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Lecture1: Discrete-Time Signals in The Time Domain
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Continuous-Time Signals (Analog Signals)• Continuous-Time (CT) signal x(t) is a signal that exists at every instant of time
 A CT signal is often referred to as analog signal
 The independent variable is a continuous variable
 Continuous signal can assume any value over a continuous range of numbers

• Most of the signals in the physical world are CT signals.
• Examples: voltage & current, pressure, temperature, velocity, etc.

Continuous-Time (CT) signal 

Discrete-Time (DT) Signals

• A signal defined only for discrete values of time is called a discrete-time (DT) signal
or simply a sequence

• Discrete-time signal can be obtained by taking samples of an analog signal at
discrete instants of time : 𝑥[ n]= 𝑥[nT]

• The values of each sample 𝑥[𝑛] is continuous

Sampling : 𝑥 n = 𝑥[nT]
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Digital Signals

• Digital signal is a discrete-time signal whose values are quantized and represented by digits

 Discrete-Time

 Discrete-Amplitude
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• The digital signal is the sampled and quantized (rounded) representation of the analog signal. A
digital signal consists of a sequence of samples, which in this case are integers: 0, 1, 2, 2, 3, 3, 4, 3,
...
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Discrete time
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Digital Signal

𝒙[𝒏] Discrete-Time 
Discrete-Amplitude
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Digital Signals
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• Discrete-Time (DT) signals are represented by sequence of numbers
 The nth number in the sequence is represented with 𝑥[ n]

 Often times sequences are obtained by sampling of Continuous-Time signals

is value of the analog signal 𝑥(t) at 𝑥[nT] where T is the sampling

0 20 40 60 80 100
-10

 In this case 𝑥 n
period

10

𝑥(t) 0

t (ms)

0 10 20 30 40 50
-10

0

10

n (samples)

𝑥 𝑛 = 𝑥[nT]

Digital Signals

Causal Sequences

• Discrete-time signal or sequence is called causal if it has zero values for
n < 0.

• Here is an example of a causal sequence

. . .
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Causality and Duration of Sequences

• A sequence that is nonzero only over a finite interval of indices is
called a finite-duration (finite-length) sequence

• A sequence whose samples are zero-valued for negative indices is
causal

• Non-causal sequence can have nonzero samples for negative indices
This is an example of causal finite-duration sequence
• 𝑥[ 𝑛]= 0 for 𝑛 < 0 (causal)
• 𝑥[𝑛] ≠ 0 only for 0 ≤ 𝑛 ≤ 8

10

Basic Discrete-Time Signals (Sequences)

The most basic discrete-time signals (sequences) are
Unit Impulse Sequence
Unit Step Sequence
Unit Ramp Sequence
Power Sequence
Exponential Sequence
Sinusoidal Sequence
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Unit Impulse Sequence

• The unit impulse (sample) sequence is defined as the sequence with values

• The unit impulse sequence 𝛿[𝑛] has an amplitude of zero at all samples except 𝑛 = 0 , where it 
has the value 1.

• Every discrete-time signal can be written as a sum of unit impulse sequences, using the
amplitude at each sample.

𝛿 𝑛 = {
0
1 𝑛 = 0

𝑛 ≠ 0
𝛿 𝑛

Scaled and Shifted Unit Impulse Function

1. Draw the sequence of 𝑥 𝑛 = 4𝛿[𝑛] 2. Draw the sequence of 𝑥 𝑛 = −2𝛿[𝑛]

4

12

-2
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Finite-Duration Sequence in Terms of Unit Impulses

• Write a sequence 𝑥 𝑛 in terms of 𝛿 𝑛 to describe the sequence as 
shown below:

𝑥 𝑛 = 𝛿 𝑛 + 𝛿 𝑛 − 1 + 𝛿 𝑛 − 2 + 𝛿 𝑛 − 3 x[n] = 4δ[n] - 2δ[n-1] + 3δ[n-2] - δ[n-3]

Unit Step Sequence

• The unit step sequence is defined as the sequence with values

• The unit step function 𝑢 𝑛 has an amplitude of zero for 𝑛 < 0 and an 
amplitude of one for all other samples.

• The signal 𝑢 −𝑛 has the value one up to and including 𝑛 = 0, and the value 
zero thereafter.

𝑢 𝑛 = {    1
𝑛 ≥ 0

0 𝑛 < 0

𝑢 𝑛
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Unit Step Sequence Examples

1-Draw the sequence as
sum of two step sequences:

𝑥 𝑛 = 𝑢 𝑛 + 2𝑢 𝑛 − 2

𝑢 𝑛

2𝑢 𝑛 − 2

𝑢 𝑛 + 2𝑢 𝑛 − 2

15

2-Draw the sequence as sum of two
step sequences:

𝑥 𝑛 = 𝑢 𝑛 − 𝑢 𝑛 − 3

This is a finite duration sequence

𝑢 𝑛 − 3

𝑥 𝑛

15

𝑢 𝑛

Connection between Impulse and Step Sequences

• Write a sequence to describe the signal in terms of unit sample and unit 
step sequences of the figure.

Unit Impulse Sequence
x[n] = 2δ[n] + δ[n-1] - 4δ[n-2] - 4δ[n-3] -4δ[n-4] - ……….

Unit Step Sequence
x[n] = 2u[n] – 6u[n-2]
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Unit Ramp Sequence

• The unit-ramp sequence is defined as

r 𝑛 = { 0,
𝑛, 𝑛 ≥ 0

𝑛 < 0

r 𝑛

Power Sequences

• Power sequences take the form:

𝑥 𝑛 = 𝐴 𝛼𝛽𝑛

• In the special case where 𝛼 = e (Euler number), such sequences are called 
exponential sequences.

• When 𝛽 is positive, the values of the sequence decays.
• When 𝛽 is negative the values of the sequence grows.
• When 𝛼 is negative, the values of the sequence alternate positive and negative.
• The value of 𝐴 is determined the magnitude/amplitude/value of the sequence when 

n = 0
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Power Sequence Examples

• Draw a signal 

x[n] = 0.8(0.75)n

The magnitude of the 
sequence is decaying 
due to α is positive but 
less than one.

n

• Draw a sequence of x[n] = (-0.6)n

The magnitude of the signal is 
alternating between positive 
and negative due to α is 
negative.

ExponentialSequences

• Exponential functions are special cases of Power function, which take 
the form:

𝑥 𝑛 = 𝐴 𝑒𝛽𝑛

• Where 𝑒 = 2.71828 (α is fixed and positive)

• When β is positive, the function decays.

• When β is negative the function grows.

• The value of A is determined the magnitude/amplitude/value of the function when 
n = 0

• Draw an Exponential Sequence of

𝑥 𝑛 = 𝑒−0.5𝑛

The magnitude of the signal is 
decaying due to β is negative 
and e > 1



10 /1 /20 25

11

Complex Exponential Sequences

• A sequence of the form
𝑥 𝑛 = 𝐴 𝑒j𝛽𝑛

is called a complex exponential sequence.
• For all 𝑛, samples of this sequence lie in the complex plane on a circle with radius 𝐴.
• By Euler’s Formula, a complex exponential may be expressed as a rectangular-form 

complex number

𝑒j𝛽𝑛 = cos 𝛽𝑛 + 𝑗sin 𝛽𝑛

• The general form of a complex exponential sequence has the forms

𝑥 𝑛 = 𝐴 𝑒j(ω0𝑛+𝜙) = 𝐴 cos ω0𝑛 + 𝜙 + 𝑗 𝐴 sin ω0𝑛 + 𝜙

Plot the first eight samples of a complex 
exponential sequence:

𝑥 𝑛 = 𝑒−j𝜋𝑛/6

Using Euler’s Formula 𝑥 𝑛 = cos
𝜋𝑛

6
+ 𝑗 sin

𝜋𝑛

6

Sinusoidal Sequence

• The sinusoidal functions take the form

• Where ω is a discrete-time angular frequency in radians/sample and 𝜙 is a 

phase shift.

𝑥 𝑛 = 𝐴 cos ω𝑛 + 𝜙 𝑥 𝑛 = 𝐴 sin ω𝑛 + 𝜙

for all 𝑛 with real 𝐴

or

ω = Ω𝑇 =
2π𝑓

𝐹𝑠

• Ω is the continuous-time frequency in radians/second

• 𝑓 is continuous-time frequency in Hz and Ω = 2π𝑓

• T is the sampling period in seconds

• 𝐹𝑠 is the sampling frequency and 𝐹𝑠 = 1

𝑇
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Periodicity of Sinusoidal Sequence

• Compared to analog counterpart,
discrete-time sine and cosine signals
are not always periodic sequences.

• Sinusoidal sequences are periodic
only when 2π/ω is a ratio of integers
𝑁/𝑀.

• When 2π/ω = 𝑁/𝑀, 𝑁 is the
number of samples in the discrete
period, and 𝑀 is the number of
analog cycles that elapse while 𝑁
samples are collected.

• An analog frequency 𝑓 in Hz is
related to it corresponding
discrete-time angular frequency

ω in radians with sampling rate of 𝐹𝑠

through the equation
ω = 2𝜋

𝑓

𝐹𝑠

𝑥 𝑛 = 𝐴 cos ω𝑛 + 𝜙 𝑥 𝑛 = 𝐴 sin ω𝑛 + 𝜙or

ω 4𝜋
7

2π
=

2𝜋
=

7

Periodic

ω 13
7

2π
=

2𝜋
=

14𝜋

23

Non-Periodic

2

Rational Number
13

Irrational Number

Periodicity of Sinusoidal Sequence Examples HW
A discrete-time signal is defined as 𝑥 𝑛 = cos 2𝑛

• Is this a periodic sequence?

• Find the first eight elements in the sequence.

5

4𝜋 𝑛A discrete-time signal is defined as 𝑥 𝑛 = cos

• Is this a periodic sequence?

• Find the first eight elements in the sequence.

Draw a signal x[n] = u[n]u[3-n]

• The signal can also be expressed as a 
sum of Impulse functions.

𝒙 𝒏 = 𝜹 𝒏 + 𝜹 𝒏 − 𝟏 + 𝜹 𝒏 − 𝟐 + 𝜹[𝒏 − 𝟑]

Draw a signal x[n] = e-2nu[n]
• First draw two basic signals (e-2n, u[n]) and then multiply as shown in the 

figure.

• The u[n] has the effect of turning on the other function at n = 0.

• The u[n] is zero for n < 0, so x[n] is also for n < 0.

• The u[n] has a value of 1 for n ≥ 0, so x[n] is the same as e-2n for n ≥ 0.

Draw a signal x[n] = 3sin(nπ/5 - 1)u[n]

Draw a signal x[n] = 0.5e-0.2nsin(nπ/9)u[n]
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Energy and Power Signals

The total energy of a continuous time signal x(t) is defined as:

and its average power is

In the case of a discrete time signal x[nT], the total energy of the

signal is

and its average power is defined by

Energy and Power Signals

• A signal is referred to as an energy signal, if and only if the total energy of the signal
satisfies the condition 0 < E < ꝏ

• On the other hand, it is referred to as a power signal, if and only

if the average power of the signal satisfies the condition 0 < P < ꝏ

• An energy signal has zero average power, whereas a power signal

has infinite energy.

• Periodic signals and random signals are usually viewed as power

signals, whereas signals that are both deterministic and non-periodic

are energy signals.
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Example:
Compute the signal energy and signal power for  x[nT] = (-0.5)^nu(nT), T = 0.01 seconds

Solution:

Since Edx is finite, the signal power is zero.

Repeat Example3 for y[nT] = 2ej3nu[nT], T = 0.2 second.

Solution:

What is energy of this signal?

Example:
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Tutorial 1:

Determine the signal energy and signal power for each  of the given signals and indicate whether it is an 
energy  signal or a power signal?

(a) y[nT]  3(0.2)nu[n  3], T = 2 ms

(b) z[n T ]  4 1 .1n u[n  1] T = 0.02 s
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Lecture2: ADC (Sampling, Quantization, and 
Encoding)

Analog to Digital  Conversion

• A/D conversion can be viewed as a three-step process
Sampling: This is the conversion of a continuous time signal into a
discrete time signal obtained by taking “samples” of the continuous
time signal at discrete time instants. Thus, if x(t) is the input to the
sampler, the output is x(nT), where T is called the Sampling interval.

Quantization: This is the conversion of discrete time continuous
valued signal into a discrete-time discrete- value (digital) signal. The
value of each signal sample is represented by a value selected from
a finite set of possible values. The difference between unquantized
sample and the quantized output is called the Quantization error.
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Analog to Digital Conversion (cont.)

Coding: In the coding process, each discrete value is represented by a
b-bit binary sequence. A/D Converter

QuantizerSampler Coder
x(t) 0101...

Let’s start with the first set of slides

Dr. Ahmed                                                                                                                    
3

Sampling of Analog Signals

Uniform Sampling: x[n] = x[nT]
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Uniform sampling

The time interval Ts between successive samples is called the Sampling Period or
Sampling interval and its reciprocal 1/Ts = Fs is called the Sampling Rate
(samples per second) or the Sampling Frequency (Hertz).

A relationship between the time variables t and n of continuous time and discrete
time signals respectively, can be obtained as

T = nTs = n/Fs

Uniform sampling is the most widely used sampling scheme.

This is described by the relation
x[n] = x[nT] - ∞ < n < ∞

where x(n) is the discrete time signal obtained by taking samples of the analogue
signal x(t) every T seconds

Shannon’s Sampling Theorem

• How frequently do we need to sample?
• The solution: Shannon’s Sampling Theorem: A continuous-time signal x(t) 

with frequencies no higher than fmax can be reconstructed exactly from its 
samples x[n] = x(nTs), if the samples are taken a rate fs = 1 / Ts that is 
greater than 2 fmax.

• Note that the minimum sampling rate, 2 fmax , is called the Nyquist rate.

• Shannon’s theorem tell us that if we have at least 2 samples per period 
of a sinusoid, we have enough information to reconstruct the sinusoid.

• What happens if we sample at a rate which is less than the Nyquist Rate?

– Aliasing will occur!!!!
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Sampling Theorem

• Signal sampling at a rate less than the Nyquist rate is  referred to as 
undersampling.

• Signal sampling at a rate greater than the Nyquist rate is  known as the 
oversampling.

Example 1:

For a continuous time signals x(t)= 8cos(200 π t). Find
1- Minimum sampling rate.
2- If Fs=400Hz, what is the discrete time signal?
3- If Fs=150Hz, what is the discrete time signal?
4- Comment on result obtained in 2 and 3 with details.

Consider the continuous signal 
x(t) = 3cos100πt

(a) Determine the minimum required sampling rate to  avoid 
aliasing.

(b) Suppose that the signal is sampled at the rate Fs =
200 Hz. What is the discrete time signal obtained  after 
sampling?

Solution:

(b)

(a) The frequency of the continuous signal is F = 50 Hz. Hence the minimum
sampling rate to avoid aliasing is 100Hz.

Sampling Theorem
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Example 3
Consider the continuous signal
x(t) = 3cos50πt + 10sin300πt - cos100πt
What is the Nyquist rate for this signal.
Solution:
The frequencies present in the signal above are  
F1 = 25 Hz, F2 = 150 Hz F3 = 50 Hz.
Thus Fmax = 150 Hz.
Nyquist rate = 2.Fmax = 300 Hz.

Sampling Theorem

Q1: Find the minimum sampling rate that can be used to obtain samples that  
completely specify the signals:
(a) x(t) = 10cos(20πt) – 5cos(100 π t) + 20cos(400 π t)  
(b) y(t) = 2cos(20 π t) + 4sin(20 π t - π /4)  + 5cos(8 π t)

Q2: Consider the continuous signal
x(t) = 3cos2000 π t + 5sin6000 π t + 10cos12000 π t
(a) What is the Nyquist rate for this signal?
(b)Assume now that we sample this signal using a sampling rate Fs =  5000 
samples/s. What is the discrete time signal obtained after sampling?

Tutorial
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Example
Suppose continuous-time signal 𝒙(𝒕) = cos(w𝟎𝒕) is sampled at a sampling frequency of 1000Hz to produce 𝒙 [𝒏]

𝒙 𝒏 = 𝐜𝐨𝐬
𝝅𝒏

𝟒
- Determine 2 possible positive values of w𝟎 , say w𝟏 and w𝟐 .
- Discuss if cos(w𝟏 𝐭) or cos(w𝟐 𝐭) will be obtained when passing 𝒙 [𝒏] through the DC  converter .

Sol: With T= 1/1000 s : cos
𝜋 n 

4
= 𝑥 𝑛 =𝑥 𝑛𝑇 = cos w𝟎 𝑛

1000
w1 is easily computed as:

=
1𝜋𝑛 w 𝑛

4 1000 1 4

1000𝜋
= w = = 250𝜋

w2 can be obtained by noting the periodicity of a sinusoid :

cos
𝜋𝑛

4

𝜋𝑛 9𝜋𝑛
= cos + 2𝑛𝜋 = cos = cos

4 4

w2 
1000

As a result , we have
9𝜋𝑛 = 𝗇 2 𝑛

4 1000 2 4
= w = 9000𝜋 =2250 𝜋

There are 2001 samples in 0.002 s and interpolating the successive based on plot yields good approximations

Tutorial

0

1

2

3

X=(t)

Quantized Signal

Original Signal

t

• It is quite apparent that the quantized signal is not exactly the same as the original 
analog signal.

• There is a fair degree of quantization error here.

Quantization
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The notations and general rules for quantization are as follows:

The symbol ∆ is the step size of the ADC resolution.
Where:

𝒙𝒎𝒂𝒙 and 𝒙𝒎𝒊𝒏 are the maximum and minimum values, respectively, of the analogue input 
signal 𝒙

The symbol L denotes the number of quantization levels, which is determined by equation

𝑳 = 𝟐𝒎

Where 𝒎 is the number of bits used in ADC

(𝒙𝒎𝒂𝒙−𝒙𝒎𝒊𝒏)
𝚫 =

𝑳

𝒊 = 𝒓𝒐𝒖𝒏𝒅
𝒙 − 𝒙𝒎𝒊𝒏

𝚫

Quantization

𝒙𝒒 = 𝒙𝒎𝒊𝒏 + 𝒊𝜟 𝒊 = 𝟎, 𝟏, ⋯ , 𝑳 − 𝟏

𝒙𝒒 indicates the quantization level ,
i is an index corresponding to the binary code .

When the DAC outputs the analog amplitude 𝒙𝒒 with finite precision , it introduces
quantization error defined as:-

𝒆𝒒 = 𝒙𝒒 − 𝒙

Note :
It is important that the quantization errors due to rounding is within the range

𝚫 𝚫
−

𝟐
≤ 𝒆𝒒 𝒏 ≤

𝟐

Quantization
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Example :

The discrete – time signal 𝑉 𝑛 = cos
2𝜋  

16
below can be quantized by mapping each

value of 𝑉 𝑛 to the 11 quantization levels { -1, -0.8 , -0.6 , …… , 0.6 , 0.8 , 1 } as
shown in the figure .

L = 11 so the minimum length of the binary vectors must be 4 bits 
( since 24 > 11 )

Quantization

Some quantization errors can clearly be seen on the digital signal below

Quantization
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Encoding

Therefore, for the quantized sample values
1, 1, 0.8, 0.4, 0,…….
The binary sequence will be
0101 0101 0100 0010 0000 …
This completes the conversion of
a continuous signal to a binary signal

01011

01000.8

00110.6

00100.4

00010.2

00000

1001-0.2

1010-0.4

1011-0.6

1100-0.8

1101-1

Example1
Assuming that a 3-bit ADC channel accepts analog input ranging from 0 to 5 volts , determine
a. The number of quantization levels
b. The step size of the quantizer or resolution
c. The quantization level when the analog voltage is 3.2 volts
d. The binary code produced by the ADC .

Solution :
since the range is from 0 to 5 volts a 3-bit ADC is used , we have

𝑥𝑚𝑖𝑛 = 0 volt , 𝑥𝑚𝑎𝑥 = 5 volts , and
𝑚=3 bits

a. Using equation of quantization level, we get the number of quantization levels as
L = 2𝑚 = 23 = 8

b. Applying Equation yields
Δ = 5−0 = 0 ⋅ 625 volt

c. When 𝑥= 3.2,
8

from equation we get

Δ

𝑥−𝑥𝑚𝑖𝑛
i = round ( ) = round (5.12) = 5

From equation, we determine the quantization level as
𝑥𝑞 = 0 + 5Δ = 5 × 0.625 = 3.125 volts

Tutorial



10 /5 /20 25

10

Example2

Using the previous example, determine the quantization error when the analog input is 3.2 volts .

Solution :
Using equation , we obtain

𝑒q = 𝑥𝑞 − 𝑥 = 3.125 − 3.2 = −0.075 𝑣𝑜𝑙𝑡

Note that the quantization error is less than the half of the step size , that is

𝑒𝑞 = 0.075 < ΔΤ2 = 0.3125 volt

Tutorial
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