = cosx
sec(—x) = secx

Odd

sin(—x) = —sinx

tan(—x) = —tanx

csc{—x) = —cscx

cot(—x) = —cotx
¥y

P(cos 8, sin 8) r

|sin 6]

[

|cosﬂ|y[

FIGURE 1.47 The reference
triangle for a general angle 6.

y=sinx '

[
1
; 3
1 2
-F 0 7 2 - % FENE 4

1 2 2N\t 2 2 2 2

1 [ [ |

Domain: —o < x < o= Domain: —» < x < o Domuain:

Range: -l<y=<| Range: -l<y=<1 g

Pesiod: 2 Period: 2w ';;f)‘d‘_ A

@) (b) 3 (c)
4 ¥
y=secx y=cscx

|~J q &
STy
_—Q—
B

T

Domain: x # %, Tﬂ e Durnam..\ #0,* 7, *2m,... Domain: x # 0, +ar, +2r, . ..
T o )’ Range: y=-lory=1 Range: -z <y<x
Penf)d = Period: 27w Period: o

(d) ) ®

FIGURE 1.46 Graphs of the six basic trigonometric functions using radian measure. The shading
for each trigonometric function indicates its periodicity.

Trigonometric Identities

The coordinates of any point P(x, y) in the plane can be expressed in terms of the point’s
distance r from the origin and the angle 6 that ray OP makes with the positive x-axis
(Figure 1.42). Since x/r = cos 8 and y/r = sin 8, we have |

x =ircos P, y = rsin.

When r = | we can apply the Pythagorean theorem to the reference right triangle in
Figure 1.47 and obtain the equation

cos’ 0 + sin®0 = 1. (3)




cos(4 + B) = cosAcos B — sinA:

sin(4 + B) = sindcos B + cos AsinB

There are similar formulas for cos (4 — B) and sin (4 — B)(gmcisu:ssqﬁ;z@. \J
the trigonometric identities needed in this book derive from Equations (3) and (4). F
ample, substituting @ for both A and B in the addition formulas gives

Double-Angle Formulas

cos 26 = cos> 8 — sin’ 6
(5)

sin 26 = 2sinf cos @

Additional formulas come from combining the equations
cos’6 + sin’6 =1,  cos’@ — sin’>8 = cos 26.

We add the two equations to get 2 cos*# = 1 + cos 20 and subtract the second from the
firstto get 2 sin” @ = 1 — cos 26. This results in the following identities, which are useful
in integral calculus.

Half-Angle Formulas

= 10y ;os 26 (6)
sin?f = 2 =08 29 ;DS 20 (7)

The Law of Cosines

If a, b, and ¢ are sides of a triangle ABC and if 8 is the angle opposite ¢, then

¢’ =a? + b% — 2abcosé. (8)

This equation is called the law of cosines.




3 The

and 2

Transformations of Trigonometric Graphs

The rules for shifting, stretching, compressing, and reflecting the graph of a func
marized in the following diagram apply to the trigonometric functions we have

in this section.
Vertical stretch or compression; Mertical shift
reflection about x-axis if negative /
y=afblx +¢)) +d
Horizontal stretch or compression; Horizontal shift

reflection about y-axis if negative

The transformation rules applied to the sine function give the general sine function
or sinusoid formula

fx)y=4 sin(%r(x = C)) e 0,

where |A4| is the amplitude, |B| is the period, C is the horizontal shift, and D is the
vertical shift. A graphical interpretation of the various terms is revealing and given below.

¥y
y=Asin(2T(x — ¢)|+ D
Al : 7 )
Horizontal ;
shift (C) ‘ Amplitude (A) Thisasisisahe
- —— liney = D.

Vertical
shift (D)

This distance is —
the period (B).

Two Special Inequalities

For any angle # measured in radians,

—|6] = sind = |6 and —|6] = 1=cos8 =0}




—|8| = sinf = |6] and

—|6] =1 —cos6 = |6

These inequalities will be useful in the next chapter.

~ Radians and Degrees
- 1. On a circle of radius 10 m, how long is an arc that subtends a cen-
tral angle of (a) 477/5 radians? (b) 110°?
2. A central angle in a circle of radius 8 is subtended by an arc of
length 107 . Find the angle’s radian and degree measures.

3. You want to make an 80° angle by marking an arc on the perime-
ter of a 12-in.-diameter disk and drawing lines from the ends of
the arc to the disk’s center. To the nearest tenth of an inch, how
long should the arc be?

4. If you roll a l-m-diameter wheel forward 30 cm over level
ground, through what angle will the wheel turn? Answer in radi-
ans (to the nearest tenth) and degrees (to the nearest degree).

Evaluating Trigonometric Functions
5. Copy and complete the following table of function values. If the
function is undefined at a given angle, enter “UND.” Do not use a
calculator or tables.

] —m —2m/3 0 /2 3m/4

sin 6
cos 8
tan 8
cotf
sec @
csch

6. Copy and complete the following table of function values. If the
function is undefined at a given angle, enter “UND.” Do not use a
calculator or tables.

(/] —3m/2 —a/3 —a/6 /4 S5w/6

sin 6
cos 8
tan 6
cotf
sec f
csc 0

In Exercises 7-12, one of sin x, cos x, and tan x is given. Find the other
two if x lies in the specified interval.

: 3 [
T sinx = 3, xe _%,71‘} 8. tanx = 2, IE[O,%]
g 1 D T
9. cosx = 3 xe[ 2,0] 10. cosx i XeE {E,w]
Vi [ s3m gl 3n
11. tanx 3> XE€ _rr, 2] 12. sinx = 3 xe[n, 2]

Graphing Trigonometric Functions
Graph the functions in Exercises 13-22. What is the period of each
function?

13:"sin' 2 14. sin (x/2)

15. cos mx 16. cos?—

18. —cos 27x

20. sin (x g %)

R
17, —sin 3

19. cos (x — %)




ﬁ‘“mxmgetherfoi' —m =% 1 28
the behavior of csc x in relation to the signs and
nx.

‘Graph y = tanx and y = cotx together for —7 =< x < 7. Com-
‘ment on the behavior of cot x in relation to the signs and values of
tan x.

~ 29. Graph y = sinxand y = |sinx| together. What are the domain
and range of | sinx |?

0. Graph y = sinx and y = [ sin x| together. What are the domain
and range of [ sinx|?

Using the Addition Formulas
Use the addition formulas to derive the identities in Exercises 31-36.

31. cos(x == %) = sinx 32. cos(x 5l %) = —sinx

- a0 = T
33. sin (x + ?) = cosx 34, sm(- - E) =

35. cos(4 — B) = cos A cos B + sin A4 sin B (Exercise 57 provides a
different derivation.)
36. sin(4 — B) = sinAcosB — cos A sinB

37. What happens if you take B = A4 in the trigonometric identity
cos(A — B) = cos A cos B + sinA sin B? Does the result agree
with something you already know?

38. What happens if you take B = 27 in the addition formulas? Do
the results agree with something you already know?

—COSXx

In Exercises 39-42, express the given guantity in terms of sin x and
cOS X.

39, cos(m + x) 40. sin(27 — x)

i sin (37” 2 x) 42. cos(%l + x)

Tar T T
43. Evaluate sin —- B as sln(4 iR 3).

as COos (— 3 —)

45. Evaluate cos % 46. Evaluate sin sl—g

44, Evaluate cos

Using the Double-Angle Formulas
Find the function values in Exercises 47-50.

2T 5 Sar

47. cos 8 48. cos B
2377'

49, sin® 12 50. sin e

56. (Continuation of Exercis

7. Apply the law of cosines to
ure to derive the formula for cos (.

> <

58. a. Apply the formula for cos(4 — B) to the identity sin@ =
cos (— - 9) to obtain the addition formula for sin(4 + B).

b. Derive the formula for cos(4 + B) by substituting —B for B
in the formula for cos(4 — B) from Exercise 35.

59. A triangle has sides « = 2 and b = 3 and angle C = 60°. Find
the length of side c.

60. A triangle has sides @ = 2 and b = 3 and angle C = 40°. Find
the length of side ¢.

61. The law of sines  The law of sines says that if a, b, and ¢ are the
sides opposite the angles 4, B, and C in a triangle, then

sind _sinB _ sinC

a bsaaae

Use the accompanying figures and the identity sin(7 — 0) =
sin 8, if required, to derive the law.

A A

B 2 G i C

62. A triangle has sides @ = 2 and b = 3 and angle C = 60° (as in
Exercise 59). Find the sine of angle B using the law of sines.




