DYNAMICS FUNDAMENTALS

Historical Background:

Galileo Galilei (1564-1642):
=  Motion of the pendulum
=  Bodies in free fall

Galileg’s. Experiment
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Albert Einstein (1879-1955)

Came up with a new idea describing the gravity
(General Relativity).




Newton (1642-1727)

Three Laws of motion and law of universal
gravitation

Law I: A body remains at rest or continues to move with uniform velocity if
there is no unbalanced force acting on it.

Law II: The acceleration of a body is proportional to the resultant force acting
on it and is in the direction of this force (F = ma).

Law Il1: The forces of action and reaction between interacting bodies are equal
In magnitude, opposite in direction, and collinear.
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mm F = mutual force of attractionbetween the two particles.
F _ G 172 ..
=V — G = the constant gravitation.
m, & m, =masses of the two particles.
r = distance between centersof particles.



What is Dynamics?

Mechanics
Branch of physical sciences that
deals with the state of rest or motion
of bodies subjected to the action of
forces

ICS
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Kinematics

Study the motion without Relates the action of forces
reference to on bodies
the forces that cause it to their resulting motions
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Kinematics:

- Rectilinear kinematics: Continuous motion.

- Rectilinear kinematics: Graphic representation of the motion.
- Motion of projectile.

- Curvilinear motion.

- Relative - motion of two particles.

- Absolute dependent motion analysis of two particles.

Kinetics:

- Newton’s Second Law of Motion.
- Work & Kinetic Energy.

- Potential Energy.

- Impulse-Momentum.

- Impact.



Part 1 / Kinematics of a particle:

Chapter 1 / Rectilinear kinematics: Continuous motion:




Chapter 2/
Rectilinear kinematics : Graphic representation of the motion:
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Chapter 3 / Motion of projectiles:







Chapter 4 / Curvilinear motion:
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Chapter 5 / Relative - motion of two particles:
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Chapter 6 / Absolute dependent motion analysis of two particles:
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Why do we need to study dynamics ?

Dynamics principles are basic to the analysis and design of moving
structures in:

Automotive industries

Aerospace industries

Automatic control systems
Turbines, pumps &machine tools.

B How do we decide how big to make the

pistons?
B Where should they be placed in the engine
block?

B How do we make the engine run smoothly?

Well, we could answer these questions by trial
and error. But the 'errors' would be expensive
exercises. Why not study the dynamics of

engines and make some predictions instead!

Or suppose we want to build a robot;

How do we decide how big to make the motors?

How fast can we expect it to move from one place to another?
How accurate will it be while it moves and stops?

How many joints should it have and where?

SIGIFMANIA
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Fundamental concepts:

* Length (Space) : needed to locate position of a point in space, &
describe size of the physical system

« Position in space is determined relative to some geometric
reference system by means of linear and angular measurements.

» This reference system may be:
» Fixed in space: measurements are said to be absolute.

* Moving in space: measurements are made relative to fixed
reference system.

« Time (t): measure of succession of events.

« Mass (m): The quantity of matter in a body as well as the property which
gives rise to gravitational attraction. Weight is related to the mass by:
mg.; where g is the gravitational acceleration.

» Force: represents the action of one body on another characterized by its
magnitude, direction of its action, and its point of application

Particles : A body of negligible dimensions (when its dimensions are irrelevant
to the description of its motion or the action of the forces on it).
Bodies of finite size, such as rockets, projectiles, or vehicles.

Rigid Bodies : A combination of large number of particles in which all particles
remain at a fixed distance (practically) from one another
before and after applying a load.

Basic vector agebra:

Scalars are quantities having only magnitude.
« Length or distance, speed, mass, time, work, energy, power, etc.
Vectors are quantities having both a magnitude and a direction.
« Position, displacement, velocity, acceleration, force, moment, impulse,
momentum, etc.
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Derived quantities related dynamics and their ( SI) units:

Displacement

Velocity = : m/s
Time

Distance

Speed =—— m/s
Time

. Velocity

Acceleration = —— m/s?
Time

Force = Mass x Acceleration kg.m/s? =N ( Newton)
Work = Energy = Force x Distance N.m=J (Joule)

Work
Power = —; Js=W (Watt)

Time
Impulse = Momentum = Force x Time N.s

Angular quantities needed in dynamics:

. OxXm
Angular distance 6 ° =—— rad.
180
. deg. Oxm
Angular speed 0 =—— =—— radls.
s 180
i 21X 0
6 rpm = rad/s.
. deg. Oxm
Angular speed 0 =—— =—— rad/s?.

~ s2 180
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Coordinates system :

- Cartesian coordinate system:

Two dimensions Three dimensions

y4 Cartesian Coordinates
Rectangular Coordinates

Y =rsin6

0

Yy

o X =rcos X

- Polar coordinate system:

Polar Coordinates

P(r.0)

v

- Spherical coordinate system:

4 T-axis
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- Cylindrical coordinate system:

- Normal - Tangential coordinate system:

acfov: EVI

(CY (b)
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Math Revision:

Functions:
Zero order function f(x)
Constant value
F(xX)=c
X
Slope = m =102 = ()
Xp— X3
1%t order function
Linearly Variable fx)y 1
fix,)
............... : ’f('f;,}
F(X) = mx
X
A X,
Slope = m = fxz)— fxy)
Xz - xl
fix),
L:.-.. .E......
F(X) = mx +c
l-_,i' X

2" order function

Curvilinearly Variable re9,

F(X) = x2
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Differential Calculus:

Derivatives Table
f(x) S f(x) S
o () of @) T (naya &
X
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u dx
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[ L Gradyod a 1 el
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cosu| —
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x" (n=0) nx"! cosu —sinu ¥
x
u" (n+0) Hun—ld_u tan u SSCZH—H
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uv in~t
z.t'{f—v+vd—tII s 1 d_u [—Eﬁ sin'luii)
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L d_u ud—v cos™ u _7]@ (Oicos'luifr)
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1
v
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Integral Table
f(®) F(x)= If(x)dx f(x) F(x)= jf(x)azr
o () aF (1) cos? ar %x+ :—asin 2ax
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a for a* = b* 2(a-b) 2(a+b)
1 @ ax )
P Inx e Z_z(mf_])
sin ax —%cosax o *(lnx-1)
1. 1 4
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Part 1
Kinematics of a particle

Chapter 1
Rectilinear kinematics: Continuous motion

Rectilinear motion: particle moving along a straight line.

1. Position ( S): defined by positive or negative distance from a fixed origin on
the line.

Q M)
!

Position

The magnitude of ( S ) is the distance from ( O ) to the particle, usually
measured in meters (m) or feet (ft), and the sense of direction is defined by the
algebraic signon ( S).

2. Displacement ( AS ): The displacement of the particle is defined as the change
In its position. For example, if the particle moves from one point to another, the
displacement is:

AS=S-S

O O S
o
S "1

» AS is positive since the particle’s final position is to the right of its initial
position.

» ASisnegative since the particle’s final position is to the left of its initial position.




. Distance (d):

The distance is the total path length traveled by an object during its motion.
It is a scalar quantity, so it only has magnitude and no direction. It is always
non-negative, as it represents the total length traveled.

. Velocity (V): If the particle moves through a displacement ( AS ) during the
time interval ( At), the average velocity of the particle during this time interval
IS:
AS
Vave =3¢

If we take smaller and smaller values of ( At), the magnitude of ( AS ) becomes
smaller and smaller. Consequently, we get an instantaneous velocity:

+ Vi llm as
R — =
mstant 0 At

Instantaneous velocity may be positive or negative. Magnitude of velocity is
referred to as particle speed.
From the definition of a derivative,

As _ds
= lim —
At—0 At dt

The magnitude of the velocity is generally expressed in units of ( m/s) or (ft/s).
If the particle is moving to the right, the velocity is positive; whereas if it is
moving to the left, the velocity is negative.

\4
—_—
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. Speed ( Vsp): Speed is the rate at which an object changes its position. It is a
scalar quantity and is defined as the distance traveled divided by the time taken
to travel that distance.

d
Mathematically, V= < (Vsp )avg = it



6. Acceleration: Provided the velocity of the particle is known at two points, the
average acceleration of the particle during the time interval ~ ( At) is defined
as

AV

Bavg = when, AV=V-V,
_a o

Q o S

- -

v, %

L . . AV dv  d3Ss

> From the definition of a derivative, a=Ilim— = =

At—0 At - E B F
« |If the velocity is constant, then the acceleration is zero,

(AV=V-V,=0)

» Instantaneous acceleration may be:
- positive: increasing positive velocity or decreasing negative velocity

.S S/ Sn. .S

- negative: decreasing positive velocity or increasing negative velocity

Va v v V,

— —t

So, S.‘ - S S

L} L
a = |:| a < I:I




7- Equations of Motion:

Velocity:

Acceleration:

dv=adt

[Jdv=[ adt

f: ads

0 Vo

I
—
<
<
Q.
<



Example 1-1:

A particle moves along a horizontal path with a velocity of [v = (3t? - 6t ) m/s],
where ( t) is the time in seconds. If it is initially located at the origin ( O ),
determine the distance traveled in ( 3.5 s ), and the particle’s average velocity and

average speed during the time interval.

Solution:

Here positive motion is to the right, measured
from the origin O, Fig. a.
Since v = f(t), the position as a function of time
may be found by integrating v = ds/dt witht =0, s = 0.

+— ds =V dt=(3t2-6t)dt
[ds=[ (3t*-6t)dt
s=(t-3t)m ... (1)

In order to determine the distance traveled in 3.5 s, it is necessary to
investigate the path of motion. If we consider a graph of the velocity
function, Fig. b, then it reveals that for 0 s to 2 s the velocity is
negative, which means the particle is traveling to the left, and for

t > 2 s the velocity is positive, and hence the particle is traveling to
the right. Also, note that v =0 at t =2 s. The particle’s position when
t=0,t=2s,and t=3.5 s can be determined from Eq. 1. This yields:

Slt:0=0 , Slt:23:—4m , Slt:3.5526.125m

The path is shown in Fig. a. Hence, the distance traveled in 3.5 is:
St=4+4+6.1256=14.125m=14.1m

Velocity, The displacement from (t=0)to (t=3.5s)is:
AS=S|s55s—S|w0= 6.125-0 = 6.125m —
And so the average velocity is:

g bs_6125
ave T xf T35-9 —0MS 7

The average speed is defined in terms of the distance traveled ( St).
sy 14.125
(Vsp )avg -

=— = =4.04 m/s
At 35-0

t(s)

v (m/s)
v =37 — 6t
1
(0, 0) (25.0)
-3 (15, —3m/s)
s=—40m | s5=6125m
—Q0—0
(N 1| O
t=12s t=0s [=135s



When the acceleration is constant, each of the three kinematic equations:
a. = dv v= & acds =vdv
€7 dt Tdt ¢

can be integrated to obtain formulas that relate (ac, v, S, and ).

d
Integrate ( A, = d_‘t/ ), assuming that initially (v = v, ) when (t=0).

dv = a. dt
J; dv = [jac dt =a [ dt

V— Vg = act
V=Vt act oo (4)

Integrate (v = % = Vv, + a, t), assuming that initially (S =S, ) when (t=0).

ds = (vo+a. t)dt
f: ds = fot(vo+ a. t)dt

1
S— Sg = Vo t+ Eact2

1
S= So+ vy t+ Eact2 ..................... (5)

Either solve for ( t ) in Eq. ( 4 ) and substitute into Eq. ( 5 ), or integrate
(vdv = a. ds) assuming that initially (V =V, ) at (S =5o).

Metod (2):
From Eq. (4) t=2 - “o
C
Sub.iNEq. (5) S = Sg + Vo (—2) + 1a, (L2)2
ac 2 ac

_VVe—Ve2 . 1VZ-2vvgy+vy2
S—So= =

X 2
ac 2 ac

2ac (S —So ) = 2WVo — 2Vo? + V2 — 2WV, + Vg2
2ac (S —So ) = V2 — Vg2
V2= Vo2 4 2a.(S— Sg) cooeeeeiiaaaii (6)



Metod (2):

vdv = a.ds

v S S

fvovdv fSOaCds = ac fSO ds

1 1

EVZ_EVozzaC(S So )

1

E(V - Voz)z ac(s— So)

vZ— vy2 = 2a.(s— sg)

V2= vl 4+ 2a.(S— Sg) ceeeeiiiiiiiiiil



Example 1 - 2:

During a test a rocket travels upward at ( 75 m/s ), and when it is (40 m) from
the ground its engine fails. Determine the maximum height ( Sg ) reached by the
rocket and its speed just before it hits the ground. While in motion the rocket is

subjected to a constant downward acceleration of (9.81 m/s?) due to gravity.
Neglect the effect of air resistance.
Solution:
The origin O for the position coordinate s is
taken at ground level with positive upward. Vﬂf 0
1B
Since the rocket is traveling upward, é

va = +75 m/s when t = 0. At the maximum height s = sg the velocity
ve = 0. For the entire motion, the acceleration is ac = -9.81 m/s?
(negative since it acts in the opposite sense to positive velocity or
positive displacement). Since ac is constant the rocket’s position may

be related to its velocity at the two points A and B on the path by using
Eq. 6, namely,

(+1)  Ve?=Va2+2a(Sg—Sa)
0 =(75)2+2(-9.81)(Ss—40)

Sg =32/ m

To obtain the velocity of the rocket just before it hits the
ground, we can apply Eg. 6 between points B and C,

(+])  Vc®=Ve?+2a.(Sc—Sg)
=(0)2+2(9.81)(0-(-327))

Ve =80.1m/s |

The negative root was chosen since the rocket is moving downward.
Similarly, Eq. 6 may also be applied between points A and C, i.e.,
(+l) VCZZVA2+2ac(Sc—SA)

=(75)2+2(9.81)(0—-(-40))
Ve =80.1m/s |

NOTE: It should be realized that the rocket is subjected to a deceleration
from A to B of 9.81 m/s’, and then from B to C it is accelerated at this
rate. Furthermore, even though the rocket momentarily comes to rest
at B (vp = 0) the acceleration at B is still 9.81 m/s* downward!

Va=75m/s

—

I’ ‘
==

S,=40m | &
‘ A

Dib—m—-l



Example 1 - 3:

The acceleration of a particle as it moves along a straight line is given by
[a=(2t-1) m/s?], where (t)isinseconds. If (s=1m)and(v=2m/s)when
(t=0), determine the particle’s velocity and position when ( t = 6 s ). Also,
determine the total distance the particle travels during this time period.

Solution:
a=2t-1 t=0
_dv :
ot |
d¥=a_dtt S=1m
J,dv=[ (2t-1)dt S=67m
V=ti-t+2
, o8
dt
ds =vdt
s, _ t
Ldf—k(x?-t+2)dt
s=-t-t+2t+1
3 2
When t=6s
v =(6)>—(6) + 2 v=32m/s
1
325(6)3—%(6)2+2(6)+1 s=67m

Sincev0 for 0<t<6s, then:
d=67-1=66m

Example 1 - 4:

If a jeep has an initial velocity of
( Vo = 12 ft/s ) to the right, at ( so = 0 ),
determine its position when (t = 10 s), if
(a =2 ft/s?) to the lift.

Solution:
1 2
S=So+V0t+Eact

=0+ 12 (10) + % (-2)(10)2 = 20 ft




Example 1-5:

When a train is traveling along a straight track at ( 2 m/s ), it begins to
accelerate at[a=(60v %) m/s?], where (Vv ) is in ( m/s ). Determine its velocity
(v) and the position ( 3 s ) after the acceleration.

Solution:
A Vv =3.93 m/s
dt a vdv 1 5
34 _J-v dv ads=vdv = dS=T=5V dv
ot 25 fsds—ifg'%vsdv
= v V4dV 0 " 60 72
12 %0 _1 v | 3.3
3-0=—-V"——(2)° S_60(6) 2
1 3050 32 2% : _i(m) i@)—gggm
3_300\/_300_300(V =32) |Te0 ' 6 60 * 6 '
Example 1 - 6:

Traveling with an initial speed of ( 70 km/h ), a
car accelerates at ( 6000 km/h? ) along a straight
road. How long will it take to reach a speed of

(120 km/h) ? Also, through what distance does the
car travel during this time ?

Solution:
V=V,+at

120=70+6000t = 50=6000t
t=8.33x10°hr =30s
Vi=V,2+2a.(S—S1)

(120)? = (70)? + 2 (6000) (s—0)
$=0.792 km =792 m

1 2
S=So+V0t+Eact

5 =0+ (70)(8.33 x 10°3) + - (6000)(8.33 x 10°)?
S =0.5831 +0.2082 = 0.7913 km = 791 m
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Example 1 -7:

A small projectile is fired vertically downward
into a fluid medium with an initial velocity of ( 60
m/s ). Due to the drag resistance of the fluid the
projectile experiences a decelerationof[a=(-0.4
v3) m/s? ], where (v ) is in ( m/s ). Determine the
projectile’s velocity and position ( 4 s ) after it is
fired.

Solution:
Velocity:
Since the motion is downward, the position coordinate is positive downward, with origin
location at O.
+ =—=—04V3
!l a dtd 0
\% \%
— -3
f60—0.4v3 f dt = f60 0.4 vEdv = f dt
-2 | 1 1 v
1 X —— =1-0 — x — =t
-04 -2 = 08 VvZ lw
L2 ]=t 0.8
_— -_ = X
0.8 “vZ (60)2 '
L L 0.8t — +0.8t
vZ  (60)2 = v (60)2 '
1
V2 = = v={ }m/s
[(60)2+08t] /6 +0.8t
1 1
At(t=4s) = - =T =0.559m/s |
\/W + 0.8 (4) 02 + 3.2
ds _ 1 1 -1/2
tovEoF =|—= + 0.8t]
|2 +o08t (60
60
Position:
S t 1 -1/2
ds = + 08t dt
fo fo[ (60)2 ]
1 1 1/2 | t 2 1 1/2
=— 0.8t — =— 0.8t
1/2 1 1 1
S= — 08t —— = 08t ——¢m
04{ [(60)2 * | 60 } 0.4 {\/(60)2 * 60}
At(t=4s): S=443m
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Example 1 - 8:

On its take-off roll, the airplane starts from rest and accelerates at (a = 1.8
m/s?), determine the design length of runway required for the airplane to reach
the take-off speed of ( 250 km/h).

Vo=0 V = 250 km/h
— —
| : 4
Solution I:
250
VvV =250 km/h = e =69.44 m/s
V=V,+al
69.44
69.44=0+18t = t=W=38.58S
1 .
S:SO+V0t+Ea0t2
1
S=0+0+—(18)(38.58) = 1340 m = 134 km
Solution 11

VZ=V2+2a.(S—So0)
(69.44)2=02+2(1.8) (S—-0) = (69.44)2=36S
$=1340 m = 1.34 km

12



Example 1 - 9:

An automobile starting from rest, speeds up to
( 40 ft/s ) with a constant acceleration of ( 4 ft/s?), runs
at this speed for a time, and finally comes to rest with a

deceleration of ( 5 ft/s?). If the total distance traveled is
(1000 ft), find the total time required.

Solution:

t=0

V=0 a=4ft/s®> Vv=40ft/s a=0 V = 40 ft/s a=-5ft/s? Vv=0
+ S e e e S - -+
A B C D

First stage

V=Vy+ act

40 = 0+4t = t,=10s

s= s, + v0t+%act2

5= 0+ 0 + 2 (4)(10)2 =200 ft
Final stage

V=Vy+ act

0 =40-51; = t3=8s

s= s, + v0t+%act2

s3= 0+ (40)(8) — 2 (5)(8) =160 ft

Mid. stage
s, = 1000 — 200 — 160 = 640 ft

S=S,+ vot+ %act2
s = 0 +40t+ (052 = $=401
640 =401 = fh=16s

Final result
tr=t:+6L+1;=10+16+8=345s

t=0 t=10 s =16 s t=8 s
V=0 a=4ft/s> Vv=40ft/s a=0 V = 40 ft/s a=-5ft/s> Vv=0
+ e S S +
A B C D
S=200m S=640m S=160
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Example 1 - 10:
A particle is moving along a straight line such that its position is defined by
[ s=(10t> +20) mm ], where (t) is in seconds. Determine:

(a) the displacement of the particle during the time interval from (t=1s) to
(t=5s).

(b) the average velocity of the particle during this time interval.

(c) the accelerationwhen (t=15s).

Solution:
S=101t2+20
(@) at (t=1s), S =10(1)? + 20 = 30 mm
at(t=5s),  S=10(5)%+20=270 mm
AS =270 —-30 =240 mm

(b) At=5-1=4s
As 240
Vavg: A_t = T = 60 mm/S
_d?*s 2
(c) a= @ 20 mm/s
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Example 1 -11:

A sprinter reaches his maximum speed ( Vmax ) in ( 2.5 s ) from rest with
constant acceleration. He then maintains that speed and finishes the ( 100 yards)
in the overall time of (9.6 s ). Determine his maximum speed (Vmax).

i< 100 yd =
t=0 t =2.5 sec t = 9.60 sec

Solution:

V=V,+a.t
Vmax =0+ a; (2.5) =2.5a,

1
S=So+V0t+Eact2
1
S:0+O+Ea°(2'5)2 =3.125a,

1
S:So+V0t+E ac(2.5)2

100 =S + Vinax (9.6 —2.5) + 0
100-s 100—-3.125a,

V = =
M 9.6—2.5 7.1
100—3.125a,
25a.=
7.1

17.75 a. = 100 — 3.125 a.
208758, =100 =  a.=4.79y/s?
Vimax = 2.5 8c = 2.5 (4.79) = 11.976 y/s = 11.976 x 3 = 35.928 fi/s
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Example 1 - 12:

As a space probe carrier rocket is projected to a high altitude
above the earth’s surface, the variation of the acceleration of
gravity with respect to altitude ( y ) must be taken into account.
Neglecting air resistance, this acceleration is determined from the
formula{a=-go [ R?/ (R +y)?]}, where ( go) is the constant
gravitational acceleration at sea level, ( R ) is the radius of the
earth, and the positive direction is measured upward. If (go=9.81
m/s?) and ( R = 6356 km ), determine the minimum initial velocity
( escape velocity ) at which a rocket should be shot vertically from =
the earth’s surface so that it does not fall back to the earth. Hint:

This requiresthat (V=0)as(y — «).

Solution:
vdv=ady
0 (™ R2 3 , [© dy
fovav=J; —& Rayz ¥ =~ @R Jo (R+y)2
=—goR?[" (R+y)2dy
V2 (R+y)_1 0
- — = _ 2( —
0 2 gOR(—1><1) 0
2 0o 2 50
oy _ 2 1 _ 8 R
2 SRRy = R+y o
—V—Z:goRz_goR2 :—goR2 = ﬁ:ﬂ
2 R+ R+0 R 2 R

VZ

> =% R = V2 =2g.R
V=,/2g,R =./2(9.81)(6356)(10)3 = 11167 m/s = 11.2 km/s
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PROBLEMS:

(1-1):

Starting from rest, a motorcycle moving in a
straight line has an accelerationof [a=(2t-6)
m/s? ], where ( t ) in seconds. What is the
motorcycle’s velocity when (t =6 s ), and what is

its position when (t=11s)?

Ans.: (Vv=0), (S=80.7m)

(1-2):

The car in the figure below moves in a straight line such that for a short time
its velocity is defined by [ v = (3t2 + 2t) ft/s ], where (t) is in seconds. Determine
its position and acceleration when (t = 3 s). When (t=0), (s =0).

I s

Ans.: (S=36ft) , (a=20fts?)

(1-3):

Car (B) istraveling at distance (d ) ahead of car ( A ). Both cars are traveling
at ( 60 ft/s ), when the driver of ( B ) suddenly applies the brakes causing his car
to decelerate at ( 12 ft/s?). It takes the driver of car (A)  (0.75s) to react ( this
iIs the normal reaction time for drivers ). When he applies his brakes, he
decelerates at ( 15 ft/s? ). Determine the minimum distance ( d ) between the cars
so as to avoid a collision.

Ans.: (d=16.9ft)

(1-4):

The position of a bicycle along a straight line is given
by [S=(15t-13.5t>+22.5t) ft], where (t) in seconds.
Determine the position of the bicycle when (t=6s), and
the total distance it travels during the ( 6 ) seconds time
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intervals.
Ans.: (S=-271ft) , (ST=69ft)
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(1-5):

A particle travels along a straight line with a constant acceleration. When ( s
=4ft), (v=3ft/s)and when (s =10 ft), (v =8 ft/s ). Determine the velocity as
a function of position.

Ans.: V=+9.166 s - 27.664 ft/s

(1-6):

A Dbicycle travels along a straight line with a velocity
[ v=(12 - 3t?) m/s ], where (t) is in seconds. When (t=15),
the bicycle is located ( 10 m) to the left of the origin. Determine

to (t=10s), and the distance the bicycle travels during this |2
time period.

Ans.: (a=-24m/s?>) , (AS=-880m) , (ST=912m)

(1-7):

The velocity of a particle traveling in a straight line is given by [ vV = ( 6t - 3t?)
m/s ], where (t) is in seconds. If (S=0) when (t=0), determine the particle’s
deceleration and position when (t =3 s). How far has the particle traveled during
the (3 s) time interval, and what is its average speed?

Ans.: (a=-12m/s?) , (S=0), (St=8m) , ((Vsplavg=2.67 m/s)

(1-8):
A train starts from rest at station ( A ) and accelerates at ( 0.5 m/s? ) for
( 60 s ). Afterwards it travels with a constant velocity for ( 15 min ). It then
decelerates at ( 1 m/s?) until it is brought to rest at station ( B ). Determine the
distance between the stations.
Ans. (S=28.4km)
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Part 1
Kinematics of a particle

Chapter 2
Rectilinear kinematics : Graphic representation of the
motion

When a particle has erratic or changing motion then its position, velocity,
and acceleration cannot be described by a single continuous mathematical
function along the entire path. Instead, a series of functions will be required to
specify the motion at different intervals. For this reason, it is convenient to
represent the motion as a graph. If a graph of the motion that relates any two of
the variables { s, v, a, t ) can be drawn, then this graph can be used to construct
subsequent graphs relating two other variables since the variables are related by
the differential relationships ( v=ds/dt ), (a=dv/dt) ,or(ads=v dv ).
Several situations occur frequently.

The(s—t),(v—-t),and (a—t)graphs.
To construct the { v —t ) graph given the { s —t ) graph, ( Fig. 1—a )}, the

equation { v = ds/dt ) should be used, since it relates the variables (s Jand { t )
to ( v ). This equation states that :

ds
Cdt
velocity = slop of { s —t ) graph
s v
g U
[E ts
0 5 w d
(®)

Fig. 1



For example, by measuring the slope on the ( s —t) graph when { t =11 ), the
velocity 18 ( v1 ), which 1s plotted in { Fig. 1 - b ). The ( v - t ) graph can be
construeted by plotting this and other values at each mstant.

The ( a —t ) graph can be constructed from the ( v - t ) graph in a sumlar
manner, { Fig. 2 ), since :

dv
) dt
acceleration = slop of ( v —t ) graph
£’
—dv =dv
% =Gli=0% aly ) a
=dv a3 ="z
A= l:, 3T drly
ta
o
) aq a3
¥ g =0, lﬂs p
o 7 h 0 f o Iy iz i
(a) (b)

Fig 2

Examples of various measurements are shown m (Fig. 2 - a ) and plotted in
(Fig.2-b}).

If the ( s — t } curve for each interval of motion can be expressed by a
mathematical function [ s =s(t) ], then the equation of the { v —t ) graph for the
same interval can be obtained by differentiating this function with respect to
time since ( v = ds/dt ). Likewise, the equation of the { a — t ) graph for the same
interval can be determined by differentiating [ v = w{t) ] since ( a = dv/dt ).
Since differentiation reduces a polynomial of degree ( n ) to that of degree ( n —
1), then if the ( s — t } graph is parabolic { a second-degree curve), the { v—1t)
graph will be a sloping line { a first-degree curve ), and the ( a —t ) graph will be
a constant or a horizontal line ( a zero-degree curve ).



If the { a —t ) graph is given, ( Fig. 3 —a ), the { v —t ) graph may be
constructed using ( a = dv/dt ), written as :
a

Av=[adt

change in velocity = area under { a —t } graph

Hence, to construct the { v — t )} graph, we i f
begin with the particle’s initial velocity ( v, ) and
then add to this small increments of area (Aw)
determined from the { a — t ) graph. In this
manner successive points, { vi = vo + 4w ), etc.,
for the { v —t ) graph are determined, { Fig. 3-b ).
Notice that an algebraic addition of the area
increments of the ( a — t )} graph is necessary,
since areas lying above the ( t } axis correspond w_ | #?
to an increase in { v ) (“positive” area), whereas wvp—
those lying below the axis indicate a decrease in
{ v) (“negative™ area).

<

(b)
Fig. 3

Similarly, if the ( v — t ) graph is given, ( Fig. 4 — a ), it is possible to
determine the { s —t ) graph using ( v=ds / dt ), written as:

As=[vdt

displacement = area under ( v - t ) graph 1
In the same manner as stated above, we begin with =«
the particle’s initial position (s,) and add {algebraically) As -J: dt
to this small area increments ( A's } determined from the " . :
/ (=)
5
Ar

{v—t)graph, (Fig. 4—b).

If segments of the { a — t ) graph can be described by
a series of equations, then each of these equations can be
integrated to yield equations describing the
corresponding segments of the { v — t ) graph. In a
similar manner, the { s —t } graph can be obtained by
integrating the equations which describe the segments of ::
the { v — t ) graph. As a result, if the { a —t ) graph is
linear { a first-degree curve ), integration will yield a A '
{ v—t) graph that is parabolic ( a second-degree curve ) ()
and an { s —t ) graph that is cubic ( third-degree curve ). Fig. 4




The(v—-s)and (a—s) Graphs.

If the { a — s ) graph can be constructed, then points on the { v — s } graph
can be determined by using ( vdv=ads).
Integrating this equation between the limits (v=v, }at ( s=15; ) and (v =)
at (s=s; ), we have :

1 9 (]
E(Vl - Vnz): fSuladS
area under

(a—s)graph

7)|—

&

®)
Fig. 5

Therefore, if the red area in ( Fig. 5 — a ) is determined, and the initial
velocity { v, ) at { S = 0 ) is known, then:

v1={2f;’ads+ vy2 W2

Fig. ( 5 —b ). Successive points on the { v — s ) graph can be constructed in
this manner.



If the ( v — s } graph is known, the acceleration ( a ) at any position ( 5 ) can
be determined using { a ds = v dv ), written as:

dv
da=V—
ds

acceleration = velocity times slop of { v—s ) graph

2 a

dv /

ds ™

dp /..'—-
%o 2
a = v(dv/ds)
5 5
—s — —s—
(a) (b)

Fig. 6

Thus, at any point { s ,v)in{ Fig. 6—a ), the slope (dv/ds )ofthe (v—5)
graph is measured. Then with { v ) and { dv/ds ) known, the value of a can be
calculated, { Fig. 6 —b ).

The { v — s ) graph can also be constructed from the { 2 — s ) graph, or vice
versa, by approximating the known graph in various intervals with
mathematical functions, { v=f{s) ) or (a=g(s} ), and then using {ads=v dv )
to obtain the other graph.



s{1)
Example (2 -11}:

A bicycle moves along a straight road 300
such that ifs position is described by the
graph shown in ( Fig. a. ) Construct the
(v-t)and (a—t)graphs for (0 £t=<3058).

SOLUTION:

10 30 1

( v—t) Graph. (a)
since (v =ds fdt ), the { v - ¢ ) graph can be determined by differentiating the equations
defining the (5 —¢) graph, { Fig. a. ) We have:

0<t<10s v i)

ds o= 2f
s=(12)ft = I =(2t)ft's ¢ v=20
10s<t=30s

das 10 0
S=(20t-100)ft = v=— =(20)fts

&)

The resultz are plotted in ( Fig. b }. We can also obtain specific values of ( v ) by
measuring the slope of the ( s — ¢ ) graph at a given instant. For example, at (# =20 5 ), the
glope of the { 5 — ¢ ) graph 1z determined from the straight line from (10s)t0 (3035 ), 12

As 500—100

v="o= 0 fi/s
At 30-10

{=20s,

{a—t) Graph.
Since ( a = dv/dt ), the ( @ — ¢ ) graph can be determined by differentiating the equations
defining the lines of the { v - ¢ ) graph.

This yields:
0<t<10s a (/5%

20) fis = W _ ;e
V= = —-— =

(2t) ft/s T st
10s<t<30s

dv £{s)

8 =120 fi/s = a=— =10 10 30

<)
The 1ezults are plotted in { Fig. ).

NOTE: Show that a = 2 ft/s? when ¢ = 5 s by measuring the slope of the v-f graph.



Example (2-2): a(m/s) -

The car in { Fig. a ) starts from rest and g
travels along a straight track such that it

accelerates at ( 10 m/s? ) for ( 10 s ), and 10
then decelerates at ( 2 m/s? ). Draw the A
{v-t)and (s—t)graphs and determine )
the time ( t ' ) needed to stop the car. How _» 0__A |
far has the car traveled? .
Fig. a
SOLUTION :
{v—1) Graph.

since ( dv = a dt ), the ( v - ¢ ) graph 15 determined by integrating the straight-line
segments of the ( a— ¢ ) graph. Using the irdtial condition (v=10) when { =0, we have:

0<t<10s, = a=10ms® = [“dv=[ 10dt = v=10t

When £=10 s v =10(10) = 100 m/s.

Using this as the initial condition for the next time peniod, we have:
. s 2 v _ E .
0s<t<t, = a=(-2)mws? = [ dv=[ —2dt

v-100=—2t—(—20)
V=(—2t+120)m's

When (¢=¢")werequire (v=0). v(m/s)
This yields, { Fig. &). v = 10¢
10 [~f—
0=-21+120

= =2+ 120
2=120 = ('=60s

A more direct solution for (¢ ') 15 possible by
realizing that the area under the ( a —t) graph
15 equal to the change in the car’s velocity.
Werequire (v=0=41+42),{Fig. a ). 10 =00
Thus: Fig. b

0= 10 m/sX10 s) + (-2 m/sy)(¢ ' - 10 5)
£'=60s




( s—t) Graph.

since { ds = v dt ), integrating the equations of the ( v - ) graph yields the corresponding
equations of the ( 5—¢) graph. Using the initial condition (5 =0) when { { =0 ), we have:

0<t<10s, = v=(10t)ms = [ds=[ 10tdt = s=(52)m

When (¢=105s), §=5(10% =500 m.

Using this initial condition:

10s<t<860s, = v={—2t+120)m/s
5 t

[5 ds=[' (-2t + 120)dt

$—500=—12+120 t—[—(lﬂ)z-l- 120{10) ]

$=—12+1201— 600

When (¢'=60s), the position s : 5{m)
s = —{60)2 + 120{60) — 600 3000

=3000 m R
The { s— ) graph is shown 1n ( Fig_ ¢ ). 500 p—[—

5=~ + 1200 - 600

10

NOTE:

oS t(s)

A direct solmtion for £ i3 possible when (2= 60 3], since the fiangular area under the ( v-# ) graph would

yield the displacement { Cs=5 -0 from (t=0)to (¢'=6D5).
Hence, ( Cs = 1/2 (60 s)(100 m/s) = 3000 m )



Example (2 -317:

A car travels along a straight road
with the speed shown by the ( v — t )
graph. Plot the { a—t) graph.

SOLUTION -
{ a—t) Graph:
For{O=t<3058)
v={ %t]m}’s
a=d—v= — =02 m/s?
dt b5

For{30s<t=483),

1
V= E(t—zIB) m's
dv

1
a=—= = (1)=—0333 m/s?
@3 (D) 8

Example (2-4):

The ( v—t ) graph for the motion of a
pickup as it moves along a straight road
is shown. Draw the { a — € ) graph and
determine the maximum acceleration
during the ( 30 - s ) time inferval. The
pickup starts from rest at (s =0).

SOLUTION -

For{(t<10s),
v=( 041 fi/s
_ T ost) e
a—dt—{. } fi/s

At {(t=105) a= 8 fi/s?
For(10s<t=30s),

v= (t+30) fi’s
dv | fus?
a=—=
dt s
Amaz|= 8 ft/s?

v{m/fs)

(]

a (m/s”)

a=02

0 30 t(s)

-0.333 2=.0333

o (ftfs)

o m f 430

v = 04

e 1z

1t (s}
30




Example ( 2 - 5): 5}
The (s - t) graph for a train has
been experimentally determined.
From the data, construct the (v—«€)
and { a — € ) graphs for the motion, $
(0<t<405).For(0<t=<305s),the 3
curve is [ s =( 0.4 t* ) m ], and then
it becomes straight for (t =30 s).

L)

30t 40
SOLUTION :
0<t<30s, i
600
s =0412
ds s
v=— =08t /
dt -
day 08
a=—=0
dE
oy e
30<t<40s,
5-360 _ 600360 a (m/s’)
t—30 40-30
360 600—-360 t_30 0.8 a=038
§—360=({————)(t- :
(20—a0 *¢ )
§=24(t—30)+360
s=241t—360 a=0 tis)
ds
v=— =24ms 30 40
dt
dy v (m/fs)
A=—=
dt N v=24
oo
) L
Lt
20 40



Example (2 -6): ® (k)

The snowmobile moves along a -‘%,
straight course according fo the (v — )
graph. Construct the (s—t)and (a—t) ©
graphs for the same ( 50 s ) time interval.
When(t=0),(5=0).

SQLUTTON : 1{s)

{s—t) Graph:
ds
The position function in terms of time ( t ) can be obtained by applying ( V= E )3

For time interval {0 =<t<303s),

v 12 12 2
P vty 3™
t ::.iu 30 5 180
S ——
YZE = ds=vdt 5=121 — 180 i
= t 2 |
Jods= ], c tdt rv i
1 A L 1
Sz{gf Jm | ! ! t(s)
0
At (t=304), s=1I(30)2=180m 1 20 30
5 £E==f
5
For time interval { 30s<1<5053),
ds
v=— — ds =v dt
dt

[o ds={ 12 dt

30
s—180=121—12(30) = s=(12t—180)m
At (t=50s), s=12(50)—180 =420m

{ a—t) Graph:
ds
The acceleration function in terms of time t can be obtained by applying { V = E ).
For time interval {0 =<1« 305},
a{mfs )
dv
a=— =- = 04m/s

dt 5 04

For time interval ( 30s<<1<5053), t {s)
dv 0 30 50
a=—=10

dt



Example (2 -7): v {m/s)

The velocity of a car is plotted as shown.
Determine the total distance the car moves 10
until it stops (t = 80 s )} Construct the {a—t)
graph.

SOLUTION :

Distance Traveled:
The total distance traveled can be obtained by v {m/s)

computing the area under the { v—t ) graph.
1 10
s =10(40) + _ (10)(80 — 40) =600 m t \
(a—t) Graph: 0 20 v g0 Lo
(0<t<40s), v=10
dv
Tdar
v—10 0-10 2 (m/s)
{408 <t=<808s), =
t—4ﬂl g80—-40
40 g0
v=—"1+20 0 t{s)
de ~0.25 I‘——---I—I

=—0.25 m/s?

qg=—=—

1
dt 4



Example(2-8): v{ftfs)

10

£(s)

s = 10t%50t+83.3

t{s)

A motorcyclist travels along a straight g,
road with the velocity described by the _ vm0s =50
(v -t)graph. Construct the { s—t) and
(a—t)graphs.
50
=21
SOLUTION :
5
{ s —t )} Graph:
For(0=t<5s), s (ft)
the imitial condition 18 { s =0) when (1=0). 583 f —————
ds
V=—" = ds=wvdt
dt .
L
Jods=], 2t*dt
_ 2 .3
5_(atz)ﬂ 8331 ——x
At (t=5s), s=2(5)°=8331f / p
3
For(5s<t<10s), s=2t
the initial condition is { s = 83.33 fi ) when (t=55).
ds
V=— — ds=vdt
dt

f:::.gads - J:(ZU r— 5[]) dt

s —83.33=(10t2—501t)—[10(5)2—50(5)]

s=101—-50t—-250+250+83.33=10t2-50t+83.33

At (t=10s), s=10{10)2—50(10)+ 83.33=583.33 fi

{ a—t) Graph:
For(0=<t<35s),
dv d
a=—=—{(21)=4t
dat  di
At (t=58), a=4(5)=20f/s2

For(5s<t=<10s),

dy d
a=—=—{201-50)
dt  dt
=20 fi/s?




Example (2 -9 )

From experimental data, the motion of a jet plane while traveling along
a runway is defined by the ( v —t ) graph. Construct the (s —-t)and (a—t)
graphs for the motion. When (t=0),(s=0).

R T LI L

s, Sl il S - e = w
e S T A T BT LR LN R

v{mfs)

60

v

20

1{s)

SOLUTION:
{ s—t) Graph:
20
For(0=t<35s), V=?t=(4t)mfs
ds
V=— = ds=vdt
dt
[Fds=[ 4tdt = s=(2)m
At (1=353), §=2()¢=50m

For(5s«<t<20s),

as
V=— = ds=wvdt
dt

f5,ds = f(20) dt
5 —50 =20t—20 (5)=20t— 50
At (t=205),  $=20(20)—50=350m

v—20 6020 60—20
t—20 30-20 30-20
V-20=4(1t-20)=(4t—60)

For(20s<t<30s),

ds
v=— = ds=wvdt
5 dat t
fgﬁﬂ ds=f2u(4t —6d) dt
§—350=[2-601]-[2(20% —60(20) ]
s=212—_60t—800+ 1200+ 350=212-601t+ 750

At (t=30s),  8=2{30)2—60(30) +750=750m



s{m)

50—
|
$ =2t-60t+750 I
|
350 ———— I
5=20t-50 | |
I |
|
S0{—+" g =
LS | L t(s)
0] 5 20 30
{a—1t) Graph:
dv d
For{0=<t<35s}, a=a =E(4t)=4mfs
dv d
For(5s<1<20s), a=E=E 20y=0
dv d
For(20s<t=30s), a=E=H(4t—6D)=4nﬂs
a(m/s)
4 _____

t(s)




Example (2-10):

A two-stage rocket is fired
vertically from rest at { s = 0) with
the acceleration as shown. After
{ 30 s) the first stage ( A) burns out
and the second stage ( B ) ignites.
Plot the (v—t)and (s—t) graphs
which describe the motion of the
second stage (0 < t< 6058).

SOLUTION:
{ v—t) Graph:

For{(0=t«<30s),

dv

a — —

dat

[fdv={(041t)dt
v=(021)ms

At(t=30s),

—

For(30s<t=60s), a=24m/s?
(v=180m/s ywhen (t=303).

[o dv= [ 24dt

v — 180 =24 t—24 (30)

v=(24t—540) m's
At(t=605),

12
a=—1t=(041)m/'s
30

dv=adt

V=02 (30)2= 180 m/s

V=24 (60)— 540 =

a {m/fs’)

12

1{s)

v{m/s)
900

v=24-540

v=02t
120 J

tis
0 30 60 (e)

200 m/s



{ s—1t) Graph:

For(0<t<30s), (3=0)when{t=0).

ds

V=—" = ds = v dt
dt

[Fds=[ (02¢%)dt
0.2

5= B=(00671t)m

At(t=30s), 5=0.067(30)*=1800m

For(30s<t<60s),

{(5=1800m ywhen {t=305).

Jfsmu ds = J:u( 24t- 540)dt

s— 1800 =( 12 t2— 540 t )— [ 12 (30)2 — 540 (30) ]

s =(12t2—540 t+7200 ) m

s{m)

18000

1800

$=120-5401+7200

5= 0.06?1:3

|

At(t=60s), S=12(60)2—540 (60)+ 7200 = 18000 m

30

60

t(s)



Example (2-11): a (m/s)
The jet car is originally traveling at
a velocity of ( 10 m/s ) when it is
subjected to the acceleration shown.
Determine the car’s maximum velocity g
and the time ( t ') when it stops. When
(t=0),(s5=0). t'
15 t(s)

SOLUTION: _4
{ v—t ) Graph:
The { v —t} function can be determined by integrating { dv=a dt ).
For (0 <t<15s), (1 =6 m/s?). Using the initial condition (v=10m/s yat (t=0).
dv
a=— — dv=adt
dt .
t’ —_—
fmdv—fu 6 dt
v—10=6t — v=(61t+10)m/s
At(t=0), v=6{0)+ 10=10m/s
The maximum velocity occurs when (1 =15s)
At(t=15s), v=§6(15)+10=100 m/s

For(13s8=<t<1t"), (t=—4 m's?). Using the initial condition { v=100m/s)at(t=155s).

i dv= [~ 4dt

V-100=—4t—(-4x15)

v=—4t+60+100 = v={—4t+160)m's
At(t=15s), v=-4(15)+160=100m/s

160
At(t=t"),(v=0) = 0=(—4t'+160) = t'=T=4Ds
v {m/s)
100 v=61+10
v=—4+160
10 -
t {s)
0 15 40




Example (2-12): a (fifs)

The car starts from rest at (s=0)
and is subjected to an acceleration
shown by the ( a — s ) graph. Draw

the { v —s ) graph and determine the 12

time needed to travel ( 200 1t ).

a==00s+24

SOLUTION:

For(5<3001t)

Ads=vdv
fu 12 dls=fu vdv
128=—v?

Zz

vI=2458 = Vv=+/248 =494s
At (8 =300 1), v=4.9 300 = 84.85 fi/s

For(300ft<s<4501t)
ads=vdv
S (24-0.04s5)ds= |, _vdv
fEDﬂ( ) 84.85
5 |s 1 ) v
245-0028 [0 = —V

24.85

o s (M)

(245 —0.0252)—[ 24 (300) — 0.02 (300% ] = % (v2—84.852)

1
{245-0.02 SE)—54{}D=EV3—36{}H

1
248 —0.02 s2— 1800 =7 V2

v2=48 5 — 0.04 52 — 3600
v=+00452 + 485 — 3600

At(s=4501t), v=./0.04(450)% + 48 (450) — 3600 =99.5 fi/s

v=4.9+/5=49 (5)\2

ds
1t (s)

ds 49
de  s1/z




(s)12ds= 4.9dt

200 _ t
[FPs Y2 ds= [ 49 dt

200

22 |, =49t
2+200—-0 =491
~ 2+200
49

t

=3.775s

995 [ —— ——
84.85 - ————

v = J0.045+ 485 - 3600




Example (2-13): e T
The { v —t ) graph for the motion of E—— -%1

a car as it moves along a straight road

is shown. Draw the (s—t)and (a—t) v (mfs)
graphs. Also determine the average
speed and the distance traveled for the v = 0,662
{ 15 - s ) time inferval. When (t=0),
(s=0).

i(3)
SOLUTION:
{ s—t ) Graph:
The { s —t ) function can be determined by integrating { ds =v dt ).
For(0<t<35s),(v=06t) Using the initial condition(s=0)at{t=0).

ds=wvdt

s £

[fds=[(0.6¢%) dt

s=(028)m
At(t=5s), $=02(5F=25m
v—15 D—15& v—15
For(5s<t£15s), = =

t—5 15-5 t—5

v=—15t+75+15 = v=—151t+225 = v=225-151.
The mitial condition {s=25mYat{t=5s).

——15 = v-15=—15(t-5)

ds=vdt

fods=[(225- 1.5¢) dt
§—25=22.5t—0.75 2 — [ 22.5(5) - 0.75(5%) ]
§=22.51—0.7512-93.75+25

§=22.5t—0.75t2— 68.75 s (m)

2
At{t=15s), 100 5-22.5t—f;);3'5t -68.75

5 =22.5(15)— 0.75(15%) — 68.75= 100 m

The average speed is:

ST 100
-~ 1s = 6.67 m/s 25,

Vavg s=0.2€

t(s)



(a—t) Graph:
The {a —t) function can be determined by mntegrating

| a=1.2t

15 t (s)

dt
For(0<t<5s), 6f—-—-
d(0.6 t2)
a=——>=(121) m/s?
Tt (12t)m/s
At(t=5s), s8=12(5)=6m/s?
0
For(0=t<5s), -15}——_J
d(22.5-15¢)
A=—————=—_1.5ms*

dt

a=-1.5 I



PROEBLEMS:

(2-1): v (mfs)

The ( v — t ) graph of a car while
traveling along a road is shown. Draw
the (s —t)and ( a — t ) graphs for the
motion.

rig)

v (m,s)
(2-2):

A motorcycle starts from rest at =125 .5
(s=0) and travels along a straight road
with the speed shown by the ( v — t ) n}—rﬂs
graph. Determine the total distance the
motorcycle travels until it stops when ( t tis)
=155 ). Also plot the ( a—t ) and ( st )
graphs.

Ans.: 8=525m

(2-3)x

The motion of a jet plane just after landing on a runway is described by
the { a — t ) graph. Determine the time { t" ) when the jet plane stops.
Construct the (v—1t) and (s —t ) graphs for the motion. Here {s=0), and
(v=300ft/s ywhen {t=0).

a(mfs?)

10 20

t(s)

-10

Ans. : t'=355



(2-4): ¥ {enfs)

The ( v —t) graph for a train has
been experimentally determined.
From the data, construct the (s —1)
and ( a — t ) graphs for the motion
for (0<t=<180s). When(t=10), s
(s=0D).

1%

13y

50 120 L&l

(2-3) a [mfs?)

A two-stage rocket is fired vertically 8
from rest with the acceleration shown.
After ( 15 5 ) the first stage ( A ) burns
gut and the second stage { B ) ignites. 20 b
Plot the (v —t ) and { s — t ) graphs 15 R,
which describe the mofion of {the
second stage for (D =t=<40s).

(2-6): v (m/s)
The race car staris from rest and
travels along a straight road umntil it

reaches a speed of (26 M/5)im (8s)

as shown on the ( v — t ) graph. The %
flat part of the graph is caused by 24—
shifting gears. Draw the {( a —t )
graph and determine the maximuom v=33
acceleration of the car.
t(s)
4 3 8

Ans.: For{0=<t<4s),{a=35mf%) , For{4s5<t<5s5).(a=0)
For(55<t<£8s),(a=4m52) |, Sme=4 mfs?



(2-7) v (m/s)
The ( v — s ) graph for a go-cart %

traveling on a straight road is shown.
Determine the acceleration of the go-
cart at { s= 50 m ) and Draw the { s =
150 m }. (a —s ) graph.

Ans.: =032 m's?
5 {m)

100 200

(2-8) v ih/s)

The { v - 5 ) graph of a cyclist
traveling along a straight road is
shown. Construct the { a — 5 )

15

graph. p=—0Ms+ 10
p=01s+5
5
: 2 (1t)
100 350
Ans. :
At(s=0) a=0.5 fi/s?

At(s=100 ft) a=1.5 fi/s?
At{s=100ft) a=—0.6 fi/s?
At{s=350 ft) a=—02 fi/s?



Part 1

Kinematics of a particle

Chapter 3

Motion of projectiles

The free-flight motion of a projectile is often studied in terms of its
rectangular components. To illustrate the kinematic analysis, consider a
projectile launched at point { X, , ¥, ), with an initial velocity of { v, ), having
components (vo)x and (v,),. When air resistance is neglected, the only force
acting on the projectile is its weight, which causes the projectile to have a
constant downward acceleration of approximately ( a.=g=9.81m/s? )or(g=

32.2 fi/s?).

Each picture in this sequence is taken after
the same time interval. The red ball falls from
rest, whereas the yellow ball is given a
horizontal velocity when released.

Both balls accelerate downward at the same
rate, and so they remain at the same elevation at
any instant. This acceleration causes the
difference in elevation between the balls to
increase between successive photos.

Also, note the horizontal distance between
successive photos of the yellow ball is constant
since the wvelocity in the horizontal direction
remains constant.

(R.C. Hibbeler)

=8 |||
SuNEN



(VU}J'O [} _:_. | ¢ ?J' ¥

(vo)x

Horizontal Motion.
Since a, = 0, application of the constant acceleration equations, (4 — 6 ), yields:

+ — v=vetact Vx = (Vo)x
+— S=S,;,.er,t+%a,:t2 X=X, +(Vo)xt
+ vi=vel+2a.(s—5o) Ve = (Vo )x
Vertical Motion.

Since the positive y axis is directed upward, then «, = — g. Applying Egs. (4-6),
we get:

+ 1 V=v,tact vy =(Vo)y—gt
+1 's=s,;,.—tﬂi.rﬂt—kéa.:t2 y:yD"l'(Vo)yt_%gtz
+ 1 V2=v>+2ac(s—5o) vy =(Voly =22 (¥ —¥o)

Recall that the last equation can be formulated on the basis of eliminating
the time f from the first two equations, and therefore only fwo of the above three
equations are independent of one another.

To summarize, problems involving the motion of a projectile can have at
most three unknowns since only three independent equations can be written;
that 1s, one equation in the horizontal direction and fwo in the vertical direction.
Once v and vy are obtained, the resultant velocity v, which is ahvavs fangent to
the path, can be determined by the vector sum

2



Once thrown, the basketball follows‘.a

parabolic trajectory. (© R.C. Hibbeler ~ Cravel falling off the end of this conveyor belt
follows a path that can be predicted using the
equations of constant acceleration. In this way
the location of the accumulated pile can be
determined.
Rectangular coordinates are wused for the
analysis since the acceleration i1s only in the
vertical direction. (© R.C. Hibbeler)

Procedure for Analysis
Coordinate System.

O Establish the fixed x, y coordinate axes and sketch the trajectory of the
particle. Between any fwo peints on the path specify the given problem data
and identify the three unknowns. In all cases the acceleration of gravity acts
downward and equals 9.81 m/s? or 32.2 ft/s?. The particle’s initial and final
velocities should be represented in terms of their x and y components.

O Remember that positive and negative position, velocity, and acceleration
components always act in accordance with their associated coordinate
directions.

Kinematic Equations.

O Depending upon the known data and what is to be determined, a choice
should be made as to which three of the following four equations should be
applied between the two points on the path to obtain the most direct solution
to the problem.



Horizontal Motion.
O The velocity in the horizontal or x direction is constant, 1.e., vx= (Vp)= , and

X=X+ (Vo)u t

Vertical Motion.

0 In the vertical or ¥ direction only two of the following three equations can be
used for solution.

Vy Z{Vo v— 8t
V=Yoot {(volyt—1/2 gt
vi? = (Vo) —28( ¥ — ¥o)

For example, if the particle’s final velocity vy is not needed, then the first and
third of these equations will not be useful.



Example 3 -1:

A sack slides off the ramp, shown in
the figure, with a horizontal velocity of
( 12 m/s ). If the height of the ramp is
( 6 m ) from the floor, determine the
time needed for the sack to strike the
floor and the range { R ) where sacks
begin to pile up.

SOLUTION:

Coordinate System:

The origin of coordinates 1s established at the beginmng of the path, point 4. The
initial velocity of a sack has components {(va)x = 12 m/s and (va}y = 0. Also, between
points A and B the acceleration is gy =— 9.81 m/s2. Since (vB)x = {va) = 12 m/s, the three
unkmnowns are (VB)y , R, and the time of flight { tas ). Here we do not need to determine

{(vB)y.

Vertical Motion:
The vertical distance from A to B is known, and therefore we can obtain a direct
golution for 247 by using the equation:

¥a = ¥a + (V) taa — 5 & ()
—6=0+0->(9.81) ()’
tas=1.11s

Horizontal Motion:
Since 24z has been calculated, R 15 determined as follows:

Xp=Xa+{(Va) tan
R=0+12(1.11)=133m

NOTE: The calculation for ¢4z alzo indicates that if a sack were released from rest at A, it
would take the same amount of time to strike the floor at C.



Example 3 -2:

The chipping machine is designed to eject wood chips at { v, = 25
ft/s ) as shown in the figure below. If the tube is oriented at ( 30°)
from the horizontal, determine how high { & ) the chips strike the

pile if at this instant they land on the pile ( 20 ft ) from the tube.

ﬂa-ﬁﬂfal .

. _4 ", — ) -f-‘@ -
. .-. - .vl. 1 4_rﬁ:'1|fjﬁtﬂjﬁé%ﬁ‘: > b

. Ty ! -

SOLUTION:

Coordinate system:
When the motion 1s analyzed between points (3 and A, the three unknowns are the

height %, time of flight foa, and vertical component of velocity {valy. [ Note that
{(Va)x = (Vo)x ]. With the ongin of coordinates at O, the imtial velocity of a chip has

components of

(Vo) = {25 c0s 30° ) = 21.65 ft/s —
(Voly=(25sin30°)=12.5 fi/s T

Also, (Vax=(Vo)x=21.65ft/s, and g=-32.2fi/sd
Since we do not need to determine (Vp)y, we have:
Horizontal motion:

+ Xa =Xo+ {Vo)x toa
20 =0+ {21.65) toa
toa =0.9238 5

Yertical motion:

+1 Va=Vo+ (Voly to.a.—i g toa?
_(4—h)=(h—4)= 0+(12.5)(0.9238) —% (32.2) (0.9238)
h=1.81f

Note: We can determine (Va)y by using [ {(Valy=(Voly— B toa |-

6



Example 3 - 3:

The track for this racing event was designed so that riders jump off the
slope at ( 30°) from a height of ( 1 m ). During a race it was observed that
the rider shown in Figure, remained in mid air for ( 1.5 s ). Determine the
speed at which he was traveling off the ramp, the horizontal distance he
travels before striking the ground, and the maximum height he attains.
Neglect the size of the bike and rider.

SOLUTION- y
Coordinate System:
The origin of the coordinates 1s established e C
at A. Between the end points of the path 45 the
three unknowns are the initial speed Vs, range A7 ; T x
E. and the vertical component of velocity (VE)y. S B ’? llm B
Yertical Motion: J
Since the time of flight and the vertical dista R I
1
+1 Ye=Ya+ (Valylan -2 gtap’
- 1
—1=0+vysin30°{1.5)— 2 ( 9.81) (1.5
va=1338m/'s

Horizontal Motion: The range R can now be determined.

+ Xp=Xa+(Vakslan
R=0+1338c0s30°(1.5)=174m

In order to find the maximum height 2 we will consider the path AC. Here the three
unknowns are the time of flight f4¢, the horizontal distance from A to C, and the height /. At
the maximum height (Ve = 0, and since va 15 known, we can determine b directly without
considering #ac using the following equation

Ve =(val' —2g[vc—val

0=(13.385in30° 2 —2(9.81)[(h—1)}-0]
h=328m



Example 3 - 4:

The basketball passed through the
hoop even though it barely cleared
the hands of the player { B ) who
attempted to block it. Neglecting the
size of the ball, determine the
magnitude of its initial velocity ( va )
and the height ( h ) of the ball when it
passes over playver ( B ).

T.c ]

10¢

SOLUTION-
{+—) X=X+ (Vo)

30=0+vpcos 30 tar

(. _ 30 3464

AC= 0.866 v, = T T
(1) Y =Yo+(Vo)y —0.5 g 2

10=7+vasin30tac—0.5(32.2) tac?
16.1 (tac P —0.5v, tac +3=0

Sub. Eq. (1)in(2)

34.64 4
16.1 ( 2 —0.5v, +3=0
A
19318.87 19318.87
——— - 1432=0 —— = 14.32
Va va
, 19318.87
pl=——— =1349.08 = v,=36.731l/s
14.32
t 5102 0.943
= = 0. 5
AT 3673
{(+—) X=Xo+t(Vok t
25 =0+ 36.73 cos 30° tap
tsg =0.786 s
(+1) Y=Yot(Voly —0.5g1

5N

5 1)

h="7+ 36.73 sin 30° tsp —i (32.2)( tap)?

=7+ 36.73 sin 30° (0.786) —E (32.2) (0.786 )
=11.5ft



Example 3 - 5:

The baseball player ( A ) hits the baseball at {( va = 40 ft/s ) and
{ 84 = 60°) from the horizontal. When the hall is directly overhead of
player { B ) he begins to run under it. Determine the constant speed at
which { B ) must run and the distance ( d ) in order to make the catch at the
same elevation at which the ball was hit.

V=40 ft/s

L )

—n.

| 15 ft 1 d
SOLUTION:

y - motion: Here, (Vo)y=40sin60°=34.641t/s,[yo=0]and[y=0]

1
+1 Y=Yt (Voyyt -3 8¢F
0=34.64 t—i (32.2) 2
t=21525s

X - motion: Here, (Vy)z=40c0560°=201/s.[X,=0]and[X=R].
+ — X=X+ {Vok 1
R=0+20(2.152)=43.03 ft

The distance for which player { B ) must travel in ordar to catch the baseball 1s:
d=R-15=43.03-15=28.03 ft

Player { B } 15 required to run at a same speed as the horizontal component of velocity of the
baseball in order to catch it

vep=20fi's



Example 3 - 6:

Neglecting the size of the ball, /_\0\3
determine the magnitude of initial 3':?,'\«,.
velocity ( va ) of the basketball and 27T
its velocity when it passes through 5 2m
the basket. I

Lad

FE—
2

10m

SOLUTION:

X - motion: Here, (Va): =Vac0s30° ,[X4=0]and [Xg =10 m | Thus,

+ Xp=Xa H{Va) t '
10=0+{vacos30°)t Va
10 B
——_— 0
vy €os 30 A 30 - X
10 1155 . 2m] 3m
0866 vy va @
- 10m -

Also, (Ve)x=(Va)x= Va cos30°
(V= 0.866 Vs ....... (2)

y - motion: Here, (VaA}y =Vasin30° ,[ya=0]and[yg=3-2=1m],
and { g = 9.81 m/s?).
1
+1 ye=yat(vayt—2 gt
1=0+(vﬁsm30°)t—§ (9.81)

49051205 vat+1=0 ...... (3)
Also,
1 (Ve)y=(Va)y—gt
(Ve)y = Vasin30°— (9.81) t
(VB)y=0.5va—9.81t ... (4)

Substitute Eq. (1) in Eq. (3)
11.55

4.005 2_05v +1=90
(S P-05va—~
654.34
—— 3.775+1 =0
Va
654.34
- = 4.775
Va

10



_ 654.34

vyl = = 137.03
A T 4775
vy = 11.705 m/s
Substitute in Eq. (1)
11.55 11.55
t= = =0.987s
Va 11.705

Substitute these results in Eq. () and Eq. (4)
{(vex = 0.866 (11.705) = 10.14 m/s —
(vB)y =0.5(11.705) —9.81 (0.987)=—3.83=3.83m/s |

Thus, the magnitude and direction of { Vg ) is:

VB = J (va)x + (vg)," =+/(10.14)% + (3.83)2 = 10.8 m/s

11



Example 3 -7:

A ball ( A ) is thrown vertically upward from
the top of a ( 30 m ) high building with an initial
velocity of ( 5 m/s ). At the same instant another
ball { B ) is thrown npward from the ground with
an initial velocity of ( 20 m/s ). Determine the
height from the ground and the time at which
they pass.

SOLUTION:

Ongin at roof:

Ball A: n
1
+1 y=Yo+ (Valyt-> gt /|
1 Smf’sif !
= + - = - 2 [
h=30+5t - > (9.81)t -~ 1;
h=30+5t— 490512 ... (1)
Ball B: T
1 |
+1 Y=Yt (Vo -2 gt 1'} 30m
_ 1 5 20 b
h=0+20t — > (9.81)t I“""
h=0+20t — 490512 ...... (2) sl |

h=0 +20t — 4.9051
h=30 +5t — 490512

Subtraction
=—30+151

15t=30 = t=2s

Sub. in (13 h=30+5t — 490512
h=30+5(2) — 4.905(2) =20.38 m

12



Example 3 - 8:

A golf ball is struck with a velocity
of ( 80 ft/s ) as shown. Determine the
distance ( d ) to where it will land.

SOLUTION:

X - motion: (Vo) = 80cos 55° =45.89 fi/s
X =0 X=dcos 10°

{H} X=XD+(Vn)xt
dcos 10°=0+45891
0.985d=45891 . ..covvuaeree.. (1)

y - motion: (Vo)y = 80sIn 55° = 65.53 fi/s
Yo=10 y =d sin 10°

1
(+1) Y=Yot (Voly t+- (@) P
1
dsin 10°=0+65.53t+ 5 (-32.2) 2
0.174d= 6553t — 16112 ...cooeevreennen. (2)
From Eq. (1): d—45'89t—466t
rom Eq. (1): = poass Yo

Sub. in Eq. (2) 0.174 (46.6t)= 65.53 t— 16.1 12
8.1t= 6553t—16.11
16.112 —57.43t=0
t(16.1t—57.43)=0

t=0 or 161t-5743=0

57.43

16.1t=5743 = =———=23.575
1l6.1

d=46.61=46.6(3.57)=1662 11

13



Example 3 -9:

It is observed that the skier leaves
the ramp ( A ) at an angle { 84 = 25°)
with the horizontal. If he strikes the
ground at ( B ), determine his initial
speed ( va) and the time of flight { €ap).

SOLUTION: ¥
{(+—) X=X, +(Vokt

1D0§=ﬂ+vﬂ cos 25° 1ap

80=09(va)(tap) ...... D
(+1) Y=Yo+(‘-’n}y1'—%gt3

3 1
—(4+100-)=0+ Vasin 25° ts5 — (9.81) tan?
—64=0.42(va){tag)—4.905tap2........ (2)

80 889

From Eq. (1): Va =
9 (1) AT 09tsp tap

88.9
Sub. in Eq. (2) —64=0.42 () (1a5) —4.905 irp?
AB
—64=737.3—4.905 tap>

10
4.905tp2=1013 = tagl= =20.66
fap=4.55s

B
1056 m/
VAT 455 s

14



Example 3 - 10:

The horizontal component of the initial velocity ( v, )« for the
jumping player shown in the fignre is ( 10 mv/s ). Calculate the
vertical component of his inifial velocity ( v, )y at point { A ) for
obtaining a horizontal distance of ( 7.5 m ), and find the height ( h).

C
- T
— t ™~
- h ~
S B ) R
- - :"::‘.‘,':.=:“;Eo_"'"l-“':""""'"-_r"' e r— i _:i. ——
- 1= . - e m Crag W TeTe taaa oh -
B, ‘ T A
?05 m ]
SOLUTION -I: SOLUTION -I:
A—B A—B
X=X+t (Vokt X=X+t (Vot
75 =0 + 10t 75 = 0 + 10t
t=0.75s t=0.75s
A—C Vy=(Voly— gt
(vely=(Va)y— 8t
Vy=(Voly -8t (Ve =— (Va)y
0= (Vo)y — (9.81) (0.375) (VA= (Va),—g t
(Vo)y =3.68 m/s — (Va)y — (Valy=(9-81) (0.75)
. —2Va)y=—7.32
y=yu+vut—5gt1 (Va)y=3.67m/s
1

h=0+(3.68) (0.375) - (9.81) (0.375)? A
h=0.69 m

Vil =(Voly2=22(¥—Yo)
(ve)t=(va)’ -2 (yc—ya)
0=(3.672—2x981(h-0)
0=13.46—19.62h
h=0.68 m

15



Example 3 -11:

Determine the minimnm initial
velocity ( v, ) and the corresponding
angle (&, ) at which the ball must be
kicked in order for it to jnst cross
over the ( 3 m ) high fence.

A FRAE R R AN PR R AT AR R AW e

&m

SOLUTION:

Coordinate System:
The coordinate system will be set so that 1ts origin coincides with the ball’s 1nitial position.

X - motion: Here, [(Vo)x=Voc0s 8 |. (X =0)and (X=6 m ). Thus,

6=0+(v.cos &)t
&
~ocoss (1

¥ - motion: Here, [{Vo)y =Vosin @ ].(ay=—g=—981m/s? Jand (7o =0).
Thus,

1
+1 Y=Yot(Vayt-7 gt
3 =0+ (Vosin H)t—i (9.81) 12
3= (Vosin #) t—4.905 8  oovoeeee @)

Sub. Eq. (1)in Eq. (2)

3 =v, (sinf —4.905
o )vucosﬂ (1|.r[._ta::«|:'.~sl:".r}2
. o8 176.58
={( sin —
( ) cosf  vg? cos?0
A (<ing _176.58
—(sin8) cos§  vy2 cos?
3-6 siné % cos?0 176.58
— vy cos“B8=—176.
( cos ¢ ) Yo
siné
(3 cos?@ —6 cos?8 ) vy2 =—176.58
cos

3 (cos?@ —2sind cosf ) v,2=—176.58
3 (cos?@ — sin28) v,2 =—176.58 x -1
3(sin26 - cos?8) v, =176.58

16



2 176.58 58.86

Yoo~ 3 (sin 28 — cos2 &) - (5in28 — cos?8)
58.86
1|Iirg:'_J(sinE.'.':J—r:-::-sglﬁ'] e (3)
From Eq. (3), we notice that { Vo ) is minimum when [ £ (@) = sin 28 — cos?@ ] is
df(é
maximnm. This requires ( 2(‘9 )='D)

f(@)=sn28 — cos?? =2 sin? cos & —cos?
d f(8) : : .
T=2[3m3(—m3)+msﬂ(cosﬁ'}]—[zcnsﬂ' (—sind )]
=2 {—sn?*@ +cos?@ ) —(—2 sinf cosd)
=2 {cos?@ —sin’d )+ 2 sinf cos@ = 2 cos 28+ sm 28
2cos28+s8m28 =0
sin 28 =—2 cos 28 = cos 26
tan 28 =-2
28 =11657" = & =58.28°

Substituting the result of (&) mto Eq_ (2), we have:

58.86
(Vo)min = J Sn116.57 —coslse28 o oMW

17



PROBLEMS:

(3-1):

The catapult is used to launch a ball
such that it strikes the wall of the
building at the maximum height of its
trajectory. If it takes { 1.5 s ) to travel
from ( A ) to ( B ), determine the velocity
( va ) at which it was lannched, the angle
of release (#), and the height { h).

Ans. :

(3-2):
The girl at { A ) can throw a ball

Tl

h

T
]|

?

I 150 |
(va=4981ft's) , (h=3971)

at ( va = 10 m/s ). Calculate the o = 10mjs
maximum possible range (R = Ryax) * A

and the associated angle ( &) at
which it should be thrown. Assume

the ball is caught at ( B ) at the
same elevation from which it is
thrown.

A

(3-3):

The velocity of the water jet
discharging from the orifice can be
obtained from ( v=./2gh , where { h =
2m ) is the depth of the orifice from
the free water surface. Determine the
time for a particle of water leaving the
orifice to reach point {( B ) and the
horizontal distance ( X ) where it hits
the surface.

Ans.

18

ns.: (R=102m) , (8 =45°)

-+

| g
l

: (ta=0553s) , (X=346m)



(3-4):

The snowmohile is traveling at _
( 10 m/s ) when it leaves the
embankment at ( A ). Determine the
time of flight from ( A)to ( B) and
the range { R ) of the trajectory.

Ans.: (t=248s) . (R=19m)

(3-5):

It is observed that the time for
the ball to strike the ground at ( B )
18 ( 2.5 5 ). Determine the speed ( va )
and angle ( # 4 ) at which the ball
was thrown.

S0m i

Ans.: (8a=305°) , (va=232m/s)

(3-06):

During a race the dirt bike was
observed to leap up off the small hill at
{ A) at an angle of { 60° ) with the
horizontal. If the point of landing is { 20
ft ) away, determine the approximate

speed at which the bike was traveling
just before it left the ground. Neglect the
size of the bike for the calculation.

Amns. : (va=273ft's)
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(3-7)
From a videotape, it was observed

that a pro football player kicked a )

football ( 126 ft ) during a measored

time of ( 3.6 ) seconds. Determine the % % \

initial speed of the ball and the angle _ | o I
F 126N |

{ € ) at which it was Kicked.

Ans.: (Vo=67.7ft5s) , (6 =589°)

(3-8):

Determine the maximnm height
on the wall to which the firefighter
can project water from the hose, if

the speed of the water at the nozzle ‘
iIs(vc=481i/5). 2= 48 fifs

30 fi

Ans.: (h=111f)
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Part 1
Kinematics of a particle

Chapter 4
Curvilinear motion

Curvilinear motion: Rectangular components

Occasionally the motion of a particle can best be described along a path that can
be expressed in terms of its (X, y, ) coordinates.

Position:
If the particle is at point {X, ¥, z) on the curved path s shown in the figure,

then its location is defined by the pasition vector

r=xi+yj+zk

Position

r=xi+yj+zk r=x%+ y2 + z2



Velocity:
The first time derivative of r yields the velocity of the particle. Hence,

F
V=V, i+vyj vk
S
/ "
Y
Velocity
_d'.r_ d . _]_d . +d K
V= T g (x) (v + (k)
B iyt vk
V=—=Wit+V v
dt X v) z

‘rxzi . v},:}} . vzzi

V= vaz + vy + v, 2

Acceleration:
The acceleration of the particle is obtained by taking the first of the velocity
( or the second derivative of the position ). We have

z
a=a,i+ay]+azk
X
Y
Acceleration
dv . .
a=—-= axl+ayj+ak
La=Vy,=X, Ay=Vy=¥y , 8=V, = Z

a= Jaxz + ay? + a,?



Example 4 -1:
At any instant the horizontal position of the
wedther balloon in ( Fig. a ) is defined by [ x =

O

(86) ft ], where ( t ) is in seconds. If the equation ;"r
of the path is ( ¥y = x%/10 ), determine the ym ﬁ /
magnitude and direction of the velocity and the \\_/ ,x
acceleration when (t=25s). P
&
SOLUTION: |
Velocity. The velocity component in the x direction is —— L
. d a
Vx=X= —(8t)=8 1t/
dt ( ) 8 —
When (t=25), x=8(2)=16t
d(xz) 2XX%X  2(16)(8) 05 6 i
\J",. = = —{{— )= = = -
y=Y dt " 10 10 10 s
When ( t=2 5 ), the magnitude of velocity is therefore 268 1ts
= 2.
— — - #, =72.6°
v=[n?+v? =/(8)%+(25.6)2 = 26.8m/s . %
The direction is tangent to the path, Fig. &, where
vy 25.6 (®)
fv=tan! — =tan! — =72.6°
Vyx 8

Acceleration. The relationship between the acceleration components 1s determined using the
chain rule. We have:

. d
ax=vx=a(8)=0 rr=|2.3fl,"sﬂ
o_d 2xx 2 Y\i;ﬁmn
.=V, = — = {XXTXX
LA § dt( 10 ) 10{ ) B0)—-
2
— — 2
m(xax+vx) (©)

= 12—[] [ (16)(0) +(8)2 =12.8 fi/s? 1
Thus,

a= [a,2+a,? =/(0)% + (12.8)% = 12.8 m/s?

The direction of a, as shown in Fig_ ¢, 1s:
i .
8, = tanr! = = tan! —— = 90°
Ay 0

NOTE: It is also possible to obtain vy, and ay by first expressing vy = () = (EA)2/10 = 6.4:2
and then taking successive time denivatives.



Example 4-2:

For a short time, the path of the plane in
the figure is described by [ y = (0.001x%) m ].
If the plane is rising with a constant upward
velocity of ( 10 m/s ), determine the
magnitudes of the velocity and acceleration
of the plane when it reaches an altitude of
{ y=100m).

SOLUTION:
When { y =100 m ),

Then, 100 = 0.001x2 — x=3162m

Also. due to constant velocity ( vy = 10 m/s ), so:

y=vyt; 100 m=(10 m/s)t t=10s
Velocity. Using the chain rule to find the y
relationship between the velocity components, we
have

y = 0.001 x2 /y = 0.001x2

v = 2 (0.001 x2) = (0.002 X) 3 | >
ve=y= —(0. x4)=(0. X)X
y=¥= 7 ( )=( ) 'm"‘-l __—

Vy=0.002 X v
10=10.002 (316.2) ( vx) (a)
vz=15.81 m/s

The magnitude of the velocity 1s therefore

V= ’vxz +v,2 =./(15.81)% + (10)? = 18.7 m/s

Acceleration. Using the chain rule, the time derivative of the velocity gives the relation
between the acceleration components.

ay =V, = ( 0.002 X ) X+ 0.002 x (¥)
=0.002 (vt +Xax) ,
When, (x=316.2m), { v, =15.81 m/s?), vy,=a,=0 , T?Z

100 m _.;—ﬂ""‘f
0=0.002 [ (15.812+ (316.2 ay) ] ¥

ax =— 0.791 m/s?

The magnitude of the plane’s acceleration 1s therefore:
a= [a,2+a,% =4/(-0.791)% + (0)% = 0.791 m/s?




Curvilinear motion: Normal and tangential components

Coordinate system:

- Provided the path of the particle is
known, we can establish a set of ( n )
and ( t ) coordinates having a fixed
origin, which is coincident with the
particle at the instant considered.

- The positive tangent axis acts in the
direction of motion and the positive
normal axis is directed toward the
path’s center of curvature.

Velocity:
- The particle’s velocity is always tangent to the path.
- The magnitude of velocity is found from the time derivative of the path

function.

Tangential acceleration:

- The tangential component of acceleration 1s the result of the time rate of
change in the magmtude of velocity. This component acts in the positive (s )
direction if the particle’s speed 1s increasing or in the opposite direction 1f
the gpeed 1z decreasing.

- The relations between at ( v ), (t), and ( s ) are the same as for rectilinear
motion, namely

a=v ads=wvdv
- If ( a:) 18 constant, [ & = (a: ). |, the above equations, when mtegrated, yield:

V=Vt {a)t

1
3=s‘:.+'if.j‘[—i-;(atjgt2
vi=v2+2(ad.(5—50)




Normal acceleration:

- The normal component of acceleration is the result of the time rate of change
in the direction of the velocity. This component is always directed toward
the center of curvature of the path, i.e., along the positive { n — axis ).

- The magnitude of this component is determined from

VZ
ay=—

o
p : radius of curvature.

- If the path is expressed as ( v = f(x) ), the radius of curvature ( r ) at any
point on the path is determined from the equation

d 2
[1+(g) 1?72
|

The derivation of this result is given in any standard calculus text.

OJ‘




Example 4- 3:

‘When the skier reaches point ( A ) along the
parabolic path in the figure, he has a speed of
( 6 m/s ) which is increasing at ( 2 m/s? ).
Determine the direction of his velocity and the
direction and magnitude of his acceleration at
this instant. Neglect the size of the skier in the
calculation.

| 10m |

| 1
SOLUTION:
Velocity:
1 dy 1
y 20 dx 10
dy
at point (A), Xx=10m, — =
dx
& =tan11=45° with the ( x-axis ).
Therefore,
v=6m/s 45° &
Acceleration:
dy 1 d?y 1

—_=—x — e —

dx 10 ::' dxz 10
@) ()

azy = X n
axZ| 10 \1.2?3 m,s>
At (x=10m), p = 2828m 90°
45°
vZ 62 a
By =— = —— = 1.273 m/s? ,
p 28.28 2 /s
=2 m/s? f/

a=./a2 +a,? =v22 + 1.273% = 2.37 m/s?
=57.5°

= tan~!
¢' 1.273

Thus , 45° +90° + 57.5° — 180° = 12.5°

So that: a=237m/s? 12.5° &



Example 4 -4:

A race car travels around the
horizontal circular track that has a
radins of ( 300 ft ). If the car
increases its speed at a constant rate
of ( 7 ft/s? ), starting from rest,
determine the time needed for it to
reach an acceleration of ( 8 ft/s? ).
What is its speed at this instant?

SOLUTTON:

Acceleration:

a=.a?2+a,?

2

v
a;= 7 ft/s? ap=—
p
V=vVot(a)t=0+7t=71
w2 7t)2
n=—=Q=D.163 2 fi/s?
P 30

The time needed for the acceleration to reach ( 8 ft/s?) is therefore
a=.a,2+a,?
8= \] (7)? + (0.163 t%)?
64 =49 + 0.0266 t

Velocity:
The speed at time (  =4.87 5 ) 1s:

v=7t=7(4.87)=34.1 fi/s.



Example 4 -5;

The flight path of the helicopter as it
takes off from ( A ) is defined by the
parametric equations [ x = (2 {2 ) m |
and [ y=(0.04 t*) m ], where ( t) is the
time in seconds. Determine the distance
the helicopter is from point ( A ) and the
magnitndes of its velocity and
acceleration when (t=105).

SOLUTION:

x=21 y=0.04 13

At(t=10s), x=200m y=40m

d=./(200)2 + (40)2 =204 m

dx
Vi=— =41
dat
dvy
dy = — =
®dt

dy
v.= — =0.12 1
LA 1

dvF ;
a,= — =0.24
Todt

At(t=10s),

ve=40m's , vy=12m's , a;=4 m/s?
v=,/(40)% + (12)2 =41.8 m/s
a= /(4)? + (2.4)? =4.66 m/s2

, dy=2.4m/s



Example 4 - 6:

At a given instant the train
engine at { E ) has a speed of
{ 20 mv/s ) and an acceleration of
( 14 mvs? ) acting in the
direction shown. Determine the
rate of increase in the train’s
speed and the radius of
curvature ( p ) of the path.

SOLUTION:

a:= 14 cos 75°=3.62 m/s?

an = 14 sin 75° = 13.52 m/s?
2

v
Qp=—
P
(20)2 400
13.52= ——= —
P P
400 06
P= 1352 —°™

10



Example 4-7:

The satellite ( S ) travels around the earth in a circular path with a
constant speed of ( 20 Mm/h ). If the acceleration is ( 2.5 m/s? ), determine
the altitude ( h ). Assume the earth’s diameter to be ( 12713 km ).

SOLUTION:
20x10°
v=20Mmh=——=5.56 = 10° m/s
3600
. dv
Since ai= i then, a=ay,=2.5m/s3
v vZ  (5.56x10%)?
Ap=— = p=—="—7—"—"—=1235%10°m
p anp 2.5
The radius of the earth is:
12713x103
T = 636%105°m
Hince,

h=12.35% 10%—6.36 % 106= 599 x 10 m = 5.99 Mm

11



Example 4 - 8: y yudg
‘When the roller coaster is at ( B ), it has a 1w
speed of ( 25 m/s ), which is increasing at ( a;
= 3 m/s! ). Determine the magnitude of the
acceleration of the roller coaster at this
instant and the direction angle it makes with I
the ( x — axis ).

SOLUTION:

Radius of curvature:

1
L,
y 100
dy 1
dx 50
d?y 1
dx2 50
d 1 32
[1+(qe) P2 [1+(g5x) 1P
d?y =
azl 50
At(x=30m), p =793 m
Acceleration:
di = v =3m/s?
vg® (25)?
a,=—— =——"—="7.881 m/s?
p  79.3
a=./a,2 +a,% = /(3)% + (7.881)2
= 8.43 m/s?
¢|:taﬂ—lﬂ:tan—llx Enz?.ggm.l'rfn ¥
dx 51[_) a
= tan~1 — (30) = 30.96°
an 50 1 g A: 30.96°
o=tan! — =tan’! =69.16° a,=3mfs X
S.t L
8= a—¢=069.16°—30.96°

=38.2° S

12



Example 4 - 9:

If the car passes point ( A ) with a speed of ( 20 m/s ) and begins to
increase its speed at a constant rate of {( a, = 0.5 m/s? ), determine the
magnitude of the car’s acceleration at ( B ) when (5 =100m ).

= 16 — L
y=16 625‘!2

16 m

SOLUTION:

Velocity:

The speed of the car at (B ) 1s:
VEl=val+22a;(S5—84)

ve? = (202 +2 (0.5) (100—0)
Vg =22.361 m/s

Radius of Curvature:

1
- 16 - —x2
z 625
—y=—3.2x 103 x
dx
d?y
—= =_32x 1073
dx?2 )
d
[1+(5) 172 [1+(-3.2x 103 2)2]3/2
B |ﬂ_23r[ B |- 3.2 x 102
dx2
At{x=0), p=3125m

Acceleration:
at =v =0.5 m/s?
vp® (22.361)7
p 3125

a, = = 1.6 m's?

The magnitude of the car’s acceleration at (B ) 1s:

a=./a2 +a,? = /(0.5)2 + (1.6)% = 1.68 m/s?

13



/ ¥ = 0427
Example 4 - 10:
The jet plane travels along the wvertical A
parabolic path. When it is at point ( A ) it has a
speed of { 200 mv/s ), which is increasing at the
rate of ( 0.8 m/s? ). Determine the magnitude of
acceleration of the plane when it is at point ( A ).

10km

SOLUTION:

Radius of Curvature: — 5 km ——]
y=0.4x?

2
(G PR e P
- azy, ~ |os|

= 87.62 km

Acceleration:

ﬂt=ﬂ.8w52
vp®  (200)?
p  87.62x103

a=.a,2 +a,% = ,/(0.8)2 + (0.457)% =0.921 m/s?

an = = 0.457 m/s?

14



Example 4-11:

The ball at { A ) is kicked with a speed ( va = 25 m/s ) and at an angle
{ 84 =30°). Determine the point (x , ¥) where it strikes the ground. Assume
the ground has the shape of a parabola as shown.

y = {0059 M

SOLUTION:
(Va)x =25 cos 30 =21.65 m/s
(Va)y=25sin30=12.5 m/s
+ — X=X,+Vt
Xx=0+2165t
X=20.658 oo, (1)
+1 Y=Vot+tVot—-05gt
y=0+125t-05(9.81) 2
y=125t—-4905t2 ... (2)
v=0.05%2 i (3)
FromEq (1) t=—
romBq. (1) 1=57s
X X
Sub. inEq. (2 =125{(——)—-4.905 2
ub. in Bq. (2) y {7163’ (7165’

y=0.5774x - 0.01 x?

Sub. in Eq. (3) 0.05x2=0.5774 x —0.01 x2
0.06 x2=0.5774x
0.06 x=0.5774
X=9623 m
y=0.05(9.623)2=4.63 m

The pointis: ( 9.623 , 4.63)

15



Example 4-12:

‘When the motorcyclist is at ( A ), he
increases his speed along the vertical
circular path at therate of [a=(0.3 1)
ft/s? ], where ( t ) is in seconds. If he
starts from rest at { A ), determine the

magnitudes

acceleration when he reaches (B ).

SOLUTION:

of his velocity and

[dv=  03tdt
V=015

[fds=[ 0.15t%dt
5 =0.05

s=§ [ 2] =§ [211:(30[])]=§{3DD}= 100

100
0.05P=100r = B=

=2000T
0.05
1=18.453s

v=0.1512=0.15 (18.453)2 =51.11t/s
3=03t=03 (13.453} = 5.536 fi/s?
vZ 51.12

a=./a,2 +a,% = 4/(5.536)2 + (8.7)2 =10.3 fi/s?

16



Circular motion:

Circular motion is a special and important case of plane curvilinear motion,
where the radius of curvature ( p ) becomes the constant radius of the circle ( r).
Components of velocity and acceleration of circular motion become:

( € ): Angular displacement.
( @ ): Angular velocity.
( a ): Angular acceleration.

V=Ir
VZ
A= —=rm=vwo
p
dy
h=—=ra
T
dg
w=—
dt
do dZd
==
dt dt2

Common examples of circular motion:

The flywheel on a stationary machine, the pulleys on axles, the satellites in
circular orbits, the car traveling in a circular path of a given radius, the
centrifuge.

Angular displacement (0 ):

Angular displacement is the central angle formed by the arc of motion,
and is measured in the radial unit, and it is measured in the radial unit ( radian ).

1 radian = 57.3°.

Angular velocity (o):

Angular velocity is the time rate of change in angular displacement, and it is
measured by ( rad/s ) or ( rpm ) revolutions per minuet.

17



Angular acceleration (o):

Angular acceleration is the time rate of change in angular velocity, and it is
measured by ( rad/s? ).

Equations of circular motion:

The equations describing circular motion are similar to the linear motion
equations, but the symbols used are the symbols for circular motion, { &, @, o)
instead of { s,v,a).

Circular motion Linear motion

wdo=cdf vdv=ads
W= +at v=vgtat
1 1
ﬂ=6u+mut+5at2 s=s(,+v[,t+£at2
=ml+2a( 8 —60:) vi=vol+2a(s—58)
o _Ag A0 =00, Vap = 22 AS=8_8§
TE At At=t—t, R i
0:  Final angular displacement. s: Final linear displacement.
o : Initial angular displacement. So : Initial linear displacement.
@ : Final angular velocity. v : Final linear velocity.
™o : Initial angular velocity. Vo : Initial linear velocity.
C: Angular acceleration. a: Linear acceleration.
Mg - Average angular velocity. Vavg - Average linear velocity.
i: Final time to: Initial time

18



PROBLEMS:

(4-1):
The automobile is originally atrestat ($=0).
If its speed is increased by [ (Vv = 0.05 {2) ft/s? ],

where ( € ) is in seconds, determine the
magnitudes of its velocity and acceleration when
(t=18s).

Ams.: (V=972ft/s),(a=426 fi/s?)

(4-2):

The particle travels along the path defined by
the parabola ( y = 0.5 x?). If the component of
velocity along the (x - axis )is [ V. =(5t) ft/s ],
where ( t ) is in seconds, determine the
particle’s distance from the origin { @) and the
magnitude of its acceleration when (t =1 s ).
When (t=0),(x=0),(y=0).

Ans.: (d=41ft),(a=378 ft's?)

(4-3):

The automobile has a speed of ( 80 ft/s ) at
point { A ) and an acceleration ( a ) having a
magnitude of ( 10 fi/s? ), acting in the direction
shown. Determine the components of
acceleration at point ( A ) and the radius of
curvature of the path.

—300ft !

i

o

Ans.: (2:=8.66ft/s?), (an=5ft's?), (p=1280 ft)
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(4-4):

The speedboat fravels at a constant speed
of (15 m s ) while making a turn on a circular
curve from ( A) to ( B ). If it takes ( 455 ) to
make the turn, determine the magnitude of
the boat’s acceleration during the turn.

Ans.: (a=105m/s?)

(4-3) a={0.055)m/s
The truck travels in a circular path V=4m/s

having a radius of ( 50 m ) at a speed
of ( v =4 m/s ). For a short distance
from ( 5 = 0), its speed is increased by
[a=(0.05s) m/s?) where ( 8 ) is in
meters. Determine its speed and the
magnitude of its acceleration when it

has moved ($=10m ).

Ans.: (v=458m/3) . (a=0653 m's?)

( 4-6 ): 550 m s

At a given instant the jet plane has a speed
of ( 550 m/s ) and an acceleration of { 50 m/s?) /_ N\ 70’:"“"
acting in the direction shown. Determine the X
radius of curvature { p ) of the path.

Ans.: (p=0644km)
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(4-7) 1

If the speed of the box at point ( A) on
the track is ( 30 ft/s ) which is increasing
at the rate of ( a =35 ft/s? ) , determine the P
magnitude of the acceleration of the box
at this instant. wil e

¥ = 0004z +10

Ams.: (a=7.63 ft's?)

(4-8): f
The ball at { A ) is kicked with a ‘ﬁ "
speed ( v4 =80 ft/s ) and at an angle ( & [ﬂfﬁf\

a = 30°). Determine the point (x, —¥ )
where it strikes the ground. Assume
the ground has the shape of a parabola

as shown.

The pointis: { 13.3, —7.09)
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Part 1
Kinematics of a particle

Chapter 5

Relative - motion of two particles

Relative - motion of two particles using translating axes

In the previous chapters of this part, we have described particle motion using
coordinates referred to a fixed reference axes. The displacements, velocities,
and accelerations so determined are termed abselute. It is not always possible or
convenient, however, to use fixed set of axes to describe or measure motion. In
addition, there are many engineering problems for which the analysis of motion
is simplified by using measurements made with respect to moving reference
system. These measurements, when combined with the absolute motion of the
moving coordinate system, enable us to determine the absolute motion in
question. This approach is called a relative — motion analysis.

In the same direction:

R A

= B R e e N e Y e = i e

Fig. 1 T‘(ﬂ;ﬁ »
j 1 f B)
Il
Vap=Va—Vg, Vp=Vai+Vam 0 Ve — Ve —
Vea=Ve—Va, Vp=Va+Vea Va B
AaB=As—ap , Ap=As+ Aam \i: ; . Vea
Apa=Ap—Aa , A=As+aABa 0 YA -
vy : absolute velocity of A vy g: velocity of A relative to B
vg: absolute velocity of B va,a: velocity of B relative to A
a,: absolute acceleration of A as,p: acceleration of A relative to B

ag: absolute acceleration of B ap,,: acceleration of B relative to A



In opposite direction:

Yar=Va+ Vg
Yea=Ve+Va
Aap=—10a+ A

Ap/a= Ap + da

In perpendicular direction:

Wan
Va
0 Va
Ve Vi
0 Va

Yar = Vea
= 1,||| VAZ + VBZ

dam = dApa

= 1,||| aAZ + HBZ

Vo
Ve 0 Va




¥Yector Representation:

Consider two particles ( A ) and ( B ) which may have separate curvilinear
motions in a given plane or in parallel planes as in shown figure.

In=rIp+rIam ¥
|

Va=VvVet+Vag I
Ap = Aag +aam l
. |

ry: absolute position of A |
|

rg: absolute position of B
Ta,p: position A relative to B or A with respectto B o

Position:

Consider particles { A }y and ( B ),
which move along the arbitrary paths
shown in { Fig. 5 ). The absolute position
of each particle, ( 14 ) and ( 15 ), is
measured from the common origin { @}  geq
of the fixed ( x, v, z ) reference frame. observer
The origin of a second frame of reference
{ X', ¥, '} is attached to and moves with
particle { A ). Fig. 5
The axes of this frame are only permified to franslate relative to the fixed frame.
The position of { B ) measured relative to { A ) is denoted by the relative-
position vector { Teia ). Using vector addition, the three vectors shown in ( Fig.
5 ) can be related by the equation.

Teanslating
abserver



Velocity:

An equation that relates the velocities of the particles is determined by taking
the time derivative of the last equation; i.e.,

VE=Vat Ve

Here ( ve =d 1 / dt )} and { va =d ra / dt ) refer to absolute velocities, since they

are observed from the fixed frame; whereas the relative velocity { Ve =d I'pia /
dt )} is observed from the translating frame. It is important to note that since the
X', ¥', Z' axes translate, the componenis of { I ) will not change direction and
therefore the time derivative of these components will only have to account for
the change in their magnitudes. Therefore states that the velocity of ( B ) is
equal to the velocity of 4 plus (vectorially) the velocity of “B with respect to

A.” as measured by the fransiating observer fixed in the X', ¥, Z' reference
frame.

Acceleration.
The time derivative of above equation yields a similar vector relation between
the absolute and relative accelerations of particles { A yand ( B ).

dp=as t+ ap

Here { @z ) is the acceleration of { B ) as seen by the observer located at ( A )
and translating with the (X', ¥, z' } reference frame.



Example 5-1:
Rapid — transit trains ( A ) and ( B ) travel on parallel tracks. Train ( A)
has a speed of ( 80 km/h ) and is slowing at the rate of ( 2 m/s? ), while train

{ B ) has a constant speed of ( 40 km/h ). Determine the velocity and
acceleration of train ( B ) relative o train ( A).

80 knvh 2m/s’
i-.f 13E [ i T
I‘d gt I '-:H.l_ y— I
5 ———— i A
La ht Hi
40 km/h

SOLUTION:

Vea= Ve +va=40+ 80= 120 km/h
E.’LB‘.rJ!L:EiB-I-.‘E’L.a,_='{]'-I-(—2}=—2]I[1.n"5:‘.1

Example 5 -2:

If the car ( A ) is traveling east af a
constant velocity of { 60 kmvh ), and the car
{ B ) is traveling sonth at a velocity of { 50

km/h ) and acceleration of ( 1.2 m/s? ).
Determine the velocity and acceleration of

car ( B ) relative to car { A ).

SOLUTION:
VA =Vea=+Va?+ vg?
=./(60)2 + (50)2 =78.1 km/h Vo o
— 2 2
dys = dpg =+ dpg "JE.

=.J(0)2 + (1.2)2 =1.2 m/s?



Example 5-3:

train travels at a constant speed of ( 60
mi/h ) and crosses over a road as shown in
the figure. If the automobile { A ) is traveling
at { 45 mi'h ) along the road, determine the
magnitude and direction of the velocity of
the train relative to the automobile.

SOLUTION I:

Vector Analysis. The relative velocity vius 1s measured
from the translating %', ¥ axes attached to the
automobile. It 15 determined from vr=va + vro. Since
v7 and v4 are known in both magnitude and direction,
the unknowns become the x and y compenents of vr 4
Using the x, y axes in we have :
Using the x, y axes in we have :
VI=Va+Vra
60i=(45co545°i+45sin45°j}+ vrm

vria=0601—{45 cos 45°1+ 45 8in 45 °j)

vra= {28.21—31.8j} mi'h

The magnitude of vri41s thus

Vo= v28.22 + 3182 =425 mi’h

31.8 mi/h

From the direction of each component, the direction of { ¥7/a Jis:

v 318
_ Gwaly _ —1.128

f =tan-11.128 = 48.5° %

tan &

¥r1/4



SOLUTION II:

Scalar Analysis:

The unknown components of { Viza ) can
also be determined by applying a scalar
analysis. We will assume these components
act in the positive { x ) and { ¥ ) directions.
Thus,

Uy = 45 H]iﬂ'l

Yr= ﬁﬂmifh

Vr =Va+ Vo

(o[ [ [

Resolving each vector mto 1ts x and y components yields

+— 60=45cos45°+ (vrak+0

+T 0=45 Sin45°+ﬂ+(\iﬁ[;ﬁ)v
Solving, we obtain the previous results,

(vria)x=282mi/h=282mi’h —

(viia)y=—31.8mih=31.8 mi'h |



Example 5-4:

Plane ( A ) in the figure is flying
along a straight - Iine path, whereas
plane ( B ) is flying along a circular
path having a radius of carvature
of ( rg = 400 km ). Determine the
velocity and acceleration of ( B ) as
measured by the pilot of ( A ).

SOLUTION:

Velocity:

The crigin of the % and ¥ axes are located at an arbitrary fixed point Since the motion
relative fo plane A i5 to be determined, the translating frame of reference x °, ¥ ' is
attached to 1t

Applying the relative-velocity equation in scalar form since the velocity vectors of
both planes are paralle] at the instant shown, we have-

+1 VE =VA T VBA ¥5/4

600 km/h = 700 ki/h + vesa

veia = 600 — 700 vea=—100 kin/h va = T0km/h vg = 600 km/h
= 100 km/h |

Acceleration. Plane B has both tangential and
normal components of acceleration since it is
flying along a curved path. the magnitude of the
normal component is:

vg? (600)2

a = = = 9{]0 kﬂl"hz
(88 ) == 400

900 km/h*

Applying the relative-acceleration equation gives }.ﬂ -
Az = a4 + A5 1\ n.ﬂfd

9001 — 100 = 50j + azu 150 km/h*

Thus,
asu= { 900i — 150 } km/h?
aga= /9002 + (—150)2 =912 km/h?

150
0 =tanw! _— = 9.46° 5




Example 5-5: y/ 7

At the instant shown in the figure, y %f";i"::
cars ( A) and ( B) are traveling with "_\ Ay - X'
speeds of ( 18 m/s ) and ( 12 m/'s ), [,——-qh_ﬂ_ﬁ D\ /’J /léﬁ %
respectively. Also at this instant, { A ) PR
has a decrease in speed of ( 2 m/s? ), p=100mm ) ‘xli‘ /

and ( B ) has an increase in speed of W 1 '
( 3 ovs? ). Determine the velocity and 8 ;@ 12 i /s

acceleration of 8 with respectto ( A).

SOLUTION:

Velocity:

The fixed x, y axes are established at an arbitrary point on the ground and the
translating =x', ¥ ' axes are attached to car A Why? The relative velocity 1s determined
from Ve=V4+ Vea What are the two unknowns? Using a Cartesian vector analysis, we
have

VE=Va+ VEn
3.538 m"rﬁ ‘FBIA
—12j=(-18 cos 60" i — 18 sin 60" j} + vga £

Vea= 9i+3.588 m/s

Thus,  Vma=v9% + 35882 = 9.69m/s Omjs

Noting that veia has +H and +) components, its direction 1s:

3.588
8 = tan-! 5 = 2L P

Acceleration:
Car £ has both tangential and nommal components of acceleration. Why7? The
magmtude of the normal component 1s:

vg? 12)?
(8p)y = —— = (mn) = 1.44 m/s?
P

Applying the equation for relative acceleration yields
dp = aa t+ apa

(—1.440i — 3j) = (2 cos 60" i + 2 sin 60" j} + aga



apma = { —2.440i — 4.732j } m/s? 2440 m/s?

o

Here ag/ has -i and -j components. Thus,
apa=v2.44% + 4.7322 =532 m/s?
4,732
¢ =tan-1 = 6270 &
2.44

L 3

A5/4 4.732 m/s?

Example S - 6:

Two boats leave the pier ( P) at the
same time and travel in the directions
shown. If ( v4 =40 ft/s ) and ( vg = 30
ft/s ), determine the velocity of boat
{ A ) relative to boat { B ). How long
after leaving the pier will the boats be
{ 1500 ft ) apart ?

SOLUTION: d

Relative Velocity:

Va=Ve+Van
40 sin 30°1 + 40 cos 30°) =30 cos 45° + 30 sin 45°) + Vagr
vap = {-1.213i + 13.43j } fi/s

Thus, the magnitude of the relative velocity vas 1s: 13.5ftfs
vap =+/(1.213)% + (13.43)2 !
=1348 fi's =13.51l's I i";_
And 1ts direction is: | <
| ]
13.43 | —
6 = tan-1 = 84.8° T:
1.213 1
1.213ft/s

One can obtained the time t required for boats { A Yand ( B ) to be ( 1500 fi ) apart by
noting that boat ( B ) 15 at rest and boat { A ) travels at the relative speed (Vas =13 .48 ft/s)
for a distance of { 1500 ft ). Thus -

{— 1500 . 1500

= = 111.26 s = 1.85 min
va/g 1348



Example 5-7:

At the instant shown, cars ( A ) and
{ B ) are traveling at speeds of { 55 mi‘h )
and ( 40 mi/h ), respectively. If ( B ) is
increasing its speed by ( 1200 mih? ),
while ( A ) maintains a constant speed,
determine the velocity and acceleration
of ( B ) with respectto ( A). Car ( B)
moves along a curve having a radius of
curvature of ( 0.5 mi ).

SOLUTION:
vg=—40c0530°1+40sin30%)] ={—34.641+20j } mih
Va={—551} mih
Vea=VeE—Vva ={—-34641+20j}-{-551}
={20.361+20j } mi'h

Vea=+/(20.36)2 + (20)> = 28.5mi’h

20 v

O =tan-1 —— = 44.5° 4 . _"bm
20.36 ‘ |

(aB)n = et _ (9 _ 400 mime EEE ;
BJn p 0.5 =] | ]

[

(agk= 1200 mi/h2

20.36 mi/h

ap = ( 3200 cos 60° — 1200 cos 302 ) i + ( 3200 sin 60° + 1200 sin 30° ) j
= {560.77i+3371.28 j } mi/h?
aa=0
Apa= ap—as = {560.77i+3371.28j}-0
= {560.77 i+3371.28 } mi/h?

aps =+/(560.77) + (3371.28)% = 3418 mi/h?

3371.28
8 =tanl ——— = 80.6° &
560.77



Example 5-8:
The positions of the Earth and Mars

in their orbits around the sun are shown
in the figure, where the Earth rotates
around the sum at constant speed ( 30
km/s ) and is far from the center of the
sun { 150 Gm), and Mars rotates around
the sun at constant speed ( 24 km/s ) and
far from the center of the sun ( 228 Gm ).
Determine the magnitude and direction
of the velocity and acceleration of Mars
relative to the Earth.

SOLUTION:

Relative Velocity:
Vima = Vea T Vmatea
—24c0s45°1+248in45° ] =30 ]+ Vmatea
Viaea= { 16.971—13.03 j } km/s
Venaea =~/ (16.97)2 + (- 13.03)2
= 21.4 km/s?

Relative acceleration:

- Earth acceleration:

Vea®  (30x103)?
p 150x10%

=6 x 107 m/s?

a{:D a:anz

- Mars acceleration:
vma®  (24x10%)2
P 228x109

=0 a=a,= =2.53 x 103 m/s?

Ama = Aea + Amasea

—2.53 x 103 cos45°1—2.53 x 1035in45°j=—6 % 107 i+ dmaea

Vinatea = { 3.47 X 1031 -2.53 x 1073 j } m/s?

Vinaea = 4f (347 X 1073)? + (- 2.53 X 1073)? = 4.29 x 103 m/s?
, 2.53x1073

f,=tan! ———— = 36.1°
3.47x1073




Example 5-9:

Passenger in the jet transport { A ) flying
east at a speed of { 800 knvh ) observe a second
jet plane { B ) that passes under the transport in
horizontal flight. Although the nose of ( B ) is
pointed in the { 43° ) northeast direction, plane
{ B ) appears to the passengers in { A ) to be
moving away from the transport at the ( 60°)
angle as shown. Determine the true velocity of f‘

(B).

SOLUTION:

VE=Va T+ Vea
Vector Aloebra:
va=8001 kimm'h ve={{vecos45°)i+(vegsind5°}j} kmh
YE/A = { (—VB.JA cos 60° ) it ( Vera sin 60° :]_] } km/h
{(ve cos 45°)i+ (v sin45°)j } = R00 i+ {(— Vpia cos 60°)} i+ (Ve 5in 60°) j }

i—terms, vg cos 45° = 800 — vEaa cos 60°
0707ve =800—05vea ...._._.. {1)
j —terms, VB 81 45° = Vg s1n 60°
0707ve = 0866 vea ... (2)
From (2 0.866 1.225
Y& = Vea= L VB
rom (2) B 0.707 B/A B/A
Sub. in (1) 0707 ({1225vea) =800—05 vea \
\
0.866 Vea = 800 — 0.5 Ve N\ Dir. of vpy
1366 Ve =800 => Vaa=58565km'h \\\
60
ve = 1.225 (585.65) = 71174 km/h P =t Kma
\
Graphieal:  vpa = 585.65 kmvh ,!f:‘
Dir. ofwg LAY
ve= 1.225 (585.65)=7174 km/h o ;\
pLts - 607",
] ) VB/A Va
T etric: =
fzenometre 5in 45° sin 75°
sin 45° T4
Vaia =800 — =585.65 km/h V8 o
=in 75° 15 go°
Vg Va a° ¥a
= ve=23800 =717.4 km'h

sin 60° - 5in 75° 5in 75°



Example 5-10: &

Car ( A) is accelerated in the direction of !
its motion at the rate of (3 ft/s?). Car (B ) is "__"_T_"_
rounding a curve of ( 440 ft ) radius at 8 | —-—<:—;—
constant speed of ( 30 mi‘h ). Determine the
velocity and acceleration which car ( B )
appears to have to an observer in car ( A) if
car ( A ) has reached a speed of ( 45 mi/h )

for the position represented.

SOLUTION:
Velocity:

VE=VA T Vma

VE=30—— =44 1l/s

Viia = /a2 + vg2 — 2(V, Vg )cos60
= J(66)2 + (44)2 — 2(66)(44)cos60 =58.2 fifs

VE/A vE 58.2 44 iy = 66 ftfsec

- = - :’ . = , Yy a 60°
sin 60° sin 0 sin 60° sin & ot

ind 44 5in 60° —  #=409° o\ 1t/
gin = ————— =40. Vg rp =44 ft/see
58.2 \‘.\-
,

Acceleration:

Ag —aa + aga

ve=constant —=_ (ag);=0

vg? 44)?

{(ag)h= = - (1) =44 fi/s® = ap
P 440 — 44 Rifscc?

(aBia); = 4.4 cos 30° — 3 =0.81 fi/s? PPN &

= i = 2 1
{apa), = 4.4 sin 30°=2.2 fi/s \‘{3
apa =+/(0.81)2 + (2.2)2 =2.34 fi/s? as =3 Rfsect
4.4 2.34 _ 4.4 sin 30°

_ sinp = ———— = B=110.2°

sinB  sin 30° 2.34



PEOELEMS:

(5-1)

Two planes, ( A ) and ( B ), are
flying at the same altitude. If their
velocities are ( ¥4 = 500 km/h ) and
( vg = 700 km/h ) such that the angle
between their straight-line courses is
( 8= 60°), determine the velocity of

=700k
plane ( B ) with respect to plane ( A ). b %

Ans.: (Vema=1044km/h) | (&=545°)

8

(5-2) |~

At the instant shown, car { A ) )

has a speed of ( 20 km/h ), which is
being increased at the rate of { 300
km/Mh® ) as the car enters an
expressway. At the same instant, car
( B ) is decelerating at { 250 km/h* )
while traveling forward at ( 100
km/h ). Determine the velocity and
acceleration of { A ) with respect to
(B).
Ans.: (Vap=120km/h)
( aas = 4000 km/h?)

(5-3):

Two boats leave the shore at the same
time and travel in the directions shown. If
{ va = 10 mfs ) and {( vg = 153 m/s )},
determine the velocity of boat ( A ) with
respect to boat {( B ). How long after
leaving the shore will the boats be (600 m)
apart?

Aps.: (VvAB=157m/s) , {1t=38.155)




(5-4)

Cars { A ) and ( B ) are traveling
around the circular race track. At the
instant shown, { A ) has a speed of (20 fit/s)
and is increasing its speed af the rate of
( 15 ft/s® ), whereas ( B ) has a speed of
( 105 ft/s ) and is decreasing its speed at
( 25 fi/s®).

Determine the relative velocity and

relative acceleration of car { A ) with
respect to car { B ) at this instant.

Ans.: (VAB=9341ts)

(3aB =108 m/s2)

(5-5)k

A passenger in an automobile observes
that raindrops make an angle of { 30° )
with the horizontal as the auto travels
forward with a speed of ( 60 km/h ).
Compute the terminal (constant) velocity
{ v+ ) of the rain if if is assumed to fall
vertically.

= = e s ot = s -

Ans.: (Vp=34.6km'h)

(5-6)

The two cyclists and travel at the same
constant speed { v ). Determine the speed of
( A ) with respect to { B ) if ( A ) travels
along the circular track, while ( B ) travels
along the diameter of the circle.

Ans.: (VAB=V,/2(1—sinf) )




(5-7)

An aircraft carrier is traveling
forward with a velocity of ( 350
km/h ). At the instant shown, the
plane at { A ) has just taken off
and has aftained a forward

horizontal air speed of (200 km/h),
measured from still water.

If the plane at ( B ) is traveling along the runway of the carrier at { 175
km/h ) in the direction shown, determine the velocify of ( A ) with respect to

(B).

Ans. : (Vap=491km/h) , { F=672")

(5-8):

At the instant shown, cars ( A ) and
{ B ) travel at speeds of ( 70 mi‘h ) and
{ 30 mi'h ), respectively. If {( B ) is
increasing its speed by ( 1100 mi/h? ), v, = 70 mi/h-,
while ( A ) maintains a constant speed,
determine the velocity and acceleration
of { B ) with respectto ( A ). Car ( B)
moves along a curve having a radius of
curvature of ( 0.7 mi ).

Ans. : (vpa=366m/h)
{(aga=3737 mi/h?)




Part 2 - Kinetics
Chapter 1
Newton’s Second Law
The Equation of Motion

B Kinetics is the study of the relations between the unbalanced forces and the
changes in motion that they produce.

B Newton’s 2" law states that the particle will accelerate when it is subjected
to unbalanced forces. The acceleration of the particle is always in the
direction of the applied forces.

B Newton’s 2" law is also known as the equation of motion.

B To solve the equation of motion, the choice of an appropriate coordinate
systems depends on the type of motion involved.

B Two types of problems are encountered when applying this equation:

B The acceleration of the particle is either specified or can be
determined directly from known kinematic conditions. Then, the
corresponding forces, which are acting on the particle, will be
determined by direct substitution.

B The forces acting on the particle are specified, then the resulting
motion will be determined. Note that, if the forces are constant, the
acceleration is also constant and is easily found from the equation of
motion. However, if the forces are functions of time, position, or
velocity, the equation of motion becomes a differential equation
which must be integrated to determine the velocity and displacement.

M In general, there are three general approaches to solve the equation of
motion: the direct application of Newton’s 2" law, the use of the work &
energy principles, and the impulse and momentum method.

]
P

’

Free-body Diag Kinetic Diagram

Note: The equation of motion has to be applied in such way that the measurements
of acceleration are made from a Newtonian or inertial frame of reference. This
coordinate does not rotate and is either fixed or translates in a given direction with
a constant velocity (zero acceleration).
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In Polar Coordinates

Consider the force ( P ) that causes the particle
to move along a path (r = () ).

The normal force ( N ) which the path exerts on
the particle is always perpendicular to the
tangent of the path.

Frictional force ( F ) always acts along the
tangent in the opposite direction of motion.

The directions of ( N ) and ( F ) can be
specified relative to the radial coordinate by
using the angle ( ), which is defined between
the extended radial line and the tangent to the
curve.

r

dr/d6

tan v =

If (v ) is positive, it is measured from the
extended radial line to the tangent ina ( CCW )
sense or in the positive direction ( 9).

If it is negative, it is measured in the opposite
direction to positive ().

r=f@

Tangent

r=f®

. . Tangent

&';
rdg QA

ds

Tangent




Free Body Diagrams and Kinetic Diagrams

The free body diagram is the same as you have done in statics; we will add the
Kinetic diagram in our dynamic analysis.

1. Isolate the body of interest ( free body ).

2. Draw your axis system (e.g., Cartesian, polar, path ).
3.
4
5

Add in applied forces ( e.g., weight, [225 N] pulling force ).

. Replace supports with forces ( e.g., normal force ).
. Draw appropriate dimensions ( usually angles for particles ).

225N




Example2 -1 - 1:

Draw the ( FBD ) and ( KD ) for
block ( A ) [ note that the massless,
frictionless pulleys are attached to
block ( A ) and should be included in
the system ].

Isolate body.

AXes.

Applied forces.

Replace supports

with forces.

5. Dimensions (already
drawn).

6. Kinetic diagram.

Hwnh e

Example 2 -1 - 2:
A body at rest of mass ( 10 kg ) is exerted by a force of ( 20 N ) for a period
of (5s). find:
a — Resulted acceleration.
b — Velocity after (55s).

SOLUTION:
YF=ma V=V,+at
20=10a =0+ (2)(5)
a=2m/s =10 m/s

Example 2 - 1 - 3:
Calculate the mass of a body on which a force of magnitude ( 20 N ) was
applied, which caused it to accelerate at (5 m/s?).

SOLUTION:
YF=ma
20=5m

m=2=4k
=== g



Example 2 - 1 - 4:
A box of mass ( 50 kg ) suspended at the end of a

rope. Find the acceleration of the box if the tension ———*

in the rope is:
a - (490 Newtons ).
b - (240 Newtons ).
c - (890 Newtons ).

SOLUTION:

W =mg =50 x%9.8=490 N

YF=T-W

a- W =T =490 N
YF=T-W=490-490=0
YSF=ma
0=50a
a=0 ( Static state )

b- W=490N , T=240N
YEF=T-W=240-490=-250N =250 N |
YF=ma
250=504a

250
a=——=5m/s? |
50

C- W=490N , T=890N
YF=T-W=890-490=400 N
YF=ma
400 =50 a

400
a=——=8m/s? 1
50

T=490N

50

kg

W=mg
=490 N

T=890N

—
Il

‘m a

240N

50 kg

50

W =mg
=490 N

W=mg
=490 N

Tﬂl a

lll’l a



Example2-1-5:

In the figure, the rope passes on a completely
smooth pulley and is suspended to one end ( 10 kg )
and to the other end ( 20 kg ), calculate the
approximate acceleration of the system and the
tension in the rope.

SOLUTION:
W;=10x9.8=98 N
W, =20x9.8=196 N

Lift side:
YEFE=T-W;=ma
T-98=10a
T=10a+98........ (1)
Right side: Wi=098N

ZF:WZ—T:ma
196 -T=20a
T=196-204a........ (2) ma

10a+98=196-20a
30a=98
a=3.27 m/s?

Sub. in Eqg. (1):
T=10a+98=10(3.27) + 98
= 130.7 N

m 4



A box of mass ( 30 kg ) placed on the floor of an elevator. | [ |
Calculate the force that the box exerts on the elevator floor I|[1

in the following cases:
a- When the elevator moves up at a constant velocity.
b - When the elevator moves up with an acceleration of | L
(1.2 m/s?). | ~
¢ - When the elevator moves down with an acceleration =]
of (1.2 m/s?). .

SOLUTION:

W=mg=30x9.8=294N

YF=ma W=204N
constant
a- a=0 (constant velocity) velocity EJ
Y
Rl_W:ma a=0 Ima
Rl —-294=0 &
R1 =294 N R,
W=294N

b- a=1.2m/s?

Rz—Wzma , r
R, —294=30x1.2 a=12ms Ima
R,=36+294 =330 N “

R,

(o a=1.2m/s? W= 29N

R3—W:—(ma)
R3—294=—(30x1.2) Ly .
Rs = — 36 + 294 = 258 N AT mE

R;



Example2-1-7:

In the figure, the weights (10 kg) and (20 kg)
are tied with a rope that passes the bug of the
pulley. Ignore the friction. Find the tension force
in the rope and the acceleration of the system.

SOLUTION:
For ( 10 kg ) mass: '

SFe=ma e T %

T-mgsin30°=ma e
T-(10)(9.8)sin30° =104a
JP\ ma

T-49=10a
T=10a+49 ............. (1)

For ( 20 kg ) mass:

W = mg = (20)(9.8) = 196 N T
YFy=ma mal i 20 kg
196-T=20a *
T=19%-20a ............. (2) W=196N

196 -20a=10a + 49
196 -49=10a+20a

147 =30 a
147
a=——=4.9m/s?
30
Sub. in Eqg. (2):

T=10a+49=10(4.9) + 49 =98 N



Example2 -1 - 8:

A train consisting of three cars, each car weighing ( 15 tons ). The first cart
works as a machine and exerts a pulling force of ( 40 kN ) on the rail. The
frictional resistance of each cart on the rail is ( 1 kN ). Find the acceleration of
the train and the tension in the connections between the carts.

15 tons 15 tons 15 tons

I

SOLUTION:
15 tons
SFc=ma
Cartl: P-F-Tl=ma ]
40000 — 1000 — T, = 15000 a T ——==P=40kN
39000 — T1 = 150008 ....o.vvovnn... (1) ”?%@F:l ~
Cartll: T;-1000-T,=15000a ............. (2) Cart]
Cartlll:  T,—1000=150008 .......ccero...... (3) ma
From Eq. (3) T, =15000 a + 1000
Sub. in Eq. (2)
T, — 1000 — ( 15000 a + 1000 ) = 15000 a 15 tons
T, — 2000 — 15000 a = 15000 a
T, = 30000 a + 2000 S S
Sub. in Eq. (1)
39000 — ( 30000 a + 2000 ) = 15000 a 1 kN
39000 — 30000 a — 2000 = 15000 a Cartll =7
37000 = 45000 a
37000
a= = 0.822 m/s?
45000 15 tons
T, = 30000 ( 0.822 ) + 2000
= 26666 N = 26.67 kN e T
T, = 15000 ( 0.822 ) + 1000 — -
= 13333 N = 13.33 kN LN
Cart [I[I ==

10

m a



Example2-1-9:

A man of mass ( 75 kg ) is lifted by a
rope hanging from a helicopter that is
above him. If the mass of the hook is  (
10 kg ), find the tension in the rope when
the man is lifting:

a - at a constant velocity.

b - with a constant acceleration of ( 0.5

m/s?).
Ignore the rope mass.

SOLUTION:

Wn=75%x9.8=735N
W,=10%x9.8=98 N
a- ataconstant velocity, a=0

YFR=ma
T-Wn-Whr=ma
T-735-98=0
T=833N

b- at (a=0.5m/s?)

YF,=ma
T-Wn-Wh=ma
T-735-98=(75+10)(05)
T=425+735+98=8755N

11

ma



Example2 -1 -10: 'D

A machine of mass ( 4 tons ) was lifted
vertically to the top by a chain, a distance
of (3 m ) during ( 4 s ) of rest. Assuming
the acceleration is constant, find the tension
in the chain.

SOLUTION:

S=S,+V,+05at?
3=0+0+0.5a (4)?

3
3=8a = a:E:O.375m/s2

W =4000 x 9.8 =39200 N

>YF=ma

T-W=ma

T —39200 = 4000 x 0.375 1 '=mg
T = 1500 + 39200 = 40700 N = 40.7 kN

12




Example 2 -1 - 11:

During the test of a vertically upward rocket, the thrust of the
engine was ( 5 kN ) for a period of ( 15 s ). If you know that the
minimum vertical acceleration of the rocket on which the engine
will be installed is ( 65 m/s?), what is the largest mass of the rocket?
neglect the engine mass.

SOLUTION:

YF,=ma
F-W=ma
F-mg=ma
F=mg+ma=m(g+a)
5000 =m (9.8 + 65 )
5000=74.8m

5000
m="—=66.8 kg
74.8

13




PROBLEMS:

(2-1-1):

A person whose mass is ( 80 kg ) is located in
a building at a height of ( 10 m ) above the
ground. The person was forced to go downona £ _——=
rope with a maximum tension force of (650 N ).
Calculate the minimum acceleration he must
have on the rope so that it does not break.

a= 17m/s? |

(2-1-2):

A body traveling towards the east at a speed of ( 30 m/s ), was subjected to
the effect of a force of ( 250 N ) towards the north for a period of (2 s). If the
mass of the body is (50 kg ), what is its final velocity?

V= 31.62m/s
0 =18.435°

(2-1-3): | 2 ke
In the system of weights shown in the figure,

the horizontal surface is smooth ( frictionless ),

and the friction in the pulley is negligible. Find
acceleration of the system and tension in the
rope.

S5keg

a=7m/s? T=14N

14



(2-1-4):

An air-to-air missile with a mass of
( 500 kg ) was launched horizontally from
a fighter aircraft. If the acceleration of the
missile is ( 90 m/s?) relative to the aircraft,
what is the thrust of the missile engine? i

F =45KkN

(2-1-5):

A ( 200 Ib ) block rests on a
horizontal plane. Find the magnitude of
the force ( P ) required to give the block
an acceleration of ( 10 ft/s?) to the right.
Neglect the friction between the block
and plane.

P=7171b

(2-1-6):

A car of mass ( 1 ton) is traveling at a speed
of ( 30 km/h ) in a straight line. Calculate the
magnitude of resistance that must be applied by
the brakes to stop the car within (75 m).

F=6KN «

15



(2-1-7):

A spacecraft landed on the surface of the moon © & ,

with a vertical deceleration of ( 1 m/s? ). If the
mass of the spacecraft is ( 13 x 10% kg ) and the
gravitational acceleration on the moon is ( 1.67
m/s? ). Find the thrust for the landing machine
during this stage.

T=87kN '

16




CHAPTER TWO
WORK AND ENERGY AND POWER PRINCIPLES

In previous chapter, Newton’s 2" law ( 3’ F = ma ) was applied to various problems of
particle motion to establish the instantaneous relationship between the net force acting on
a particles or bodies and the resulting acceleration of this particle or bodies. To get the
velocity and displacement, the appropriate kinematics equations may be applied.

There are two general classes of problems in which the cumulative effects of the
unbalanced forces acting on a particle are of interest:

- Integration of the forces with the respect to the displacement of the particle. This leads
to the equations of work and energy.

- Integration of the forces with the respect to the time. This leads to the equations of
impulse and momentum.

Incorporation of the results of these integrations directly into the governing equations
of motion makes it unnecessary to solve directly for the acceleration.

Conservation of Energy:

A conservative force does work that is independent of its path. Two examples
are the weight of a particle and the spring force.

Friction is a nonconservative force since the work depends upon the length of
the path. The longer the path, the more work done.

Mechanical energy consists of kinetic
energy ( KE ) and gravitational and elastic V,=0 Potential Energy (max.)
potential energies ( PE ). According to the Kinetic Energy (zero)
conservation of energy, this sum is
constant and has the same value at any

.- .- h Potential Energy and
position on the path. If only gravitational Kinetic Energy
and spring forces cause motion of the h
particle, then the conservation of energy 2 Potential Energy (zero)
equation can be used to solve problems Datum- Kinetic Energy (max.)
involving these conservative forces, -
displacement, and velocity. Fig. (2-2-1) Conservation of Energy

KE; +PE; =KE;+PE; ............... (2-2-1)



The Principle of Work, Energy and power:

Work and kinetic energy are closely related concepts in physics and engineering, often
described within the framework of the Work-Energy theorem.

Work:

Work is defined as the process of transferring energy to or from an object by means of
a force acting over a distance.

In physics, work is defined as the product of the force applied to an object and the
displacement of the object in the direction of the force.

The work done by a force is given by:

U=(Fcosé).d
U=F-d-cosé ......... (2-2-2)
Where: !

[
Fig. (2-2-2) The work

U : is the work done, ( measured in joules, J ).

F : is the magnitude of the force applied, ( measured in newtons, N ).

d : is the displacement of the object in the direction of the force, ( measured in meters, m
).

0 . is the angle between the applied force and the direction of displacement.

A force does work when it undergoes a
displacement along its line of action. If the
force varies with the displacement, then
the work is:

—_
U= [(Fcos®)dS i
............. (2-2-3) %
Graphically, this represents the area S
under the ( F - S)) diagram. L
S
Sl +H+ S"_J,

ds
Fig. (2-2-3) Graphical representation of the work



Key Points about Work:

- Work is scalar quantity.

- Work in (Sl unit) is Joule (J); where: 1J=1 N.m

- Work is done only when the force has a component in the direction of the
displacement. If the force is perpendicular to the displacement ( 8 = 90° ), no work is
done.

- Work can be positive or negative depending on the direction of the force relative to
the displacement. Positive work adds energy to the object, while negative work
removes energy.

- During a finite movement of the point of application of a force, the force does an
amount work equal to:

Tension Compression
F /kas r// F=kS
S S S 0 ST
F = kS <= —> P P i —F = kS
. S S :
i k k |
e HARRRRARRARAAA AR
_ SN N+ N N |
Unstretched Uncompressed
position position

Fig. (2-2-4) The work in states of spring

U= [FdS
1
Uir= ['FdS=['(kS) dS = SK(SP=8%) L, (2-2-4)

Uit : is the area under the curve ( the shaded area ).
is the integration the force equation relative to distance.

Note:
The spring force is ( + ve ) if the spring in tension.
The spring force is (— ve ) if the spring in compression.



Example (2-2-1): 50N
: . 12k 4
A block of (10 kg ) mass is pulled (3 m) along a horizontal = 30

surface by a force of (50 N') as shown in Fig. (Ex. 2-2-1). “mypm==
Determine the work done by the force. Fig. (Ex. 2-2.1)
Solution:
U =F-d-cosd =50 x 3 xcos30=129.9]
Example (2-2-2): 60N
15k 4
A block of ( 15 kg ) mass is pulled ( 4 m ) along a rough = [30

horizontal surface by a force of ( 60 N ) as shown in Fig. "=03| 4, |
(Ex. 2-2-2). Determine the work done by the force. The Fig. (Ex. 2-2-2)
coefficient of kinetic friction between the contacting surfaces

is (pc=0.3).
Solution: v ‘*“?%0 60 N
W =mg =15 x 9.81 = 147.15 N I5ke |
. cos 30
N=W-F,=147.15-60sin30=117.15N F T
Fi=uw N=0.3x117.15=35.145N TN

Work due to the load:
Ur=F«x.d=60cos 30 x4=207.846J) ( positive)

Work due to the friction:
Us=F;.d=35.145 x 4 = 140.58 ] ( negative )

Total work:
Ur=Ug—U;=207.846 — 140.58 = 67.266 J



Example (2—2-3):

A store filled with water is pulled to the top from the
bottom of a well using a motor and a rope at a constant
speed of (2 m/s) for ( 10 s ) as shown in Fig. (Ex. 2-2-3).
If the mass of the store and water is ( 10 kg ), Determine
the work done by the motor.

(
Solution: ‘
e ——|

¥
&’ S
b0 {
R cs \\
v
ez

W=mg=10x9.81=98.1N
1

§=S,+Vot+-at’ Fig. (Ex. 2-2-3)

S=0+(2x10)=20m=h

T=W=98.1N T
Work due to the rope tension:
Ur=F.T=98.1x20=1962J]

=1.962 kJ ( positive ) 1“;
Work due to the weight:
Uw =F.W=98.1x20=1962J=1.962 kJ ( negative )

Total work:



Kinetic Energy:

Kinetic energy is the energy possessed by an object due to its motion. It is a
fundamental concept in physics that relates to the energy of an object in motion. It is given
by the equation:

Where:
KE : is the kinetic energy, ( measured in joules, J ).

M : is the mass of the object, ( measured in kilograms, kg ).
V : is the velocity of the object, ( measured in meters per second, m/s).

Key Points about Kinetic Energy:

- Kinetic energy is a scalar quantity, meaning it has magnitude but no direction.
- It depends on both the mass of the object and the square of its velocity.
- Doubling the velocity of an object will quadruple its kinetic energy.

The Work-Energy Theorem

The Work-Energy Theorem states that the net work done on an object is equal to the
change in its kinetic energy:

Ui-f:fle.dr:flzma.dr=f12mat.ds th . fn
dv  dv ds dv 2 g
. - — = e 3 F

But &= s ar Vs e /N

a;dS=VdVv p - .

. Sy Motion

Ui-f=f:12mV.dV=Em(V22—V12) 0] X

Uir=KE; - KE; = A KE Fig. (2-2-5) Work-Energy relationship
or KE;{+Ujis=KE, ............. (2-2-6)

This theorem connects the concepts of work and kinetic energy and can be used to
solve a variety of problems where forces cause changes in the motion of objects.

Practical Applications:

- Braking Systems: In vehicles, the work done by friction forces ( brakes ) reduces the
Kinetic energy of the vehicle, bringing it to a stop.

- Sports and Athletics: Understanding how much work is required to accelerate a sprinter
or how the kinetic energy of a thrown ball changes during flight.

- Machinery: Calculating the energy required to move parts of a machine or how much
energy is transferred when a machine part is set into motion.

6



Example (2—2-4):

The car shown in Fig. (Ex. 2-2-4) with a mass of ( m = 1.2 tons
1.2 tons ) is traveling at a speed of ( 108 km/h ).
Determine its Kinetic energy.

Solution:

Fig. (Ex. 2-2-4)

V :g =30 m/s
3.6

1 1
KE =~ mV2==(1200) (30 ) = 54000 J = 540 kJ

Example (2—2-5):

A (10 kg ) block is sliding down an inclined surface
at a speed of ( 20 m/s ), as shown in Fig. (Ex. 2-2-5).

Determine its kinetic energy. V=15 ;w‘/

m=10kg

Solution: Fig. (Ex. 2-2-5)

1 1
KE=-mV2==(10) (20 )*=2000J=2Kk]

Example (2—2-6):

The motorcycle shown in Fig. (Ex. 2-2-6) is traveling at a
speed of ( 72 km/h ). If it has a kinetic energy of ( 20 kJ ),
determine the combined mass of the motorcycle and its rider.

Solution:

Fig. (Ex. 2-2-6)

72
V=—=20m/s
3.6

1
KE :E mv?

1
20000 = > m x (20)?

200m=20000 =  m=100Kkg
7



Potential Enerqgy:

Potential energy is a fundamental concept in physics that relates to the stored energy
an object possesses due to its position or condition. It is one of the two main types of
mechanical energy, potential energy is always associated with forces that can move an
object or system into a more stable or lower energy state.

Potential energy is the energy stored in an object due to its position, condition, or
configuration. It has the potential to be converted into Kkinetic energy ( the energy of
motion ) or other forms of energy. The most common types of potential energy include:

- Gravitational Potential Energy:

Energy stored in an object because of its height above the ground. The higher the
object, the more gravitational potential energy it has:

PEg =4 Wh ............... (2'2'7) PEg: +W.h
PEg=+mgh ............. (2-2-8) —
Where: TT ‘h
PE : is the Potential energy, ( measured in joules, J). PE.= 0 W
M : is the mass of the object, ( measured in kilograms, ¢ Dataml
kg ). W —h
g : is the acceleration due to gravity, ( measured in
meters per second square, m/s?). TpEg:_ W h
+ h : is the height above or below the datum, ( measured W
in meters, m).

Fig. (2-2-6) Gravitational Potential Energy

- Elastic Potential Energy:

Energy stored in objects that can be stretched or compressed, like springs or rubber
bands. For a spring, the elastic potential energy is given by:

— 1 2 i
PEe =+ ~KS* ..o (2-2-9) }};wwvlm-o PE.=0
Where: '
PE : is the Potential energy, ._ K +ﬁ'-% ,
( measured in joules, J). l}h’W%MMM-O PEE=+%1<S'
K : is the spring constant '
(a measure of stiffness). i kﬂiF .
+S : is the displacement from the W—O PE.=—5kS
spring's equilibrium position,

) Fig. (2-2-7) Elastic Potential Ener
( measured in meters, m). 9. (@27) W



- Gravitational-Elastic Potential Energy:

PE=PEy+PEe ..coovvvennn. (2-2-10)
1
PE=-Wh+ ~KS? ......... (2-2-11)

Fig. (2-2-8) -
Gravitational-Elastic
Potential Energy



Example (2-2-7):

Fig. (Ex. 2-2-7) shows a person of ( 75
kg ) mass climbing a flight of stairs.
Calculate his potential energy before
starting to climb the stairs and at stairs
(5), (10) and (17).

Fig. (Ex. 2-2-7)

Solution:

PE = mgh

PE, =mgh,=75%x9.81x0=0

PEs =mghs =75 x9.81 x (5x0.2)=735.75]

PE1o =mgh;p=75%x9.81 x (10 x0.2)=147151

PE.; = mgh17 =75x9.81 x ( 17 x 0.2 ) =2501.55]
Example (2-2-8): -

A block of ( 3kg ) is placed on top of a spring, then
pushed down to the position shown in Fig. (Ex. 2-2-8). If
it is then released, determine the maximum height h to

which it will rise.

S50 mm
=

[AEC S, St Foin

Solution: Fig. (Ex. 2-2-8)

Conservation of Energy:
W=mg=3x9.81=2943N

KE; + PE; = KE, + PE>
KE; + [ (PEg)1 + (PEe)1 ] = KEz + [ (PEg)2 + (PEe)2 ]

% MVi2 + [ (Wh), + (% kS?),] = % MV,2 + [ (Wh), + (% ks?),]
0+[0+ % (150)(0.05)2]= 0 + [ 29.43h + 0 ]

29.43h = 0.1875
h =0.0064 m = 6.4 mm
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Example (2—2-9):

A person throws a weight of (50 N ) from a height of
( 8 m ) as shown in the Fig. (Ex. 2-2-9). Calculate its
kinetic energy and potential energy at the moment it is
thrown, at a height of ( 4 m ), and at the moment it
almost touches the ground. Neglect air resistance to
gravity.

Solution:

Y=Yot (VO)yt—% gt?

Yo=Y+ (Vl)yt—% gt?
4:8+0—%®BDF

4,905t> =4 = t=0.903s
Vy = (Vo)y— ot

Vay = (V1)y — gt
Vay =0—(9.81x 0.903 ) =— 12.53 = 8.86 m/s |

1
Ya=Y1+ (Va)yt—-gt
0:8+O—%®BDF
49052=8 = t=1277s

Vay = (V1)y — gt
Vi, =0—(9.81x 1.277) =—12.53 =12.53 m/s |

W 50
m=—=——=51Kkg
g 981
1
KE:EmV2

1 1
KElzng12:EX5.1X(O)2:O

1 1
KE;=—MV,?==x51x(886)° =200

1 1
KE:=—MVi2==x5.1x (1253)= 4007
PE = Wh
PE1:Wh1:50X8:400J
PE2=Wh2=5OX4:200J
PE3=Wh3=5OX0:0

11
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a,. Jre Jd:‘§ -
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Power (P):

- In physics, power is the rate at which work is done or energy is transferred. It is
typically measured in watts (W). The formula is:

P=

U
< e (2-2-12)

- In engineering, Power refers to the output or capability of a machine, engine, or
system to perform work, often measured in horsepower ( hp ).

du dr
P=—=F— = P=FV ... (2-2-13)

- Power is scalar and its Sl unit is watt (W), where
1W=11J/s

1 hp = 550 ft.Ib/s = 33000 ft.Ib/min
1hp =746 W = 0.746 kKW

Mechanical Efficiency (nm):

Efficiency is a measure of how effectively a system, process, or machine converts
input into useful output. It is often expressed as a percentage and is calculated as the ratio
of useful output to total input. The general formula for efficiency is:

Useful Output o

Total Input
100 %

Efficiency =

_ Poutput
Mm="7—"_

.................... (2-2-14)
1:)input

_ Eoutput

N

MNm
Einput

Mm<1
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Example (2—2-10): 'D

A machine of mass ( 0.6 tons ) was lifted to a height
of (10 m) in (55s), as shown in Fig. (Ex. 2-2-10).
Calculate the required power.

Solution:

Fig. (Ex. 2-2-10)
U=F.h=m.g.h=600 x 9.81 x 10 =58860 J = 58.86 kJ

U 58860
P= P 11772 W = 11.772 kW

Example (2—2-11): i

A car engine shown in Fig. (Ex. 2-2-11). S
provides a constant force of (1 kN ) to keepthecar 1kN '
moving at a constant velocity of ( 72 km/h ).
Calculate the required power.

Fig. (Ex. 2-2-11)

Solution:

V:7—2:20m/s
3.6

P = F.V = 1000 x 20 = 20000 W = 20 kW

Example (2—-2-12): 12(?01'§Id/s
1n

A motor applies a torque of (100 N-m ) to a rotating disc
at an angular velocity of ( 20 rad/s ) as shown in Fig. (Ex.
2-2-12). Calculate the required power.

Solution:

P=1®
P =100 x 20 = 2000 W = 2 kW Fig. (Ex. 2-2-12)
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