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Who Coined the Terms Robot & Robotics
• The term robot was first introduced by the Czech playwright Karel Capek in his 1920 play Rossum’s Universal

Robots, the word robota (meaning “worker.”) being the Czech word for worker. Since then the term has been

applied to a great variety of mechanical devices, such as teleoperators, underwater vehicles, autonomous cars,

drones, etc. Virtually anything that operates with some degree of autonomy under computer control has at some

point been called a robot. [4]

• robot and robotics were coined by science fiction writers. Karel Capek gave us robot in his 1922 play Rossum’s

Universal Robots (RUR), and Isaac Asimov coined the word robotics in the early 1940s to describe the art and

science in which we roboticists are engaged today. [5]
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Who Coined the Terms Robot & Robotics
• There is an important distinction between these two science fiction writers. Capek decided that robots would

ultimately become malevolent and take over the world, while Asimov from the outset built circuits into his robots

to assure mankind that robots would always be benevolent. [5]

• In summary, a robot is a programmable machine that can complete a task, while the term robotics describes the

field of study focused on developing robots and automation.
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• Any automatic machine cannot be considered as a robot. Robot is to have a specific set of characteristics.

Interestingly, a 3-axis computer numerical control (CNC) milling machine may have a very similar configuration

and control system of a robot arm. [7]

• However, the CNC machine is just a machine. It cannot do jobs other than milling. But the robot must do

something more. That is why the definitions are proposed for a machine to be a robot. Different countries have

different definitions for a robot. [7]
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Definitions of Industrial Robot
• The Robot Institute of America (RIA, 1985) defines the robot as

A robot is a reprogrammable multi-function manipulator designed to move materials, parts, or specialized devices 

through variable programmable motions for the performance of a variety of tasks.

This definition restricts robots in industrial applications. The two important key words are ‘ reprogrammable’ and ‘

multi-functional’. If the machine is single functional, it cannot be reprogrammable. Reprogrammable means that

(i) the robot motion is controlled by a written program and

(ii) the program can be modified to change significantly the robot motion.

Multi-functional implies that a robot is able to perform many different tasks depending on the program in the

memory and tooling at the end of arm. This means that the robot can be programmed for welding with a welding

tool at the end of arm and can be reprogrammed if the end of arm has a totally new facility such as for gripping. [7]
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Definitions of Industrial Robot
• Another, a little broader definition is proposed by McKerrow (1986) as

A robot is a machine which can be programmed to do a variety of tasks in the same way that a computer is an 

electronic circuit which can be programmed to do a variety of tasks.

• This definition excludes numerical control machines because they can be programmed for variations within only

one task. Teleoperators are also not considered as robots because there is a human in the control system. They

provide extended capabilities, not a replacement of a human. [7]
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Definitions of Industrial Robot [7] 
• The International Standards Organization (ISO 8373) defines a robot in a similar way as follows:

A robot is an automatically controlled, reprogrammable, multi-purpose, manipulative machine with several 

reprogrammable axes, which may be either fixed in place or mobile for use in industrial automation applications.

• This definition specifically mentions ‘reprogrammable axes’ for industrial tasks. Such a definition particularly

points out that industrial robots are very suitable to modern industries. [7]

• There are several such definitions on robots – industrial robots in particular. One way or other, each definition has

to be expanded to suit the functioning of the modern industrial robots. In most cases, the definition given by RIA

is accepted to be closer to industrial robots of modern times and such a definition is considered worth designing

industrial robots. [7]
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Understanding the 
complexity of robots and 
their application requires 

knowledge of 

electrical 
engineering, 

mechanical 
engineering, 

systems and 
industrial 

engineering, 

computer 
science, 

economics, 

and 
mathematics.
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engineering, and knowledge engineering have

emerged to deal with the complexity of the field

of robotics and factory automation. More

recently, mobile robots are increasingly important

for applications like autonomous vehicles and

planetary exploration. [4]
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• An official definition of such a robot comes from the Robot Institute of America (RIA):

A robot is a reprogrammable, multifunctional manipulator designed to move material, parts, tools, or specialized 

devices through variable programmed motions for the performance of a variety of tasks. [4] 

The key element in the above definition is the reprogrammability, which gives a robot its utility and adaptability. The

so-called robotics revolution is, in fact, part of the larger computer revolution. [4]

• Even this restricted definition of a robot has several features that make it attractive in an industrial environment.

Among the advantages often cited in favor of the introduction of robots are decreased labor costs, increased

precision and productivity, increased flexibility compared with specialized machines, and more humane working

conditions as dull, repetitive, or hazardous jobs are performed by robots. [4]
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Automation & Industrial Automation
• Automation is based on foundations of automatic control and obviously on feedback theory. [7]

• Automation helps the industrial manufacturers in achieving high productivity, high level of accuracy, consistent

quality and increased labour saving. [7]

• The term ‘Industrial automation’ is defined as the technology concerned with control of systems in the process of

achieving an end product. The process of achieving the end product has to be with minimum or no human

intervention. [7]

• Intuitive inventions were contributing to the development of automatic control and hence automation till 1868

when Maxwell formulated the mathematical model (in terms of differential equations) to describe a system. He

demonstrated the effect of parameters on system performance. The concepts of accuracy and stability were

understood. [7]
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Automation & Industrial Automation
• The mathematical models in different forms such as transfer function, pulse transfer function, describing function

and state variable modelling were considered as inevitable tools for analysing and designing of control systems.[7]

• The idea of using computers in automation emerged during 1950s.

• Automation without a computer is now hard to imagine.

• Analogue computers were used as on-line controllers in continuous processes such as steel and paper industries.

• The cost of analogue controllers increased linearly with increased control loops. On the other hand, even though

initial cost of digital computer was large, the cost of adding additional loops was small.
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Automation & industrial robots 
• Automation and industrial robots are two closely related technologies. According to definition of automation, an

industrial robot can be considered itself as a form of automation.

• A robot (industrial robots) is a general purpose programmable machine which possesses the characteristics of a

human arm. The robot can be programmed by its computer to move its arm through sequences of motion in

order to perform some useful tasks. It repeats the motions over and over until it is reprogrammed to perform

some other task. Many industrial operations involve robots working together with other equipment.
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The Laws of Robotics
• In 1942, Sir Isaac Asimov developed the famous three laws (Law one, Law two and Law three) of robotics which

still remain as worthy industrial design standard. However, the laws have been extended and revised by him and

others since 1985 to accommodate his creations, his attitude to robotics and the modern requirements of

humanity. The extended set of laws is as follows:

• The Meta-Law

A robot may not act unless its actions are subject to the laws of robotics.

• Law Zero

A robot may not injure humanity, or through inaction, allow a humanity to come to harm (humanity is the family of

all human beings and other biologically living things).

• Law One

A robot may not injure a human being, or through inaction, allow a human being to come to harm, unless this would

violate a higher order (an earlier stated) law.30 September, 2024 Systems & Control Engineering Dept. 14



The Laws of Robotics
• Law Two

• A robot must obey orders given by human being, except where such orders would conflict with a higher order law.

• A robot must obey orders given by subordinate robots, except where such orders would conflict with a higher

order law.

Law Three

• A robot must protect the existence of a subordinate robot as long as such protection does not conflict with a

higher order law.

• A robot must protect its own existence as long as such protection does not conflict with a higher order law.

• Law Four

• A robot must perform the duties for which it has been programmed, except where that would conflict with a

higher order law.
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The Laws of Robotics
• The Procreation Law

• The robot may not take any part in the design or manufacture of a robot unless the new robot’s actions are

subject to the laws of robotics.

• The robots which are strictly manufactured in accordance with the above rules do behave better than human

beings.

• When the concept of robot was introduced and strengthened, the necessity of industrial automation was also

deeply felt. Moreover, the technological progress in thermionic valve (1904), hydraulic and pneumatic systems

(1906), logic circuits (1943), digital computer (1946), transistor (1947), microelectronics (1970) and

microcomputer (1977) have all made automation and robotics a reality. The first commercial robot, controlled by

limit switches and cams, was introduced in 1959. Since then, the development in robot technology has been in

constant growth. Nowadays, the service robot within industry and in other areas of applications has made a

breakthrough in robot applications.
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2.1 INTRODUCTION2.1 INTRODUCTION

• Description of a position 
• Description of an orientation
• Description of a frame 
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• Mappings involving translated frames
• Mappings involving rotated frames
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2.1 INTRODUCTION 2.1 INTRODUCTION 
Robotic manipulation, by definition, implies that parts and tools 

will be moved around in space by some sort of mechanism. [1]

This naturally leads to a need for representing positions and

orientations of parts, of tools, and of the mechanism itself. [1]

To define and manipulate mathematical quantities that represent 

position and orientation, we must define coordinate systems and 

develop conventions for representation. [1]

We will describe all positions and orientations with respect to the 

universe coordinate system or with respect to other Cartesian 

coordinate systems that are (or could be) defined relative to the 

universe system. [1]
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2.2 DESCRIPTIONS: POSITIONS, ORIENTATIONS, AND FRAMES 2.2 DESCRIPTIONS: POSITIONS, ORIENTATIONS, AND FRAMES 
• A description is used to specify attributes of various objects with which a manipulation system deals. These

objects are parts, tools, and the manipulator itself. 
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Description of a position Description of a position 
• Once a coordinate system is established, we can locate any point in the

universe with a 3 × 1 position vector.

• Because we will often define many coordinate systems in addition to the

universe coordinate system, vectors must be tagged with information

identifying which coordinate system they are defined within.

• vectors are written with a leading superscript indicating the coordinate system

to which they are referenced — for example, 𝑷𝑨 .

• This means that the components of 𝑷𝑨 have numerical values that indicate

distances along the axes of {A}.

𝑷𝑨 =

𝑷𝒙

𝑷𝒚

𝑷𝒛

 −− −(2.1)
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Description of a position Description of a position 
• Figure 2.1 pictorially represents a coordinate system, {A}, with three mutually

orthogonal unit vectors with solid heads.

• A point 𝑷𝑨 is represented as a vector and can equivalently be thought of as a

position in space, or simply as an ordered set of three numbers.

𝑷𝑨 =

𝑷𝒙

𝑷𝒚

𝑷𝒛

 −− −(𝟐. 𝟏)

• For example, in a 3D space, let's consider a point P(3, 2, 1). The position vector

of this point from the origin O(0, 0, 0) would be: 𝑷𝑶 = 𝟑ଙ̂ + 𝟐 ଚ̂+ 𝒌෡
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Vectors and Geometry of SpaceVectors and Geometry of Space
For the following equations, assume that vectors 𝑎⃗, 𝑏, 𝑐 and are defined as:

𝑎⃗ = 𝑎ଵ, 𝑎ଶ, 𝑎ଷ , 𝑏 = 𝑏ଵ, 𝑏ଶ, 𝑏ଷ , 𝑐 = 𝑐ଵ, 𝑐ଶ, 𝑐ଷ ,

Length of vector 𝑎⃗:

𝑎⃗ = 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ

The unit vector corresponding to vector 𝑎⃗ is:

௔

௔
=

௔భప⃗ା௔మఫ⃗ା௔య௞

௔భ
మା௔మ

మା௔య
మ

The dot product between vectors 𝑎⃗ and 𝑏:
𝑎⃗. 𝑏 = 𝑎⃗ 𝑏 cosθ

The angle between the two vectors θ is:

cosθ =
𝑎⃗. 𝑏

𝑎⃗ 𝑏
=

𝑎ଵ𝑏ଵ + 𝑎ଶ𝑏ଶ + 𝑎ଷ𝑏ଷ

𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ 𝑏ଵ

ଶ + 𝑏ଶ
ଶ + 𝑏ଷ

ଶ
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Description of an orientation Description of an orientation 
• Often, we will find it necessary not only to represent a point in space but also

to describe the orientation of a body in space.

• For example, if vector 𝑷𝑨 in Fig. 2.2 locates the point directly between the

fingertips of a manipulator’s hand, the complete location of the hand is still

not specified until its orientation is also given. Assuming that the manipulator

has a sufficient number of joints, the hand could be oriented arbitrarily while

keeping the point between the fingertips at the same position in space.

• In order to describe the orientation of a body, we will attach a coordinate

system to the body and then give a description of this coordinate system

relative to the reference system. In Fig. 2.2, coordinate system {B} has been

attached to the body in a known way. A description of {B} relative to {A} now

suffices to give the orientation of the body.
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• Thus, positions of points are described with vectors and orientations of bodies are described with an attached

coordinate system. One way to describe the body attached coordinate system, {B}, is to write the unit vectors of

its three principal axes in terms of the coordinate system {A}.

• We denote the unit vectors giving the principal directions of coordinate system {B} as 𝑿෡𝑩, 𝒀෡𝑩, and 𝒁෡𝑩. When

written in terms of coordinate system {A}, they are called 𝑿෡𝑨, 𝒀෡𝑨, and 𝒁෡𝑨.

• It will be convenient if we stack these three unit vectors together as the columns of a 3 × 3 matrix, in the

order 𝑿෡𝑩
𝑨 , 𝒀෡𝑩

𝑨 , 𝒁𝑩
𝑨 . We will call this matrix a rotation matrix, and, because this particular rotation matrix

describes {B} relative to {A}, we name it with the notation 𝑹𝑩
𝑨 (the choice of leading sub and superscripts in the

definition of rotation matrices will become clear in following sections):

𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =

𝒓𝟏𝟏 𝒓𝟏𝟐 𝒓𝟏𝟑

𝒓𝟐𝟏 𝒓𝟐𝟐 𝒓𝟐𝟑

𝒓𝟑𝟏 𝒓𝟑𝟐 𝒓𝟑𝟑

 −− −(𝟐. 𝟐)
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• Hence, whereas the position of a point is represented with a vector, the orientation of a body is represented with

a matrix.

𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =

𝒓𝟏𝟏 𝒓𝟏𝟐 𝒓𝟏𝟑

𝒓𝟐𝟏 𝒓𝟐𝟐 𝒓𝟐𝟑

𝒓𝟑𝟏 𝒓𝟑𝟐 𝒓𝟑𝟑

 −− −(𝟐. 𝟐)

𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =  

𝑿෡𝑩. 𝑿෡𝑨 𝒀෡𝑩. 𝑿෡𝑨 𝒁෡𝑩. 𝑿෡𝑨

𝑿෡𝑩. 𝒀෡𝑨 𝒀෡𝑩. 𝒀෡𝑨 𝒁෡𝑩. 𝒀෡𝑨

𝑿෡𝑩. 𝒁෡𝑨 𝒀෡𝑩. 𝒁෡𝑨 𝒁෡𝑩. 𝒁෡𝑨

 −− −(𝟐. 𝟑)

• For brevity, we have omitted the leading superscripts in the rightmost matrix of (2.3).

• The dot product of two unit vectors yields the cosine of the angle between them, so it is clear why the

components of rotation matrices are often referred to as direction cosines.

𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =  

𝑿෡஺
்஻

𝒀෡஺
்஻

𝒁෡஺
்஻

 −− −(𝟐. 𝟒)

𝑹𝑩
𝑨 = 𝑹்

𝑨
஻ −− −(𝟐. 𝟓)
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𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =

𝒓𝟏𝟏 𝒓𝟏𝟐 𝒓𝟏𝟑

𝒓𝟐𝟏 𝒓𝟐𝟐 𝒓𝟐𝟑

𝒓𝟑𝟏 𝒓𝟑𝟐 𝒓𝟑𝟑

 −− −(𝟐. 𝟐)

𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =  

𝑿෡𝑩. 𝑿෡𝑨 𝒀෡𝑩. 𝑿෡𝑨 𝒁෡𝑩. 𝑿෡𝑨

𝑿෡𝑩. 𝒀෡𝑨 𝒀෡𝑩. 𝒀෡𝑨 𝒁෡𝑩. 𝒀෡𝑨

𝑿෡𝑩. 𝒁෡𝑨 𝒀෡𝑩. 𝒁෡𝑨 𝒁෡𝑩. 𝒁෡𝑨

 −− −(𝟐. 𝟑)

𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =  

𝑿෡஺
்஻

𝒀෡஺
்஻

𝒁෡஺
்஻

 −− −(𝟐. 𝟒)

𝑹𝑨
𝑩 = 𝑹்

𝑩
஺ −− −(𝟐. 𝟓)

𝑹𝑩
𝑨 𝑹்

𝑩
஺ =

𝑿෡஻
்஺

𝒀෡஻
்஺

𝒁෡஻
்஺

𝑿෡𝑩
𝑨   𝒀෡𝑩

𝑨   𝒁𝑩
𝑨 = 𝑰𝟑 −− −(𝟐. 𝟔)

𝑹𝑩
𝑨 = 𝑹ିଵ

𝑨
஻ = 𝑹்

𝑨
஻  −− −(𝟐. 𝟕)
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• For convenience, the point whose position we will describe is chosen as the origin of the body-attached frame.

• The situation of a position and an orientation pair arises so often in robotics that we define an entity called a

frame, which is a set of four vectors giving position and orientation information.

• Note that a frame is a coordinate system where, in addition to the orientation, we give a position vector which

locates its origin relative to some other embedding frame. For example, frame {𝐵} is described by 𝑹𝑩
𝑨  and

𝑷𝑩𝑶𝑹𝑮
𝑨 , where 𝑷𝑩𝑶𝑹𝑮

𝑨 is the vector that locates the origin of the frame {𝐵}:

𝐵 = { 𝑹𝑩
𝑨 , 𝑷𝑩𝑶𝑹𝑮

𝑨 } − − − (2.8)
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• In Fig. 2.3, there are three frames that are shown along with the universe coordinate system. Frames {A} and {B}

are known relative to the universe coordinate system, and frame {C} is known relative to frame {A}.

• In Fig. 2.3, we introduce a graphical representation of frames, which is convenient in visualizing frames. A frame

is depicted by three arrows representing unit vectors defining the principal axes of the frame. An arrow

representing a vector is drawn from one origin to another. This vector represents the position of the origin at the

head of the arrow in terms of the frame at the tail of the arrow. The direction of this locating arrow tells us, for

example, in Fig. 2.3, that {C} is known relative to {A} and not vice versa.
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• In summary, a frame can be used as a description of one coordinate system relative to another.

• A frame encompasses two ideas by representing both position and orientation and so may be thought of as a

generalization of those two ideas.

• Positions could be represented by a frame whose rotation-matrix part is the identity matrix and whose position-

vector part locates the point being described.

• Likewise, an orientation could be represented by a frame whose position-vector part was the zero vector.
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MAPPINGS: CHANGING DESCRIPTIONS FROM FRAME TO FRAME MAPPINGS: CHANGING DESCRIPTIONS FROM FRAME TO FRAME 
• In a great many of the problems in robotics, we are concerned with expressing the same quantity in terms of

various reference coordinate systems. The previous section introduced descriptions of positions, orientations, and

frames; we now consider the mathematics of mapping in order to change descriptions from frame to frame.
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Mappings involving translated frames Mappings involving translated frames 
• In Fig. 2.4, we have a position defined by the vector 𝑷𝑩 . We wish to express this point in space in terms of frame

{A}, when {A} has the same orientation as {B}. In this case, {B} differs from {A} only by a translation, which is

given by 𝑷𝑩𝑶𝑹𝑮
𝑨 , a vector that locates the origin of {B} relative to {A}

𝑷 = 𝑷𝑩 +𝑨 𝑷𝑩𝑶𝑹𝑮 𝑨 −− −(𝟐. 𝟗)

• Note that only in the special case of equivalent orientations may we add vectors that are defined in terms of

different frames.
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Mappings involving rotated framesMappings involving rotated frames
𝑹𝑩

𝑨 = 𝑹ି𝟏
𝑨
𝑩 = 𝑹𝑻

𝑨
𝑩  −− −(𝟐. 𝟏𝟎)

𝑹𝑩
𝑨 = 𝑿෡𝑩

𝑨   𝒀෡𝑩
𝑨   𝒁𝑩

𝑨 =

𝑿෡𝑨
𝑻𝑩

𝒀෡𝑨
𝑻𝑩

𝒁෡𝑨
𝑻𝑩

−− − 𝟐. 𝟏𝟏

𝒑𝒙 = 𝑿෡𝑨
𝑩 .𝑨 𝑷𝑩 ,

𝒑𝒚 = 𝒀෡𝑨
𝑩 .𝑨 𝑷𝑩 , - - - (2.12)

𝒑𝒛 = 𝒁෡𝑨
𝑩 .𝑨 𝑷𝑩 ,

𝑷𝑨 = 𝑹𝑩
𝑨 𝑷𝑩  −− −(𝟐. 𝟏𝟑)

4 October, 2024 Systems & Control Engineering Dept. 17



Mappings involving general framesMappings involving general frames
𝐏𝐀 = 𝐑𝐁

𝐀 𝐏𝐁 + 𝐏𝐁𝐎𝐑𝐆
𝐀 −− −(𝟐. 𝟏𝟕)

𝐏𝐀 = 𝐓𝐁
𝐀  𝐏𝐁  −− − 𝟐. 𝟏𝟖

𝐏𝐀

𝟏
= 𝐑𝐁

𝐀 𝐏𝐁𝐎𝐑𝐆
𝐀

𝟎 𝟎 𝟎 𝟏
𝐏𝐁

𝟏
 −− − 𝟐. 𝟏𝟗  𝐜𝐚𝐥𝐥𝐞𝐝 𝐚 homogeneous transform

4 October, 2024 Systems & Control Engineering Dept. 18



Mappings involving general framesMappings involving general frames

𝑷𝑨

𝟏
= 𝑹𝑩

𝑨 𝑷𝑩𝑶𝑹𝑮
𝑨

𝟎 𝟎 𝟎 𝟏
𝑷𝑩

𝟏
 −− −(𝟐. 𝟏𝟗)

1. a “1” is added as the last element of the 4 × 1 vectors;

2. a row ‘‘[0 0 0 1]’’ is added as the last row of the 4 × 4 matrix.

The 4×4 matrix in (2.19) is called a homogeneous transform. For our purposes, it can be regarded purely as a construction

used to cast the rotation and translation of the general transform into a single matrix form. In other fields of study, it can

be used to compute perspective and scaling operations (when the last row is other than ‘‘[0 0 0 1]’’ or the rotation matrix

is not orthonormal).

𝑷𝑨 = 𝑹𝑩
𝑨 𝑷𝑩 + 𝑷𝑩𝑶𝑹𝑮

𝑨 −− −(𝟐. 𝟐𝟎)

1=1

4 October, 2024 Systems & Control Engineering Dept. 19



Rotation Matrix

• 𝑹𝒙𝑩
𝑨 =

𝟏 𝟎 𝟎
𝟎 𝑪𝜽 −𝑺𝜽
𝟎 𝑺𝜽 𝑪𝜽

 −− −(𝒂𝒃𝒐𝒖𝒕 𝑿)

• 𝑹𝒚𝑩
𝑨 =

𝑪𝜽 𝟎 𝑺𝜽
𝟎 𝟏 𝟎

−𝑺𝜽 𝟎 𝑪𝜽
 −− − 𝒂𝒃𝒐𝒖𝒕 𝒀

• 𝑹𝒛𝑩
𝑨 =

𝑪𝜽 −𝑺𝜽 𝟎
𝑺𝜽 𝑪𝜽 𝟎
𝟎 𝟎 𝟏

 −− − 𝒂𝒃𝒐𝒖𝒕 𝒁

4 October, 2024 Systems & Control Engineering Dept. 20



Example 2.1 / Page 26Example 2.1 / Page 26
Figure 2.6 shows a frame {B} that is rotated relative to frame {A} about 𝒁෡ by 30 degrees. Find the rotation matrix? 

Then find the translation matrix of 𝑷𝑩 =
𝟎
𝟐
𝟎

relative to {A}?

Solution:
𝑅 = 𝑅𝑂𝑇 𝑧̂, 𝜃

𝑅௭஻
஺ = 𝑋෠஻

஺   𝑌෠஻
஺   𝑍஻

஺ =  

𝑋෠஻. 𝑋෠஺ 𝑌෠஻. 𝑋෠஺ 𝑍መ஻. 𝑋෠஺

𝑋෠஻. 𝑌෠஺ 𝑌෠஻. 𝑌෠஺ 𝑍መ஻. 𝑌෠஺
𝑋෠஻. 𝑍መ஺ 𝑌෠஻. 𝑍መ஺ 𝑍መ஻. 𝑍መ஺

𝑅௭஻
஺ =

𝐶𝜃 −𝑆𝜃 0
𝑆𝜃 𝐶𝜃 0
0 0 1

=
𝐶30 −𝑆30 0
𝑆30 𝐶30 0

0 0 1
=

0.866 −0.5 0
0.5 0.866 0
0 0 1

𝑃஺ =  𝑅௭஻
஺  𝑃஻ =

0.866 −0.5 0
0.5 0.866 0
0 0 1

0
2
0

=
−1

1.732
0

𝑅௭஻
஺  acts as a mapping that is used to describe 𝑃஻ relative to frame {A}, 𝑃஺ .

As was introduced in the case of translations, it is important to remember that, viewed as a mapping, the original 
vector P is not changed in space.  
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Example 2.2 / Page 29Example 2.2 / Page 29
Figure 2.8 shows a frame {B} that is rotated relative to frame {A} about 𝐙෠ by 30 degrees, translated 10 units in 𝐗෡𝐀, 
and translated 5 units in 𝐘෡𝐀 .Find the 𝐏𝐀 , where 𝐏𝐁 = 𝟑 𝟕 𝟎 𝐓.

Solution:
R = ROT zො, θ

The definition of frame {B} is

T୆
୅ =

Cθ −Sθ 0 X
Sθ Cθ 0 Y
0 0 1 Z
0 0 0 1

=

0.866 −0.5 0 10
0.5 0.866 0 5
0 0 1 0
0 0 0 1

𝐏𝐀 = 𝐓𝐁
𝐀  𝐏𝐁  −− − 𝟐. 𝟏𝟖

𝑷𝑨

𝟏
= 𝑹𝑩

𝑨 𝑷𝑩𝑶𝑹𝑮
𝑨

𝟎 𝟎 𝟎 𝟏
𝑷𝑩

𝟏
 −− −(𝟐. 𝟏𝟗)

P୅ =

0.866 −0.5 0 10
0.5 0.866 0 5
0 0 1 0
0 0 0 1

3
7
0
1

=

9.098
12.562

0
1
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• Translational operators
• Rotational operators
• Transformation operators

2.4 OPERATORS: TRANSLATIONS, ROTATIONS, AND TRANSFORMATIONS

2.5 SUMMARY OF INTERPRETATIONS 

• Compound transformations
• Inverting a transform

2.6 TRANSFORMATION ARITHMETIC 

2.7 TRANSFORM EQUATIONS
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2.4 OPERATORS: TRANSLATIONS, ROTATIONS, AND TRANSFORMATIONS

• The same mathematical forms used to map points between frames can also be

interpreted as operators that translate points, rotate vectors, or do both.

• Translational operators

• Rotational operators

09/10/2024 Systems & Control Engineering Dept. 3



Example 2.3 / Page 32
Figure 2.10 shows a vector 𝑷𝟏

𝑨 . Compute the vector obtained by rotating this vector about 𝒁෡ by 30 degrees. Call 
the new vector 𝑷𝟐

𝑨 .
Solution:

𝑅௭ (30,0) =
𝐶𝜃 −𝑆𝜃 0
𝑆𝜃 𝐶𝜃 0
0 0 1

=
𝐶30 −𝑆30 0
𝑆30 𝐶30 0

0 0 1
=

0.866 −0.5 0
0.5 0.866 0
0 0 1

𝑃ଵ
஺ =

0
2
0

𝑃ଶ = 𝑅௭ (30,0) ஺ 𝑃ଵ
஺ =

−1
1.732

0
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Example 2.4 / Page 33
Figure 2.11 shows a vector 𝑷𝟏

𝑨 . Compute the vector obtained by rotating this vector about 𝒁෡ by 30 degrees and
translate it 10 units in 𝑿෡𝑨 and 5 units in 𝒀෡𝑨 . F𝐢𝐧𝐝 𝑷𝟐

𝑨 , where 𝑷𝟏
𝑨 = [𝟑 𝟕 𝟎] 𝑻.

Solution:

𝑃ଵ
஺ =

3
7
0

T =

Cθ −Sθ 0 X
Sθ Cθ 0 Y
0 0 1 Z
0 0 0 1

=

0.866 −0.5 0 10
0.5 0.866 0 5
0 0 1 0
0 0 0 1

 

𝑃ଶ = 𝑇 ஺ 𝑃ଵ
஺ =

0.866 −0.5 0 10
0.5 0.866 0 5
0 0 1 0
0 0 0 1

3
7
0
1

=

9.098
12.562

0
1
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2.5 SUMMARY OF INTERPRETATIONS 

• We have introduced concepts first for the case of translation only, then for the case of rotation only, and finally for the

general case of rotation about a point and translation of that point.

• As a general tool to represent frames, we have introduced the homogeneous transform, a 4 × 4 matrix containing

orientation and position information. We have introduced three interpretations of this homogeneous transform:

1. It is a description of a frame. 𝑻𝑩
𝑨  describes the frame {B} relative to the frame {A}. Specifically, the columns of

𝑹𝑩
𝑨  are unit vectors defining the directions of the principal axes of {B}, and 𝑷𝑩𝑶𝑹𝑮

𝑨  locates the position of the origin

of {B}.

• 2. It is a transform mapping. 𝑻𝑩
𝑨  maps 𝑷𝑩 → 𝑷𝑨 .

• 3. It is a transform operator. T operates on 𝑷𝟏
𝑨 to create 𝑷𝟐

𝑨 .

• From this point on, the terms frame and transform will both be used to refer to a position vector plus an orientation.

Frame is the term favored in speaking of a description, and transform is used most frequently when function as a

mapping or operator is implied. Note that transformations are generalizations of (and subsume) translations and

rotations; we will often use the term transform when speaking of a pure rotation (or translation).
09/10/2024 Systems & Control Engineering Dept. 6



2.6 TRANSFORMATION ARITHMETIC - Compound transformations

In Fig. 2.12, we have 𝑷𝑪 and wish to find 𝑷𝑨 .

Frame {C} is known relative to frame {B}, and frame {B} is known relative to frame {A}. We can transform 𝑷𝒄 into

𝑷𝑩 as:

𝑷 = 𝑻𝑪
𝑩 𝑷𝑪𝑩  −− −(𝟐. 𝟑𝟕)

then we can transform 𝑷𝑩 into 𝑷𝑨 as

𝑷 = 𝑻𝑩
𝑨 𝑷𝑩  − −(𝟐. 𝟑𝟖)𝑨  

Combining (2.37) and (2.38), we get the (not unexpected) result

𝑷 = 𝑻𝑩
𝑨 𝑻𝑪

𝑩 𝑷𝑪 −− −(𝟐. 𝟑𝟗)𝑨

𝑻𝑪
𝑨 = 𝑻𝑩

𝑨 𝑻𝑪
𝑩  −− −(𝟐. 𝟒𝟎)

09/10/2024 Systems & Control Engineering Dept. 7



2.6 TRANSFORMATION ARITHMETIC - Compound transformations

• Again, note that familiarity with the sub- and superscript notation makes these manipulations simple. In terms of

the known descriptions of {B} and {C}, we can give the expression for 𝑻𝑪
𝑨  as

𝑻𝑪
𝑨 =  𝑹𝑩

𝑨 𝑹𝑪
𝑩 𝑹 𝑷𝑪𝑶𝑹𝑮

𝑩 + 𝑷𝑩𝑶𝑹𝑮
𝑨

𝑩
𝑨

𝟎 𝟎 𝟎 𝟏
 −− −(𝟐. 𝟒𝟏)

09/10/2024 Systems & Control Engineering Dept. 8



2.6 TRANSFORMATION ARITHMETIC - Inverting a transform

Consider a frame {B} that is known with respect to a frame {A}—that is, we know the value of 𝑻𝑩
𝑨 . Sometimes we

will wish to invert this transform, in order to get a description of {A} relative to {B}—that is, 𝑻𝑨
𝑩 . A straightforward

way of calculating the inverse is to compute the inverse of the 4×4 homogeneous transform.

To find 𝑻𝑨
𝑩 , we must compute 𝑹𝑨

𝑩  and 𝑷𝑨𝑶𝑹𝑮
𝑩  from 𝑹𝑩

𝑨  and 𝑷𝑩𝑶𝑹𝑮
𝑨 . First, recall from our discussion of

rotation matrices that

𝑹 = 𝑹𝑻
𝑩
𝑨

𝑨
𝑩  −− − 𝟐. 𝟒𝟐 || Next, we change the description of 𝑷𝑩𝑶𝑹𝑮

𝑨 into {B} by using (2.13):

( 𝑷𝑩𝑶𝑹𝑮)𝑨஻ = 𝑹𝑨
𝑩 𝑷𝑩𝑶𝑹𝑮

𝑨 + 𝑷𝑨𝑶𝑹𝑮
𝑩  −− −(𝟐. 𝟒𝟑) || The left-hand side of (2.43) must be zero, so we have

𝑷𝑨𝑶𝑹𝑮
𝑩 = − 𝑹𝑨

𝑩 𝑷𝑩𝑶𝑹𝑮
𝑨 = − 𝑹𝑻

𝑩
𝑨 𝑷𝑩𝑶𝑹𝑮

𝑨  −− −(𝟐. 𝟒𝟒) || Using (2.42) and (2.44), we can write the form of B

AT as

𝑻𝑨
𝑩 =  𝑹𝑻

𝑩
𝑨 − 𝑹𝑻  𝑷𝑩𝑶𝑹𝑮

𝑨
𝑩
𝑨

𝟎 𝟎 𝟎 𝟏
 −− −(𝟐. 𝟒𝟓) || Note that, with our notation, 𝑻𝑨

𝑩 = 𝑻ି𝟏
𝑩
𝑨
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Example 2.5 / Page 36

Figure 2.13 shows a frame {B} that is rotated relative to frame {A} about 𝒁෡ by 30 degrees and translated four
units in 𝑿෡𝑨  and three units in 𝒀෡𝑨 . Thus, we have a description of 𝑻𝑩

𝑨 . Find 𝑻𝑨
𝑩 .

The frame defining {B} is

Solution:

𝑻𝑩
𝑨 =

Cθ −Sθ 0 X
Sθ Cθ 0 Y
0 0 1 Z
0 0 0 1

=

0.866 −0.5 0 4
0.5 0.866 0 3
0 0 1 0
0 0 0 1

 

𝑻𝑨
𝑩 =  𝑹𝑻

𝑩
𝑨 − 𝑹𝑻  𝑷𝑩𝑶𝑹𝑮

𝑨
𝑩
𝑨

𝟎 𝟎 𝟎 𝟏
 −− −(𝟐. 𝟒𝟓) || 𝑻𝑨

𝑩 = 𝑻ି𝟏
𝑩
𝑨

𝑷𝑨𝑶𝑹𝑮 = 𝑩 − 𝑹𝑻
𝑩
𝑨 𝑷𝑩𝑶𝑹𝑮

𝑨 = −
0.866 0.5 0
−0.5 0.866 0

0 0 1

4
3
0

=
−4.964
−0.598

0

𝑻𝑨
𝑩 =

0.866 0.5 0 −4.964
−0.5 0.866 0 −0.598

0 0 1 0
0 0 0 1

|| Note: 𝑷𝑨𝑶𝑹𝑮
𝑩 = − 𝑹𝑨

𝑩 𝑷𝑩𝑶𝑹𝑮
𝑨 = − 𝑹𝑻

𝑩
𝑨 𝑷𝑩𝑶𝑹𝑮

𝑨
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Example 2.5 / Page 36

Figure 2.13 shows a frame {B} that is rotated relative to frame {A} about 𝒁෡ by 30 degrees and translated four
units in 𝑿෡𝑨  and three units in 𝒀෡𝑨 . Thus, we have a description of 𝑻𝑩

𝑨 . Find 𝑻𝑨
𝑩 .

The frame defining {B} is

Solution:

𝑻𝑩
𝑨 =

Cθ −Sθ 0 X
Sθ Cθ 0 Y
0 0 1 Z
0 0 0 1

=

0.866 −0.5 0 4
0.5 0.866 0 3
0 0 1 0
0 0 0 1

 

𝑻𝑨
𝑩 =  𝑹𝑻

𝑩
𝑨 − 𝑹𝑻  𝑷𝑩𝑶𝑹𝑮

𝑨
𝑩
𝑨

𝟎 𝟎 𝟎 𝟏
 −− −(𝟐. 𝟒𝟓) || 𝑻𝑨

𝑩 = 𝑻ି𝟏
𝑩
𝑨

𝑷𝑨𝑶𝑹𝑮 = 𝑩 − 𝑹𝑻
𝑩
𝑨 𝑷𝑩𝑶𝑹𝑮

𝑨 = −
0.866 0.5 0
−0.5 0.866 0

0 0 1

4
3
0

=
−4.964
−0.598

0

𝑻𝑨
𝑩 =

0.866 0.5 0 −4.964
−0.5 0.866 0 −0.598

0 0 1 0
0 0 0 1

|| Note: 𝑷𝑨𝑶𝑹𝑮
𝑩 = − 𝑹𝑨

𝑩 𝑷𝑩𝑶𝑹𝑮
𝑨 = − 𝑹𝑻

𝑩
𝑨 𝑷𝑩𝑶𝑹𝑮

𝑨
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Review on rotation Matrix 

𝑋 
෡

஻

𝑌 
෡

஻

𝑍 
෡

஻
{𝐵}

𝑿 
෡

𝑨

𝒀 
෡

𝑨

𝒁 
෡

𝑨
{𝐴}

஻
஺ =

Rotation matrix represents the component of each axis of a coordinate system  with respect to a 
reference frame.

𝑋෠஺
்

  
஻

𝑋෠஻ 
஺ 𝑌෠஻ 

஺ 𝑍መ஻ 
஺

𝑌෠஺
்

  
஻

𝑍መ஺
்

  
஻
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General Transform

𝑿 
෡

𝑨

𝒀 
෡

𝑨

𝒁 
෡

𝑨
{𝐴}

𝑃 
஺

 

General Transform between Frames means that we include (Rotation+ Translation) to map or describe

a point from one frame to another

 
஺

 =஻
஺

 
஻ + ஻ைோீ 

஺ ( General Form for mapping ) 

09/10/2024 Systems & Control Engineering Dept. 14
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Homogeneous Transform

𝑿 
෡

𝑨

𝒀 
෡

𝑨

𝒁 
෡

𝑨
{𝐴}

𝑃 
஺

 

We would like to think of a mapping from one frame to another as an operator in matrix form. 

This aids in writing compact equations and is conceptually clearer than general form.

 
஺

 
= ஻

஺
஻ைோீ 

஺
 

஻
4X4  Matrix ( Homogeneous Transform )

09/10/2024 Systems & Control Engineering Dept. 15
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Homogeneous Transform

1. a "1" is added as the last element of the 4 x 1 vectors;

2. a row "[0001]" is added as the last row of the 4 x 4 matrix.

3. Normally we will write the Homogenous Transform as follow:

𝑃 
஺

 = 𝑇஻
஺ 𝑃 

஻

Where 𝑇஻
஺ = 𝑅஻

஺ 𝑃஻ைோீ 
஺

0 0 0 1

rotation matrices used to specify an orientation, we will use transforms (usually in homogeneous

representation) to specify a frame. Observe that, although we have introduced homogeneous

transforms in the context of mappings, they also serve as descriptions of frames. The description of

frame {B} relative to (A} is 𝑇஻
஺

09/10/2024 Systems & Control Engineering Dept. 16
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Example 

The Figure shows a frame {B}, which is rotated relative to frame (A} about 𝑍መ by 30° degrees, translated 

10 units in 𝑿 
෡

𝑨
, and translated 5 units in 𝒀 

෡
𝑨

Find 𝑃 
஺

 where 𝑃 = 3.0  7.0  0.0 ்
 

஻ .

𝑇஻
஺ =

0.866 −0.5 0 10
0.5 0.866 0 5
0 0 1 0

Given 𝑃 =
3
7
0

 

 
஻

𝑃 
஺

 = 𝑇஻
஺ 𝑃 

஻ =
9.09

12.56
0.0
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Operators
• Mapping: changing descriptions from frame to frame

• Operators: moving points (within the same frame)

=

𝑿 
෡

𝑨

𝒀 
෡

𝑨

𝒁 
෡

𝑨
{𝐴}

𝑋 
෡

஻

𝑌 
෡

஻

𝑍 
෡

஻
{𝐵}

ଶ  = ଵ

𝑹
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Rotational Operators

௞ (θ): ଵ

ଶ = ௞ (θ) ଵ where k: ( X, Y, Z) .

௑ (θ)=

ଶ ௑ (30) ଵ

= =

ଶ
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Translations

Mapping approach :

𝑃ை஻ 𝑃ை஺ 

𝑃ை஺ 
=𝑃ை஻+ 𝑃஻ைோீ 

 

In this method two vectors

For the same point 𝑃ଶ

𝑌 
෡

஻

𝑋 
෡

஻

𝑍 
෡

஺

𝑿 
෡

𝑨

𝒀 
෡

𝑨

𝑃ଶ

{𝐴}

𝑍 
෡

஻
{𝐵}

𝑃ை஻

09/10/2024 Systems & Control Engineering Dept. 20
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Translations Operator 

Mapping approach :

𝑃ଵ 𝑃ଶ 

𝑃ଶ =𝑃ଵ+ 𝑄 
 

In this method

Two different vectors (2 point)

𝑃ଶ

𝑋 
෡

஻

𝑌 
෡

஻

𝑍 
෡

஻
{𝐵}

𝑿 
෡

𝑨

𝒀 
෡

𝑨

{𝐴}𝑍 
෡

஺ 𝑃ଵ

09/10/2024 Systems & Control Engineering Dept. 21

R
ev

ie
w

 L
ec

tu
re

 O
ne

 a
n

d 
T

w
o



Translations Operator 

Operator approach :

𝑃ଵ 𝑃ଶ 

𝑃ଶ =𝑃ଵ+ 𝑄 
 

In this method

Two different vectors (2 point)

𝑍 
෡

஺

𝑿 
෡

𝑨

𝒀 
෡

𝑨

𝑃ଶ

{𝐴} 𝑃ଵ

{𝐵}

09/10/2024 Systems & Control Engineering Dept. 22

R
ev

ie
w

 L
ec

tu
re

 O
ne

 a
n

d 
T

w
o



Translations Operator 

operator approach :

𝑃ଵ 𝑃ଶ 

operator 𝑃ଶ 
஺

  
= 𝑃ଵ 

஺ + 𝑄 
஺

 

 

In this method

Two different vectors (2 point)

Homogeneous Transform:

𝐷ொ=

1 0 0 𝑞௑

0 1 0 𝑞௒

0 0 1 𝑞௓

0 0 0 1

 𝑃ଶ 
஺

  
= 𝐷ொ 

஺
 

𝑃ଵ 
஺

𝑿 
෡

𝑨

𝒀 
෡

𝑨

{𝐴} 𝑃ଵ

{𝐵}

𝑍 
෡

஺
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General Operators

To represent the operator transformation in a general homogeneous form

𝑃ଶ =
𝑅௞ (θ) 𝑄
0  0  0 1

× 𝑃ଵ

𝑃ଶ =T× 𝑃ଵ

only one coordinate system is involved, and so the symbol T is used without sub- or superscripts.
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Example on Rotational Operator 

The Figure shows a vector 𝑃ଵ 
஺ . We wish to compute the vector obtained by rotating this vector about Z by 45°.

Call the new vector 𝑃ଶ 
஺ .The rotation matrix that rotates vectors by 45° about Z is the same as the rotation matrix

that describes a frame rotated 45° about Z relative to the reference frame. Thus, the correct rotational operator

is

𝑅௭ (45.0)=
cos 45 −sin 45 0
sin 45 cos 45 0

0 0 1
=

0.707 −0.707 0
0.707 0.707 0

0 0 1

Given 𝑃ଵ 
஺ =

0.0
2.0
0.0

𝑃ଶ 
஺ =𝑅௭ (45.0) 𝑃ଵ 

஺

𝑃ଶ 
஺ =

−1.414
1.414

0.0

𝑿 
෡

𝑨

𝒀 
෡

𝑨
{𝐴}

𝑃ଵ
𝑃ଶ
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Example on Transformation Operator 

The figure shows a vector 𝑃ଵ 
஺ . We wish to rotate it about Z by 60 and translate it 10 units in 𝑋 

෡
஺
and 5 units in 𝑌 

෡
஺

Find 𝑃ଶ 
஺

 
where 𝑃ଵ 

஺ =3  7 0 ் The operator T, which performs the translation and rotation, is :

𝑇=

0.5 −0.866 0 10
0.866 0.5 0 5

0 0 1 0
0 0 0 1

𝑃ଶ 
஺ =𝑅 𝑃ଵ 

஺ +𝑄 
஺ = 𝑇 𝑃ଵ 

஺

𝑃ଶ 
஺ =

0.5 −0.866 0 10
0.866 0.5 0 5

0 0 1 0
0 0 0 1

3
7
0
1

=
5.438
11.09

0

𝑋 
෡

஺

𝑌 
෡

஺
{𝐴}

𝑃ଵ 
஺

 

𝑃ଶ 
஺

 

𝑅 𝑃ଵ 
஺
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