CHAPTER ONE
STATICS FUNDAMENTALS

Engineering mechanics definition:

Engineering mechanics: It is the physical science that describes the state of motion
of bodies ( rest or motion ) under the action of the forces exerted on them. It is divided
into two branches, as shown in the figure below.

Engineering Mechanics
I

[ |
IMechanics of Solids| [Fluid M:achanicﬂ
|
| | [ | |
Mechanics of Mechamics of [Hydrodynamics| |Aerodynamics| [Gas Dynamics|
Rigid Bodies | |Deformable Bodies
——
|Statics| [Dynamics| |Theory of | | Theory of
Elasticity || Plasticity

— 1
[Kinematics | [Kinetics]

Fig. (1-1) Engineering mechanics branches

Statics:

Is the mechanical science which study the states of bodies under the effect of forces
at rest ( stopping or regular motion ).

Dynamics:

Is the mechanical science which study the states of bodies under the effect of forces
at irregular motion.
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Fig. (1-2) The statics and dynamics states during a car traveling from starting motion to stopping
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Fig. (1-3) The statics and dynamics states during aircraft travel from starting motion to stopping

Basic concepts:

Space: It is the geometric space or location occupied by the body, where this space or
location is described by linear and angular measurements depending on the
coordinate system followed.

Time (t): A measure that expresses the intervals of successions of events, and is a basic
quantity in the analysis of dynamic problems. It is not directly depended on the
analysis of static issues.

Mass ( m ): It is a measure of a body's resistance to a change in its state of motion ( the
inertia of the body ). Also the mass can be defined as the amount of matter in the
body.

Force ( F): The external or internal action on the bodies or between bodies. Or an external
action that change or tends to change the body shape or its state of motion.

Particle: An object with negligible dimensions in the mathematical sense, or an object
whose dimensions are close to zero so that it can be analyzed as a point mass (
which can be represented by a point ).

Rigid body: A body is expressed as a rigid body when the change in the distance between
any two points of it as a result of the forces acting on it is negligible.

Concentrated Force: Is the force acting on a body and effected on a single point on it.

Distributed force: Is the force acting on a body and its effect is distributed over a
specific distance or area on the body.



Newton's three fundamental laws in motion:

Newton's first law

The body remains in a state of rest or continues in its state of motion at a constant
speed unless unbalanced forces act on it ( Resultant force = zero ).

Fig. (1-4) Newton's first law aplication

Newton's second law

The acceleration of a particle is proportional to the resultant force acting on it and is
in the direction of this force.

Fig. (1-5)
Newton's second
law aplication

Accelerated motion direction

Newton's therd law

For every action force there is a reaction force that is equal in magnitude and opposite
in direction, and is on the same line of effect with it ( Collinear ).

Forceof Aon B
Fig. (1-6) \ F F
Newton's therd law e
aplication - Forceof Bon A
Action Reaction
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Newton's law of gravitation:

There is an attractive force between any two bodies in the universe, proportional to the
multiplication of their masses, and inversely proportional to the square of the distance
between their centers.

The mathematical law of gravitation is expressed by the equation:

mqmy

F=G

r2
Where:

F : mutual force of attraction between two bodies.

G : The constant of gravitation = 66.73 x 1022 m3/(Kg.s?).
my, M, : masses of the two attractive particles.

r : distance between the centers of the two attractive particles.

@ 9@

A

Fig. (1-7) Aplication of newton's law of gravitation



Weight (w): It is the gravitational force of the Earth for the body.
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Fig. (1-8) The defference between the gravitational force between the bodies and the Earth gravity
force ( Weight)

» Any two bodies in nature have a mutual gravitational force.

« To find the weight (W) of any particle on the earth’s surface it’s mass can be considered
as(mp=m).

« If we assume the earth to be a non-rotating sphere of constant density and having a mass
of (my=M,).

o If (1) is the distance between the earth’s center and the particle center which represents
the radius of the earth, we have:

The gravitational constant ( G ), the Earth's mass ( M, ) and the Earth's radius ( r) in
equation (1-3) are constant values and can been replaced by a single constant value called
{ Earth gravitational acceleration (g ) }.

_ GM,
T T e (1-4)
So the weight in equation (1-3) is as follows:
W=mg ............... (1-5)

For most engineering calculations, Earth gravitational acceleration ( g ) is determined
at sea level and at a latitude of ( 45° ), which is considered the “standard location.”:

g =9.81 m/s?



Table (1-1) Orbital and physical properties for the sun, the moon, and some planets

The Sun and The
Planets

The sun

1989000

Average
radius
km

696000

Distance
to the
sun
x108 km

Orbital
average
speed
km/s

The moon

0.0735

1737

1.022
(Around
the earth)

Distance
to the
earth:

384399 km

( 1004)

[euaau|

Mercury

0.33

2430

47.87

Venus

4.869

6052

35.02

Earth

5.9736

6371

29.78

Mars

0.642

3387

24.077

( snoaseb )
[eua1x3

Jupiter

1898.6

69910

13.07

Saturn

578.46

57320

9.69

Uranus

86.81

25270

6.81

Neptune

102.43

24550

5.432




Equilibrium between the earth and the moon:

Newton's law of gravitation:

5.9736 X 102%% x 7.3477 x 1022
(384399 x 103 )32

F=66.73 x 102

5.9736 X 7.3477 x 1028 2
= 66.73 = 2x10N
384399 2

Centrifugal force law:

Fe=mro? .........cc.e..... (1-6) V=or, o=V
Fe=mr(vir)? ............. (1-7)
FC = mVZ/I' ................. (1'8)

7.3477 X 10%2 x 10222 7.3477 x 10222% x 101°

° 384399 x 103 a 384399

=2x10°N

Equilibrium between the sun and the earth:

Newton's law of gravitation:

5.9736 X 1024 x 1.989 x 1039
(149.6 x 10°)2

F=66.73 x 10*?

5.9736 X 1.989 x 1024 2
= 66.73 = 3.54 x10 N
149.6 2

Centrifugal force law:
Fe=mv2/r
_5.9736 x 10%* x 29780%  5.9736 x 29780% x 10'°

° 149.6 X 109 - 149.6
=3.54 x 10¥ N




Gravitational acceleration at the surface of the Earth:

_Mm _ 66.73 x 10712 x 59736 X 10**  66.73 X 5.9736 x 10°
9=~ (6371 x 103)2 - (6371)2
=9.80665 m/s? = 9.81 m/s?

9.81
=32.2 f/s?
0.3048

Gravitational acceleration at the surface of the Moon:

Gm _ 66.73 X 10712 x 7.3477 x 10%?  66.73 x 7.3477 x 10*

Gm = rm? (1737.35 x 103)2 (1737.35)2
= 1.6244 m/s?
= 5.33 ft/s?
= 0.1656 g

Gravitational acceleration at the surface of the Sun:

_ Gm _ 66.73x1071%x1.989 x 103°  66.73 X 1.989 X 10°

9s = rg2 (696 x 106)2 - (696)2
=274 m/s?

= 899.368 ft/s?

=27.93 ge

Table (1-2) Gravitational acceleration at the surfaces of the planets and the gravity force between the

sun and the planet
THE
PLANETS Mercury

The central
gravitational
acceleration

(m/s?)
The gravity
force between
the sun and

the planet
x10% N




Example (1-1):

Calculate the gravitational force generated between two bodies whose masses are
(10 kg ) and ( 15 kg ) respectively, and the distance between their centers is ( 750
mm ), then calculate the weight of each body.

Solution:
m;my

F=GC——
r?

Where G=66.73 x 10 2 m?®/ (Kg . s?)

F=66.73 x 1012 [((13)7—(5)2]

W:=(10)(9.81) = 98.1N
W,=(15)(9.81) = 147.15N

17.795 (10°)N = 17.8 nN

Example (1-2):

A satellite weighing ( 700 Ib ) on the
surface of the Earth. Calculate the
Earth's gravitational force for this A ;

. .. .. ) Satellite
satellite when it is positioned at a 36000 km LG PR
distance of ( 36000 km ) from the [ R EaEEaf Cﬂ:l
surface of the Earth, where its rotation
speed around the Earth is equal to the
speed of the Earth's rotation around
itself.
- Earth mass ( Me = 5.97 x 10* kg ).
- Radius of the Earth ( Re = 6371 km). Fig. (Ex. 1-2)

Solution:
W =7001b=700 x 4.448 =3113.6 N
W  3113.6
= 317.4 kg

m= — =

g 9.81
r = Re + 36000 = 6371+ 36000 = 42371 km = 42371 x 10°m
m L 597 X 1024 x 317.4
— =66.73x 10

(42371 x 103)2
=70.43 N

M
F=G —



Example (1-3):

A spacecraft of mass ( 3000 kg ) is launched from earth to the moon.

1- Calculate the distance from the earth’s surface at which the force of gravity
between the spacecraft and both the Earth and the moon is equal.

2- Calculate the gravitational force between the spacecraft and both the earth
and the moon at this distance.

The distance between the centers of the earth and the moon = 384400 km.
The mass of the Earth = 5.97 x 10%* kg.

The mass of the Moon = 7.35 x 10?? kg.
Radius of the Earth = 6371 km.
Radius of the Moon = 1737 km.

L
Fig. (Ex. 1-3)
Solution:
Me M My M
Fe = G # Fm - G m S
2 2
Ie I'm
F = 6673 x 1012 22736 X 102* x3x 10°  1.196 x 108
= . X B =
° re? Ire?
E =673 x 1012 13477 % 1022 x 3x 10°  1.471x 10'°
= . X B =
" I'm? I'm 2
Fe=Fn
1.196 x 108 1.471 x 10'°
Ire? - I'm 2
1.196 x 1018 rg?
1.471x 1016~ r; 2
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re?

Te _g13 = e _g02

> =

I'm I'm
e=9.02Fn e (1)
le + Iy =384400 ................ (2)

9.02 Iy + 'y = 384400
10.02 r, =384400 =  In=38363.27 km
re = 9.02 x 38363.27 = 346036.73 km

he = Ie— Re = 346036.73 — 6371 = 339665.73 km

£ o 1196 1018 10N £ o 1471 1016 “ 10N
®" (346036730)2 ™ (38363270)2

rm . Distance between the spacecraft and the Moon's center.
r. . Distance between the spacecraft and the Earth's center.

Re : Radius of the Earth.

he : Distance between the spacecraft and the Earth's surface.
Fm : gravitational force between the spacecraft and the Moon.
Fe : gravitational force between the spacecraft and the Earth.

Example (1-4):

Calculate the distance between the satellite and the Earth’s surface that would
cause the satellite to constantly face one region of the Earth's surface.
- Earth mass = 5.97 x 10* kg.
- Radius of the Earth = 6371 km.
- The linear speed of the Earth’s rotation around its axis = 1674.4 km/hr.

Satellte

Fig. (Ex. 1-4)

11



Solution:

Vs
ms ) Satelite
l'_"g / Fe
d
R L
me M i
F,=G —— ( Gravity force )
Fc=msR o ( Centrifugal force )
me M
G % = msR w2
Gm
R2e =R s

G me = R®

e = 1674.4 km/hr = 465 m/s
( Linear speed of the Earth's rotation around its axis)
re = 6371 km = 6371000 m ( Radius of the Earth)

®e =VelTre ( Angular velocity of the Earth about its center)
e = 465 /6371000 = 7.3 x 10 ~° rad/s = w;

me = 5.97 x 10%* kg ( Earth mass )
G =66.73 x 10 * m3/(Kg.s?) ( Constant of gravitation )

66.73 x 1012 x 5,97 x 10% = R3 (7.3x10 )2
, 66.73 X5.97 x 1012
~ (7.3x1075)2

R =42125970 m
d=R—re=42125970 — 6371000 = 35754970 m = 35755 km

= 7.48 x 10%
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Coordinates systems:

- Cartesian coordinate system:

Two dimensions Three dimensions
Y Z
. P(x.y) =
Fig. (1-9) L P g
Cartesian coordinate | S P(x.y.z)
system I | o : -
L X l — lx
o X l/
Y. v

- Polar coordinate system:

N P
r.y
Fig. (1-10) Vi ——— (1.y)
Polar coordinate system T
g X
o X
- Spherical coordinate system:
Z
Fig. (1-11 .
g- (1-11) p AP(.0.0)
Spherical coordinate system g [
o | X
|
|
(
v D
- Cylindrical coordinate system:
Z
Z} .
Fig. (1-12 e
ig. (1-12) . P (1.0.2)
Cylindrical coordinate system .~
| X
9 j
|
Y 6
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System of units:

The units of length, mass and time are the basic units from which other units are
derived, the force unit was added due to its importance in the subject of engineering
mechanics.

—  Tengm

(SI) Units System
International Units

(FPS) Units System

Meter (m) | Kilogram (kg) | Second (s) | Newton (N)

British Units Foot (ft) Second (s) | Pound (Ib)
1lb = 4.448N
1slug = 14.59 kg
1ft = 0.3048 m

Conversion of Units:

1 ft (foot) =12 in. (inches).
1yd(yard)=3ft=361In.

1 mi (mile) = 1760 yd = 5280 ft = 63360 in.
1 kip ( kilo-pound ) = 1000 Ib ( pound )
1 1b =0.453 kg.

1 kg = 2.205 Ib.

1 ton = 2205 Ib = 2.205 kip.

1 ton = 1000 kg

1in.=2.54 cm =25.4 mm
1ft=0.3048 m =30.48 cm
1yd=91.44 cm

1 mi =1609.34 m = 1.609 km

Prefixes:

If the quantity to be measured is too large or too small, it can be expressed in
multiples or fractions of the units to determine its value logically.

Table (1-3) shows the prefixes used in the global system. Where each represents a
multiple or fraction of a particular unit. The kilogram is the only basic unit defined by a
prefix.

For example:
4 000 000 N =4 000 kN (kilo-newton) = 4 MN (mega-newton).

14



0.005 m =5 mm (milli-meter).

Table (1-3) The multiple or submultiples of units

1 000 000 000 000
1 000 000 000

1 000 000

1 000

100

10

0.1

0.01

0.001

0.000 001

0.000 000 001
0.000 000 000 001

Example (1-5):

Express the following units in the correct international units ( SI ) form using an
appropriate prefix:

(a) MN/us.

(b) Gg/mN.

(c) GN/(kg.ms).

Solution:
MN/Ls = (10°)N _ (10'2)N _ N/
(@) M5 = (10~6)s S - >
__(10%)g _(10"%)g

(b) Gg/mN = 10N N =Tg/N

(10°)N  (10'2)N
kg(10~3)s  Kkg.s

(c) GN/(kg.ms) = = TN/(kg.s)

15



Example (1-6):

What is the density of wood expressed in the international units (Sl
- units), if its value according to the british system units (FBS - units) is (4.7 slug/ft®)?

Solution:

14.59
(4.7 slug/ft®) = 4.7 ( )

m = 2421.6 kg/m3 = 2.42 Mg/m?3

Example (1-7):

Find the speed of the car shown in
Figure (Ex. 1-7) in ( Kilometers per hour ) =
and ( meters per second ) units, as the car Fig. (Ex. 1-7)
Is traveling at a speed of ( 60 mi/h).

Solution:

60 mi/h = (60)(5280)(0.3048)/(1000) = 96.56 km/h
96.56 km/h = (96.56)(1000)/(3600) = 26.8 m/s
= 96.56 /3.6 = 26.8 m/s

Example (1-8):
A car of (1400 kg ) mass.

(a)- Determine the weight of the car in

newtons. o T o Do R A TR
(b)- Convert the mass of the car to slugs. Fig. (Ex. 1-8)
(c) Determine its weight in pounds.

Solution:
(@- W=mg=1400 x 9.81= 13730 N
b - 1400 95.96 sl
(b)- m= o5 = 95:96slugs

(- W=mg =95.96 x 32.2 = 3090 Ib

16



Example (1-9):

The spacecraft shown in Fig. (Ex. 1-9) has a mass of ( 15 x 10%) slugs on earth
surface. Specify:

(a) its mass in ( SI — units). 3
(b) its weight in ( SI — units ). \ -
If the spacecraft is on the moon e Yy T
surface, where the acceleration due to - - . :
gravity is (gm = 5.3 ft/s?), determine: =
(c) its weight in ( SI — units).

(d) its mass in ( SI — units). Fig. (Ex. 1-9)

Solution:

(@) 15x10%slugs= (15x 10%) (14.59)
= 218.85 x 10° kg = 218.85 Mg
(b) We=m.g=(218.85 x 10%) (9.81)
=2.147 x 10° N = 2.147 MN
(©) Wm=m.gm=(15x10%)(5.3) =795 x 10° Ib
= (79.5 x 103) (4.448 ) = 353.6 x 103 N = 0.35 MN

5.3 ft/s?
Or Wn=We(gm/g)=(2.147 MN) ( W)ZO.BSMN

(d) Since the mass is independent of its location, then:
My = me = 218.85 x 10° kg = 218.85 Mg

17



Example (1-10):
A man weighs ( 180 Ib ) on Earth surface.

(a)- Specify his mass in slugs.
(b)- Specify his mass in kilograms.
(c)- Specify his weight in newtons.

If the man is on the surface of the Moon, where the acceleration due to gravity is
(gm= 5.3 ft/s?).

(d)- Specify his weight in pounds.
(e)- Specify his mass in kilograms.

Solution:

180
@ m= 322 - 5.59 slug

(b) m =559 x 14.59 = 81.56 kg

() W=180x4.4482=800N or 81.56x 9.81 =800 N
(d) W=559x53=29.63Ib

(€) 'm =559 x 14.59 = 81.56 kg

18



Problems:

1-1) Express each of the following units in the correct ( SI — form ) using an appropriate
prefix:
a) um/ms, (b) mkm, (c) Gs /mg (d) uN.Gm.

Ans.  mm/s, m, Ts/g, kN.m

1-2) The density of brass is ( 8.33 Mg/m?). Determine its specific weight (wt.
/ vol. ) in English units. Use an appropriate prefix.

Ans. 81.717 kN/m®

1-3) Convert the following quantities from the international system ( Sl ) to the English
system ( FPS ), using an appropriate prefix:
(@)- (27.5kN/m3)to ( Ib/ft®). (b)- (0.5mm/s) to (ft/h).
(c)- (1.13kN.m )to (Ib.ft).

Ans. 175 Ib/ft}, 5.9 ft/h, 833.5 Ib.ft

1-4) Find the mass of an object that has a weight of:
(a)- 35 mN. (b)- 200 KN. (c)- 50 MN.

Ans. 3579, 20.39Mg, 51Gg

1-5) Determine the weight in ( SI') units of a body that has a mass of:
(@)- 15kg (b)- 0.75¢ (c)- 7.5Mg

Ans. 147.15N, 7.36mN, 73.6kN

1-6) Two balls with a mass of ( 250 kg ) and radius of ( 350 mm ) for each ball, each ball
are touching each other. Determine the gravitational force acting between the two

balls.
Ans. 8.5 puN

1-7) The density of the water is ( 1 Mg/m?). What is the density of it expressed in English
units?
Ans. 1.94 slug/ft®
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1-8) A spacecraft of mass ( 3000 kg ) is launched from Earth to the Moon.

1- Calculate the weight and mass of the spacecraft on the surface of the Earth and on
the surface of the Moon.

2- Calculate the gravitational force between the spacecraft and both the Earth and the
Moon when the spacecraft is at a distance of ( 100000 km ) from the surface of the
Earth.

- The distance between the centers of the Earth and the Moon = 384400 km.
- The mass of the Earth = 5.97 x 10 kg.

- The mass of the Moon = 7.35 x 10% kg.

- The radius of the Earth = 6371 km.

- The radius of the Moon = 1737 km.

Fig. (Pr. 1-8)
Ans:
For the Earth For the Moon
We = 29430 N m = 3000 kg Wn =4873 N m = 3000 kg
Fse = 1056 N Fsm: 019 N
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CHAPTER TWO
FORCE ANALYSIS

Scalars and Vectors:

Scalar (A)
A scalar is any positive or negative physical quantity that can be completely
expressed by its magnitude.
for example: length, mass, time, density, volume.

Vector (A)
A vector is any physical quantity that requires both a magnitude and a direction
for its complete description.
for example: force, position, moment, weight, velocity, displacement, acceleration.

- The magnitude of the vector is represented by the length of the arrow.
- Thedirection of the vector line of action is represented by the angle ( 8 ) between
the vector and a fixed axis.

Vector direction: A

The negative sign means the opposite direction. ]
s—
—-A

Types of vectors:

There are three types of a vector:

1- Free vector:
It is a vector which may be freely moved creating couples in space.
2- Sliding vector:
It is a vector that can represent the force acting on a rigid body and can be moved
along the line of action of the force without any effect on the body.
3- Bound vector or Fixed vector:
It is a vector that its moving requires changing the conditions of the problem.

For two vectors to be equal they must have the same value and direction, they do not
need to have the same point of application.:

/) /



Multiplication and Division of a vector by a A
scalar:

- Multiplying a vector by a positive absolute -
number leads to an increase or decrease in its
value by that number. —_—

Y

- Multiplying a vector by a negative absolute — A
number, leads to a change in its direction in the
opposite direction, with an increase or decrease
in its value according to the magnitude of this
number.

A

Vector Addition:

- If the two vectors (K) and (§) are collinear, i.e., : - >
both have the same line of action, the algebraic A B
addition is used, as shown:

- If the two vectors (K) and (§) are perpendicular, then
they can be summed by using Pythagoras' theory.

- If the two vectors (K) and (§) are not collinear, there are two methods for addition:

1- Parallelogram law.
A A R\
R =+VA2? + B2 — 2ABcosé ~ A}
B ] B

............ (2-3)

2- Triangle rule. B

G
R =+/A2 + B2 — 2ABcos# R A R




Vector Subtraction:

If the two vectors (K) and (§) are in the same direction, the difference between them
can be found as follows:

A R B
— — - - g
R=A-B=A+(-B)........ (2-4) B A >

That is, subtraction is a special case of addition, and vector addition laws can be used
to subtract vectors by reversing the direction of the subtracted vector.

-B
A
R A or R N
- - -B

Parallelogram law Triangle rule




Trigonometric relations:

C
'i. o
A = B
—_ 2 2
AB=ACcos0  BC=ACsing A0~ YAF + B¢ l 05)
AB = BC cotéd BC = AB tanéd AC = AB / c0s0
sing =BC/AC ]
cosd = AB/AC T (2-6)
tand =BC/AB
C C
AC= [aBT ¥ BC?
AC=BC/ sing
AC=AB ! cosd
BC=AC sin#
BC=ABtan#
\6‘
A B A B
uanfd = BC/ AC AB=ACcos#
coall = ABJAC AB =BC cotd
tan® = BC/ AB

Trigonometry can be used to find the resultant force:

A A A S D
_.___(;______ ] __b _____ a7
\/ C
B B

From Cosine Law: C =\/A2 + B2 — 2ABC0S(C) ..vvvvvvnnnnn... (2-7)

] A B C
From Sines Law: —— T T T e, (2-8)
sina sinb sinc




Types of force systems:

A force system is a group of forces ( two or more forces ) that affect a body or group
of bodies in a specific situation, and it can be classified into:

1-
2.
3-
4-
5-

6-

O-

The system of forces located on one line of action ( Collinear system ).

The system of parallel forces ( Parallel system ).

The system of forces located on one plane ( Coplanar system ).

The system of converging forces ( Concurrent system ).

The system of parallel forces located in one plane ( Parallel, Coplanar system), in
which the lines of action of the forces are parallel and located in one plane.

The system of converging forces located in one plane ( Concurrent, Coplanar system
), inwhich the lines of action of the forces intersect at a common point and are located
in one plane.

The system of convergent and non-parallel forces and located in one plane (
Concurrent, Nonparallel, Coplanar system ), in which the lines of action of the forces
are intersecting and non-parallel and located in one plane.

The system of parallel forces that do not locate in one plane ( Parallel, Noncoplanar
system ), in which the lines of action of the forces are parallel and do not locate in
one plane.

The system of converging forces that do not locate in one plane ( Concurrent,
Noncoplanar system ), in which the lines of action of the forces intersect at a common
point and do not locate in one plane.

10- The system of non-parallel, non-intersecting forces that do not locate in one plane (

Nonparallel, Nonconcurrent, Noncoplanar system ), where the lines of action of the
forces are non-parallel, non-intersecting and do not locate in one plane.

Principle of force transmissibility on its line of action:

If a force ( F) acting on a specific body is transmitted along its line of action without
changing its direction, the effect of the force on the body does not change.

F

o

S F /
e // e

F

Fig. (2-1) Principle of Force transmissibility on its line of action



Resultant of forces:

If two forces ( F1 ) and ( F;) acting on a particle ( A) may be replaced by a single
force ( Fr ), which has the same effect on the particle, this force is called the resultant of
the forces (F1 ) and (F2).

If the forces located on one line of action ( Collinear ):

If the forces are in the same A F; A Fp="F;+F,

direction, then their resultant is I:I:,.."' |

according to equation (2-1):

v

FrR=Fi1+F;
- - A Fy A
If the forces are in opposite O— n B
directions, then their resultant is F, R=F1—F)
according to Eq. (2-4):
Fr=F1-F
If the forces are converging, perpendicular forces located in one plane (
Concurrent, perpendicular, Coplanar ): L
The resultant can be determined by using F !
Pythagoras' theory, and from Eq. (2-2): F, B I
R =+VAZ + B2 |

If the forces are converging forces located in one plane ( Concurrent, Coplanar):

The resultant may be obtained by:
1- Aparallelogram, using (F1) and ( F,) as two sides of the parallelogram. The diagonal
that pass through point ( A ) represents the resultant. This is known as the
parallelogram law.

2- The triangle of forces, where the force ( F1 ) is F, F
drawn, and from the end of it the force ( F; ) is

drawn, so the resultant is the force that starts from ""“i;—
the beginning of ( F; ) and ends at the end of ( F» ). R
This is known as the triangle law. FrR=F,+F,

3- Using the triangle of forces, the value of the resultant can be found by using the law
of cosines, and finding its direction from the law of sines. Equations (2-7) and (2-8).
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Example (2-1): °

15
Two forces ( 180 N ) and ( 120 N ) are 7’1:1: 180 N
applied to the ring shown in Fig. (Ex. 2-1). f
Determine the magnitude and direction of 4 }”1:\ F,=120N
the resultant force. E# ‘m<_</§\ = 110"
Fig. (Ex. 2-1)
Solution:

Parallelogram Law.

A parallelogram is drawn from drawing a line starting from the head of force (180 N) and parallel to the force
(120 N), and another line starting from the head of force (120 N) and parallel to the force (180 N). The resultant
of the two forces (Fr) will be from the starting point of the two forces to the point of intersection of these two
lines at point (A).

A 180 N
180N A
s Vg
1 5°
[ 180-65=115"
lg“\. T /
/ 1.'_—_-._'__.--'1.""7}; 120 N
90° — 25° = 65°
Trigonometry laws.
From the parallelograms. A triangle of forces is created.
Use the law of cosines.
FR:\/Flz + FZZ - 2 Fl FZ cos o
Fr=./(180)2 + (120)2 — 2 (180) (120) cos 115
= \/32400 + 14400 — 43200 ( —0.4226 ) = 255N
Applying the law of sines to determine ( 6 ),
180 255 i 180 sin 115°
: = = = SInf= =064 = 6=39.8°
sin O sin 115° 255

Thus the direction ( ¢ ) of the resultant force ( Fr ) measured from the horizontal is:

0 =39.8° + 10°=49.8°



Example (2-2):

In the fixed structure
shown in Fig. (Ex. 2-2).

P=400N
T=150N

Replace the two forces (P) o
and (T) by a single force (R) A
which has the same effect ! 4m |
on the fixed structure. Fig. (Ex. 2-2)

Solution:

BD 7 sin 60°

AD 4+ 7 cos 60°
o =38.9°

tan o = =0.81

4m ! 7c0360j
4+ 7 cos 60

Law of cosines:

R =+T2 + P2 — 2TP cos 38.9°

= /1502 + 400% — 2(150)(400) cos 38.9°
=298.5 N

Law of sines:
150 _ 298.5 T=150N R
sin @ sin 38.9°
(v 1 g,
150 sin 38.9°
sin 6 = =0.316 P=400N
298.5
6 =18.4°
R =2985N 4 1840



Example (2-3):

A structure consisting of two members, which is
affected downward by a force ( F ) of ( 1500 N ) at
point ( A ). Find the two components of the force
acting along the two members of the structure ( AB)
and ( AC).

Solution:

Fap _ 1500

sin60  sin75
Fag =1344.86 N

Fac 1500

sin 45 = sin 75
Fac =1098.08 N

Fig. (Ex. 2-3)

1500 N

Example (2-4):

The (1) beam is hoisted by two cables, as shown
in Figure (Ex. 2-4). Find the value of the tensile
forces ( Fa ) and ( Fg ) in each cable so that their
resultant magnitude is ( 3000 Ib ) directed towards
the positive vertical axis ( y-axis ).

Solution: |

Fr=30001Ib

Fa 3000

sin 45° sin 105°

a 3000 sin 45°

A= - =2196 Ib
sin 105°

Fg 3000

sin 30° sin 105°
a 3000 sin 30°

sin 105°

= 1553 Ib



Example (2-5):

A barge is pulled by two tugboats as
shown in Fig. (Ex. 2-5). If the resultant
of the forces exerted by the tugboats is
(2500 N ) directed along the axis of the

barge. Determine:

a) The tension in each of the ropes

for (a=40°),

b) The value of ( a ) for which the
tension in rope ( 2) is a minimum.

Solution:
a)
2500 Ty
sin110 sin40
T,=1710N
2500 T,
sin110 sin 30
T,=1330 N

b)
T, =2500 cos 30
=2165N

Fig. (Ex. 2-5)

"
Ty_~" ™
].f oy,

" 10°
~30° 2500 N f\
B oo =

T, = 2500 sin 30
= 1250 N

o =90-30=60°




Example (2-6): b

Analyze the force (F = 15 Ib ) acting on the tooth F  8(0°
of the gear shown in Fig. (Ex. 2-6). into two
components towards the axes (a-a)and (b -b).

a
Solution:
15 Fy
5 = — = Fa=22981b
sin 40° sin 80°
15 Fp

; = = = Frb=20.211b
sin 40° sin 60°

Example (2-7):

Two forces of (8 kN ) and ( 6 kKN ) are applied
to the structure shown in Fig. (Ex. 2-7). Find the
magnitude and direction of the resultant force,
measured clockwise from the horizontal axis.

Solution: e Fo= 6 kN
Fig. (Ex. 2-7)

Fr= \/F12 + Fz2 — 2(F1)(Fy)cos ¢

= 2 2 o — Ly
Fr=+/82 + 62 — 2(8)(6)cos100° = 10.8 kN &

6 10.8 o O >

= 80 100 "\

sinf  sin100° R N
sin 0= 0.547 , o TR

0 =33.17° S 6
¢ =33.17° — 30° = 3.17° K

11



Example (2-8):

Express the magnitude of the resultant
( Fr ) and its direction ( @ ) in terms of the
values of the components ( F1) and ( F2 ) and

the angle (¢ ). F;
Fig. (Ex. 2-8)

Solution:

Fr= \/F12 + F,* — 2F;F, cos (180 — ¢)

Since {cos (180—¢) = —cos ¢ }:

Fr= \/Flz + F,% 4 2F,F, cos ¢

From the figure:

F4sin ¢
tan 6 =
F,+ F; cos ¢
F{sin
0 =tan ( 151 ¢ )
F,+ F{ cos¢

Resultant of Several Forces ( More than two Forces ):

Th resultant of more than two forces can be found by applying the law of
parallelograms in two stages:
1- Finding the resultant of the first and second forces.
2- Taking the resultant of these two forces as a force, and then finding its Resultant with
the third force, so we get the resultant of the three forces.
For example, if three forces (F1), (F2), ( Fs) act at a point ( O ), the resultant will be
as follows:

: & FI+F2+F3
Fl PR o .
N\ F2 \ | if-‘:
]
o b Fe) v " F3
(1) (2)

12



Example (2-9):

Three chains attached to a bracket ring,
as shown in the figure (Ex. 2-9), a tensile
force is applied to each chain so that the
resultant of the three forces is ( 2500 N ).
If two chains of them are affected by
known forces, find the angle of the third
chain measured clockwise from the
positive (x-axis) so that the magnitude of
force (F) in this chain is a minimum, then

o

W
o, ."'.: E il .; T
LA L A LT S R

i
)

find the magnitude of (F). Fig. (Ex. 2-9)
Hint: First find the magnitude and direction of the resultant of the two known forces, force (F)
acts in this direction.

Solution:

Cosine law:

Sine law:

Fre =+/15002 + 10002 — 2(1500)(1000) cos 60° = 1322.9 N

1000 13229
sin (3046 ) ~ sin60
. 1000 sin 60
sin(30+60)=————=0.65
1322.9

30 + 6 =40.89° = 6 =10.89°

To obtain the required resultant at minimum value of the force ( F ), the direction of the force

( F) must be the same as the direction of the resultant of the two given forces (Fr1).
FrR=Fr1 +F
2500 =1322.9 + Fnin
Fmin=1177.1 N
y 1500 N
1500 N > .
o Fmi=13229N
30+ |2 ‘Q‘*\-F--.;_*Fm
Fgi Fp=2500N
(b) (c)

13



The resultant of two-dimensional forces by analysis method:

It is possible to analyze any force in a specific plane, such as ( X —y ) plane, into two
perpendicular components along the ( x ) and (y ) axes. These two components are called
" Cartesian ( rectangular ) components ".

¥ Fx=F cos 0 ].TY F=Fd+Fyj
. Fy=Fsin0 . o _
i F= /O + (Fy)? 1 i unit vector in
1By F x-direction
Fy 0=tan" 1= ¥
fl x Fx N i . . .
-— J:unitvector iny-
Fy Fx and F, are Force Fx i direction
componentes
Fig. (2-2) Vector Notation and Scalar Notation for the force
Fx=FCOSO ..o (2-9)
Fy=FsSin® ... (2-10)
Directional value:
F=Rd+Fy oo (2-112)
Absolute value:
F=J(F)2+ (FY)2 oo (2-12)
Direction:
_1F
O=tan 1= (2-13)
Fx

14



Finding the resultant:

1- Each force is resolved into its two 2 F,
components with the axes (x) and (y).
2- The components applied on the x-axis
summed to be the horizontal component of ’}A
the resultant. ’
3- The components applied to the y-axis are
summed to be the vertical component of the
resultant.
4- Using the Cartesian vector, the resultant is y
represented as a Cartesian vector. Fay|p
——— 11r.-
Fr= (Fre) i+ (Fry) | D =
Frx =2 Fx - — == "Plx
Frx = Fix— Fox + Fax Fax . Fiy X
Fry =2 Fy Fiviy. \‘k
Fry = Fiy+ Fay — Fay
Fr=(Fix—Fax+ Fax) i + (Fiy+ Foy —Fgy ) j
5- Finding the value of the resultant ( Fr ) by using the y

Pythagorean theory: A ,
FR}r./
Fr= JFRXZ + Fgy” "gl-' X

6- The angle (0) that represents the direction of the
resultant can be found from the trigonometric laws:

Fr
0 =tanl (===
FRx

15




Example (2-10):

Calculate the horizontal and vertical
components of the forces (F1) and (F2) on
the arm shown in the Fig. (Ex. 2-10). Then
express each force as a Cartesian vector.
Then find the magnitude and direction of
the resultant force.

Solution:

Fi=—180sin30°=—90N =90 N <«
F1, = 180 cos 30 = 155.88 N

Fay = 325 (12/13) = 300 N
Fay=—325(5/13) =— 125N =125N |

Cartesian vector notation.

Fi={-90i+15588j}N
F,={300i-125j}N

The resultant force:

FR = \/FRXZ + FRyz

Fry = Fix+ Foy =— 90+ 300 =210 N

Fry = F1y + Fa, = 155.88 — 125 = 30.88 N
Fr=42102 + 30.882 =212.258 N

The direction ( 0):

F
0 =tan™ (ﬂ) =tan?(
FRx

30.88
21

— 0
—)=8.37

16

X
NE
12
F,=325 N
Fig. (Ex. 2-10)
¥
Fi=180N '
% g
L e
LY ral
N30l S
vl
% _'f'-.
_ i HET
F=90 N
y
Fy;=300N_ x
" _ q 13
Fop=125N| 03
L i
F,=325N
y Fr
|
30.88 N
0 R
| 210N



Example (2-11): y| 00N

: : . 600 N 20 .

Determine the magnitude and direction of 6 400 N
the resultant force of the three forces acting on 3 0
) . 4 30

the ring ( A ) measured counterclockwise from s

the positive ( x-axis ).

Solution:
Fr=>F Fig. (Ex. 2-11)
4
Frx=> Fx=-600 (E) + 500 sin 20° + 400 cos 30° = 37.42 N

3
Fry= Y. Fy =600 (=) + 500 cos 20° + 400 sin 30° = 1029.85 N
Fr= /(37.42)2 + (1029.85)2 =1030.5N

FRy

tan 6= Fry £600 ¥ 500N .

600N |5 - 9

g = tant 102985 51 iy 400 N 8

37.42 3 ) S

= 87.92°
4 600 f 400 cos 30
& 500=in20 174N
Example (2-12): F;=1500 N

Determine the components of the
resultant of the forces acting on the
gusset plate of a bridge truss in the
direction of ( x - axis ) and ( y- axis ).
Then show that the resultant is zero.

| Fig. (Ex. 2-12) ,’{?1=1000 N
Solution:

Fr=YF
FszzFx=F1x+F2x+F3x+F4x

4 3
=_1OOO+2000(E)+1500(E)_1SOO:0
Fry = 2 Fy = Fay + Fay + Fay + Fyy
3 4
=O—2000(§)+1500(§)—0=0
17



Example (2-13):

Four forces act on fixed frame as
shown in Fig. (Ex. 2-13). Determine the
magnitude and direction of the resultant
of these forces.

F2=160N

Solution:

(F1)x= 300 cos 30° = 259.8 N
(F1)y =300 sin 30° =150 N

20 F1=300N

X
F1=200N
F3 =220N
Y
Fig. (Ex. 2-13)
160cos20
=13033N

—— i ——

300sm30

%

. |
(F2)x=— 160 sin 20° = -54.7 N | i
(F2), = 160 cos 20° = 150.35 N i |
Fcos3id=2398 N
(F= 0 < 00cos30 :_;s:\
” __lﬁ-us-j;ﬂl-n I 2Mcosl3
(Fs)y= —220N R | § co TS = 132N
—200=inl3
(Fa)x = 200 cos 15° = 193.2 N iy
(Fs), =200 sin 15° =~ 51.8 N ~0N !
Ry = 259.8 —54.7 + 0 + 193.2 = 398.3 N
R, = 150 + 150.35 — 220 — 51.8 = 28.55 N
R= /sz + R,” =/398.37 + 28.557 = 399.3 N
Ry 28.55
tan o = — = o =tan! =4.1°
Rx 398.3
____________ R
(14
Ry=28.55N fo=398-3N

18



Example (2-14): y

Express the forces (F1), (F2), and ( F3) acting 2
on the body shown in Fig. (Ex. 2-14) in the formof F1=1501b| F, =751
a Cartesian vector, then find the magnitude and N
direction of the resultant of the three forces. &

Solution:
3 4
Fl:lSO(E)i_15O(§)j=90 Ibi—1201bj

F,=0i-2751bj
Fa=—75c0s60%i —755sin 60°j=—37.510i—64.951bj 52.5Ib

FrR=>F

Frx =Y Fx = Fix+ Fox + Fsx =90 + 0 - 37.5=52.5 Ib

Fry =Y Fy=Fyy + Foy + F3y =— 120 — 275 - 64.95
=—-459.95Ib

Fr=+/(52.5)2 + (- 459.95)2 =462.94 Ib

Fr - 459.95
tanf=z — = f=tan? = —83.49°
FRX

Fig. (Ex. 2-14)

459.95 Ib

Example (2-15): y

A wooden dowel rotates in a lathe and a %0% 4 ‘fJ &
force of ( 100 N ) is applied to it by the cutting it ‘\\‘o
stylus of the lathe, as shown in Fig. (Ex. 2-15). N |30
Resolve this force into its components acting: \\/ 6F
(a) along the (x ) and (y ) axes. ~ \\/)
(b) along the (x" ) and (y") axes. = ~.‘,\\

L)

3
Fig. (Ex. 2-15)
Solution:
100 sin 15.-¥

[

a) Fx=100sin45°=70.7 N
Fy=—100cos 45°=-70.7 N

100 cos 45

b) Fx =100 cos 15°=96.6 N
Fy =100 sin 15° = 25.88 N

X

19



Example (2-16):

It is required to remove the screw from the
wood by applying force along its horizontal
axis. The obstruction ( A ) prevents direct
access, so that two forces are applied, one of
( 1000 N ) and the other of (P), by cables as
shown in Fig. (Ex.2-16). Determine the
magnitude of the force (P ) that is required to
get the resultant force ( T ) directed along the Fig. (Ex. 2-16)
screw axis. Also find the magnitude of (T ).

Solution:
Method (1 ):
10 Y
0,=tanl — = 26.57°
%g P sin 26.57
} P '
0, =tan? 20 = 36.87°
Ry=YF,=0
P sin 26.57° — 1000 sin 36.87° =0 P cos 76.57 *
P sin 26.57° = 1000 sin 36.87° 1000 cos 36.87
1000 sin 36.87°
P= snoesre - 13414 N 1000 Ib 1000sin 36.87

T=Rx=) Fx=1341.4 cos 26.57°
+ 1000 cos 36.87° = 2000 N

Method ( I1): ¥
1 10
6q,=tan?t — = 26.57°
20
1 15
6,=tan? — = 36.87°
20
P _ 1000
sin36.87 sin26.57 1000 Ib
1000 sin 36.87°
P= : = 13414 N
sin 26.57° . 2657 3587
T _ _ 1000 ] |
sin116.56  sin 26.57 -~
1000 sin 116.56 PN 00k
T= - =2000 N 116,56
sin 26.57

20



Example (2-17):

Three forces are applied to the bracket
shown Fig. (Ex. 2-17). Find the value and
direction of the force ( F3 ) that makes the
resultant of the three forces ( 100 Ib ) directed

along the positive ( u-axis).

Solution:

+1 2 Frx =2 Fx

t— 2 Fry=2Fy

Fig. (Ex. 2-17)

5
100 cos 25°=85+65(E)+F3c03(25°+<9)
Fscos (25°+60)=-19.37 ............ (1)

12
— 100 sin 25°:65(E)—ngin(25°+0)
Fssin (25°+60)=102.26 .............. (2)

Solving Egs. (1) and (2):

Method (1):
F e 1 -19.37
rom Eq. (1) ~ cos(25°+6)
Sub. in Eq. (2 037 Gin(25°+60) = 102.26
ub. in Eq. (2) cos(25°+6)sm( ) = :
~19.37tan (25° + ) = 102.26
102.26
(25°+0)= tan? === =—79.27°=79.27° ~
0 =79.27 — 25 = 54.27°
-19.37
Fs= =104 Ib
cos (25°+ 54.27°)
Method (2):
Fasin (25°+60) =102.26 .............. (2)
Fscos (25°+0)=-1937 ...........(1)
----------------------------------- Division
tan (25°+60)=-5.28
25° + 9 =tanl—5.28 = —79.27° =79.27° &
0 =79.27 — 25 = 54.27°
Sub. in Eq. (1) Fscos (—79.27°) =—19.37

_ -19.37
" cos (-79.27°)

=104 1b

Fs
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Example (2-18):

The forces (F1), (F2), and ( F3) are
acted on the bracket shown in Fig. (Ex. 2-
18) so that their resultant is ( 120 Ib ) in
the positive direction of the (u) axis. Find
the value of the unknown force ( F1) and

F,=1301b

its direction (¢ ). E
F3=100 Ib
Solution: Fig. (Ex. 2-18)
(F1)x=F1cos ¢ (F1)y =F1sin ¢
3 4
(F2)x=—-130 () =-781b (F)y =130 () =104 Ib
(F3)x =100 cos 45° =70.7 Ib (Fs)y =—100 sin 45° =—70.7 Ib
(Fr)x = 120 cos 45° =84.84 1b (Fr)y = 120 sin 45° = 84.84 Ib
+ — Fry =) Fx 8484 =F;cos¢ — 78+ 70.7
Ficos$p=9214 ...l (1)
+1TFry=> Fy 84.84 =F;sin ¢ + 104 —70.7
Fisind=5154 ..o, (2)
o Ea (11, - o 9214
rom Eq. (1): 17 s
Sub. in Eq. (2): 2214 =51.54
ub. in Eq. (2): c0s d sin ¢ =51.

92.14tan ¢ =51.54

51.54
tan ¢ =—=10.56
92.14

¢ =tan? 0.56 = 29.22°
9214
'7 cos )
92.14
=————— =105.57 Ib |
cos 29.23° o |
45 X
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Example (2-19):

If the resultant of the two forces shown
in Fig. (Ex. 2-19) is directed along the
positive ( y-axis ) and has a magnitude of
( 300 Ib ), determine the magnitude of
(Fes) and its direction ( 9).

Solution:
Metod (1):
+ — Fre = Fx 0=140sin 30° - Fg cos @
FecosO=70 ......coociieinnn..n. (1)
+1Fry=> Fy 300 =140 cos 30° + Fgsin @
Fesin0=178.76 ................... (2)
Fesin0=178.76 .................. (2)
FecosO=70 .ooooiiiniiinn.n. (1)
----------------------------------- Division
tan 6 = 2.55
0 =68.6°
Sub. in Eq. (2): Fgsin (68.6°) =178.76
Fs =192 1b
" y
‘ﬂ_qi_dF_—":.Zl-flﬂ Ib |
! — [FR =300 Ib
X | X
Metod (2):
Fs =/(300)2 + (140)2 — 2(300)(140) cos 30 =192 Ib
140 192 =y g0
sing  sin 30° = =21 300 Ib

0+60=180-30-21.4=128.6°
0 =128.6 — 60 = 68.6°
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Example (2-20): 7 kN

If the forces (F1=7kN), (F2) and
( Fs =4 kN ) acting on the bracket as
shown in Fig. (Ex. 2-20). Determine
the magnitude of force  ( F2) so that
the resultant force of the three forces

4 kN

is as small as possible. Then find the i) ”ﬁﬂj
magnitude of the resultant force. RSN ESD
Fig. (Ex. 2-20)
Solution:
+ — Fpx = Z Fx
Frx =4 —F, cos 45° — 7 cos 30°
Frx =—2.06 - 0.707 F,
+1 Fry=2 Fy
Fry = — F2sin 45° + 7 sin 30°
Fry =3.5-0.707 F;,
FrR2=(-2.06-0.707F, )+ (35-0.707F,)* ............... (1)

dFg
2Fg d— =2 (-2.06-0.707 F,) (- 0.707)

+2(35-0.707F,) (- 0.707) =0

2 (1.456 +05F,—2.475+05F,)=0
1.456 + 0.5 F, — 2.475+ 0.5 F, = 0
F,=1.02 kN

Sub.inEq. (1):

=[-2.06-0.707 (1.02) 2 +[3.5-0.707 ( 1.02) ]2

=(-2.78)2+(2.78 )
Fr = 3.93 kN
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Problems:

2-1) Find the magnitude of the
resultant force acting on the plate
shown in the Fig. (Pr. 2-1) and its
direction, measured clockwise from
the positive horizontal axis (X).

Ans.: R=13531b , ¢=132.8°

y

F; =800 1Ib

F;=10001b #7

Fig. (Pr. 2-1)

2-3) A pipe pulled by three ropes
with tensile forces shown in Fig.
(Pr. 2-3) so that a resultant force of
(5 kKN ) is generated. If the tensile
forces in two of them are known,
find the angle of the third rope ( )
so that the magnitude of the tensile
force ( F) in it is at its minimum.
What is the magnitude of the force?

Ans.: F=1kN, 0=16.12°

2-2) Determine the magnitude of
the resultant force acting on the
bracket and its direction measured
counterclockwise from the positive
(x—axis).

Ans.: R=2313.6N, ¢=1404°

y| F1=1300N

F, = 1500 N

Fig. (Pr. 2-2)

2-4) Determine the magnitude of
the resultant force acting on the
eyebolt shown in Fig. (Pr. 2-4) and
its direction measured counter-
clockwise from the positive ( X —
axis ).

Ans.: Fr=1733.821b, ¢=93°

F, = 1600 Ib

F, =12001b

Fig. (Pr. 2-4)
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Fig. (Pr. 2-3)

2-5) Determine the magnitude of
the resultant force acting on the
bracket shown in Fig. (Pr. 2-5) and
its direction measured counter-
clockwise from the negative ( X —
axis ).

Ans.: FR=1083.5N, =3°

F,=1000 N

Fig. (Pr. 2-5)

2-7) A force of (4 kN ) acts on the
frame shown in Fig. (Pr. 2-7), so if
its component acting along the
member ( BC) has a value of ( 3
kN ), directed from ( B ) towards
( C), what is the magnitude of the
required angle ( ¢ ) and its
component that affected along the
member (AB).

Ans.: Fag = 2.05kN, 6 =32°

2-6) Find the magnitude of the
force (F) and its direction ( ) to
achieve a resultant force acting
the bracket shown in Fig. (Pr. 2-
6), with a value of ( 100 N )
directed along the positive (y -
axis ).

Ans.: F=1921b, 6=
45.2°

Fig. (Pr. 2-6)

2-8) Determine the angle ( 6 )
between the two forces that act on
the screw eye, so that the resultant
force has a magnitude of ( 160 Ib).

Ans.: §=75.5°
80 Ib 120 Ib
‘ﬁ:‘ - H B R g’
\ 4

Fig. (Pr. 2-8)
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2-9) Determine the angle ( 6 )
required in the design of the struts
shown in Figure (Pr. 2-9) so that the
( 2 kN ) horizontal force has a
component of ( 2.5 kN ) directed
from (A ) towards ( C ). What is
the component of the force acting
along the member ( AB)?

Ans.: 0=62.1°, Fag = 2.7 kN

A 2KN

Fig. (Pr. 2-9)

2-11) Determine the magnitude of
the force ( F1 ) and its direction
(@), if the resultant force of the
three forces is ( 1000 N ) directed
( 45° ) counterclockwise from the
positive ( X —axis ).

Ans.: F1=753.66 N, 0=45°

y
F, =600 N Fy

Fig. (Pr. 2-11)

2-10) Determine the angle ( 6 )

required in the design of the struts
shown in Figure (Pr. 2-10) so that
the horizontal force (5 kN ) has a
component of (3 kN ) directed from
(B) towards (A).

Ans.: §=53.1°

Fig. (Pr. 2-10)

2-12) Find the magnitude of the force

( F3 ) and its direction ( 0 ) to
achieve a resultant force affecting
the bracket shown in Fig. (Pr. 2-12)
with value of ( 200 Ib ) directed
along the positive ( x' - axis ).

Ans.: Fz=1781b, 6=37°

y

F, =901

Fig. (Pr. 2-12)
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2-13) Determine the magnitude of the
resultant force acting on the plate
shown in Fig. (Pr. 2-13) and its
direction measured counter-clockwise
from the posative ( x- axis ).

Ans.: FrR=433N, 6=183.68°

F, =400N

Fig. (Pr. 2-13)

2-15) Determine the magnitude of the
resultant force acting on the bracket
shown in Fig. (Pr. 2-15) and its
direction measured clockwise from
the positive (y — axis).

Ans.: Fr=235.791b, ¢=7.06°

Fig. (Pr. 2-15)

2-14) The forces (F1), (F2), and (Fs3)
are applied to the brakes shown in
Fig. (Pr. 2-14). What is the
magnitude and direction of the
resultant force, measured counter-
clockwise from the positive
(x- axis) of the bracket?

Ans.: Fr=557.48N, §=67.55°

F, =350 N

' Fig. (Pr. 2-14)

2-16) If the lift force on wing cross-
section (airfoil ) is (600 N ) and
the ratio of the lift force (L) to
the drag force ( D) for the airfoil
is ( L/D = 12 ), compute the
magnitude of the resultant force
(R) and the angle ( #) which it
makes with the horizontal.

Ans.: R=602N, 6=

85.24°
L
A L : Lift force
D : Drag force
E===
> —_— e
. e ——
——
Fig. (Pr. 2-16)
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2-17) Two forces applied to a bracket  2-18) In the structure shown in Fig.
as shown in Fig (Pr. 2-17). Determine (Pr. 2-18), find the value of the

the resultant ( Fr ) of the two forces, unknown force ( F) that makes the
and then find ( Fr ) in terms of unit resultant ( Fr ) of the three forces
vectors along the ( x' —axis ) and (y' as small as possible. Then find the
—axis ). value of the resultant ( Fr).

Ans.: Fr=5205N Ans.: F EN2.825 kN, Fr=2.18

Fr=-33457Ni+398.73Nj

SkN

Flg (PI’. 2_17) Fig. (Pr. 2-18)

2-19) The tension in the cable (AB )  2-20) Find the magnitude of ( T )
that prevents the bar ( OA ) from and its direction ( @) for which the
rotating counterclockwise about the eye bolt under a resultant of ( 7.5
pivot ( O ) is ( 150 Ib ). Determine KN ) horizontally to the left.
the (n) and ( t) components of this

) . Ans.. T=6.4kN, 0=38.66°
force acting on point ( A) of the bar. "

Ans.: Fn=66.461b, F=134.471b

Fig. (Pr. 2-20)

Fig. (Pr. 2-19)
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CHAPTER THREE
THE MOMENTS

Definition of the moment:

When a force is applied to a specific body, the body moves in the direction of the line
of action of that force. If the line of action of the force passes through the center of gravity
of the body, it will move in a linear motion only by the effect of the force, but if the line
of action of the force does not pass through its center of gravity, then it will move in
angular motion around its center of gravity under the effect of the force in addition to the
linear motion. This effect that generates angular motion is called the moment ( M) of the
force. Moment is also referred to as torque.

M T
4 P u__[f
S F —~ _ M=Fd A )|
e 0 Fs ﬁ": F } _‘il o
- ] f:J \ d // /; / Lk
=30 e _\:)/ _ Vi -_-_/./jl
N~ )
=

Fig. (3-1) Illustrative diagrams of moments

The diagrams in Fig. (3-1) show the effect of force ( F ) on a two-dimensional body in
its dimensional plane. This force generates a moment that the body rotates around the axis
( O — O) perpendicular to the plane of its dimensions, the magnitude of the moment is
equal to the product of the magnitude of the force  ( F) with the perpendicular distance
between this axis and the line of action of the force called the force arm ( d ). Therefore,
the magnitude of the moment is:



Methods of solution:

- Varignon’s theorem:

This theory states that ( the moment of a force about any point is equal to the
sum of the moments of the components of the force about the same point ).

- Normal distance:

In this principle, ( the moment of any force around a given axis can be found by
multiplication of the force by the normal distance between the line of action of the
force and the given axis ).

- Principle of transmissibility:

In this principle, ( the moment can be found by transferring the force to the
horizontal axis or the vertical axis of the point where the moment required about
it).



Example (3-1):

Calculate the magnitude of the moment about the base
point ( O ) of the (80 Ib) force in four different methods.

Solution:

(1) Replace the force by its rectangular ( cartesian ) components:
Fx =80 cos 45° =56.57 Ib
Fy =80 sin 45°=56.57 Ib

By using Varignon's theorem:

Mo = (—56.57 x8)— (56.57 x 4 ) =—678.8 Ib.ft
=678.84Ibft  (C.W)

(1) By using the normal distance method, where the moment
arm of the ( 80 Ib ) force is:

d=a+b=4sin45°+ 8 cos 45° = 8.485 ft

M = Fd
Mo = 80 x 8.484 = - 678.8 Ib.ft = 678.8 Ib.ft
(C.W)

4ft

(=]
=

|
|
0

WO

-

b & e
e I'E.

i

=
=
i

Epirihah
31. r

Fig. (Ex. 3-1)

Mim’-.j-‘-b"

80 Ib

(111) By using the principle of transmissibility, The force ( 80 Ib ) can be transferred
along its line of action to point ( B ), the vertical component ( F2)

Is neglected because its line of action passes through -
point ( O ). The moment arm of ( F1 ) will be:
d; =8 +4tan 45° =12 ft
F1 = 80 cos 45° = 56.57 Ib a

The moment is:

M, = — 56.57 x 12 = — 678.8 Ib.ft
=678.8 Ib.ft  (C.W)

(IV) The force (80 Ib) can be transferred along its line of action to point ( C ), neglecting
the horizontal component ( F; ) because its line of action passes through point (O).

The moment arm of ( F,) will be:

db=4+8cot45°=12ft , F,=80sin45°=56.57 Ib
The moment is:

M, =—56.57 x 12 =—678.8 Ib.ft = 678.8 Ib.ft (C.W)
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Resultant moment:

In two-dimensional problems, all forces lie in one plane, let it be the (x —y ) plane, as
shown in Fig. (3-2), the resultant moments ( Mg ), about the point (O ) ( z - axis ) can be
determined by finding the algebraic summation of the moments produced by each force
In the system. The magnitude of the moment is positive if the direction of the moment is
counterclockwise as it is directed about the positive ( z ) axis ( outside the page ) and vice
versa, the magnitude of the moment is negative if the direction of the moment is

clockwise.

Q"'(MR)OZZFd; (MR)O:Fldl—dez'l‘ngg .......

Fig. (3-2) Resultant moment

Example (3-2):

Determine the resultant moment of the four forces acting
on the rod shown in Fig. (Ex. 3-2) about point (O ).

Solution:

(Mg )o=—75x0.5 + 90 x0
+ 30 x 0.75 sin 30°
~ 60 x (1 +0.75 cos 30°)

=—125.22 N.m =125.22 N.m

Fig. (Ex .3-2)



Example (3-3): F;=800N

Q

Three forces acting on a cantilever beam 30“
as shown in Fig. (Ex. 3-3). Determine the 1.5m 2m

im

ety
PR
f.il::ﬁ.lf.il By

moment about point ( A) of each of the three || | |
forces and the resultant moment of these i

forces about the same point. B 4 35 I
F,=25KN Fi=2KN
Solution:
Fig. (Ex. 3-3)
Gt (M1 )a=— (2000) (3)
=—6000 N.m =6 kN.m ( Clockwise )
Q + (Mg )a=—(2500) (4/5)(5)
=—10000 N.m =10 kN.m ( Clockwise )
Q +( Mgz )a=—(800cos30°) (6.5)+(800sin30°)(0.2)
=— 4423 N.m = 4.4 KN.m ( Clockwise )
Q +(Mg)a=6+10+4.4=20.4KN.m ( Clockwise )

Example (3-4):

Determine the moment of the forces ( Fa)
and ( Fg ) about the bolt located at point

(C).

Solution: S Fig. (Ex. 3-4)

+ Mc = — (400 cos 35°)(1.05) — (350 cos 30°)(0.8) = — 586.53 N.m
- 586,53 N.m <

el
AL s

e e
0 :1.1.;,;




Example (3-5):

The boom of the crane shown in Fig. (EX. 3-
5) can be specified at an angle (#) confined
between (0° and (90°) within a specified
elongation (x) between (0 ft) and (12 ft). If the
suspended mass is (120 kg), find the moment
resulting from this mass at point (B) in terms
of (x) and (#), then find the values of (x) and (#)
to achieve the maximum possible moment at
point (B)? What is the value of this moment?
Neglect the pulley size at point (A).

Solution:

1177.2
W=mg=120x9.81=11772N = =264.66 1b
4.448

Q + Ma=-(264.66) (21 +x) cos 6
=(264.66cosd) (21 +x) Ib.ft ( Clockwise )

The maximum moment at ( A ) occurs when (6 =0°) and ( x =12 ft).

- (Ma )max = { (264.66 cos 0°) (21 +12) } Ib.ft =8733.78 Ib.ft  ( Clockwise )

Example (3-6):

The gate shown in Fig. (Ex. 3-6) consists of an
arm with a mass of ( 75 kg ) and a center of mass
at ( Ga) and a balance weight of ( 200 kg ) with a
center of mass at ( Gw ). Determine the
magnitude and direction of the moment
produced by the weights of the gate parts about
point (A).

Fig. (Ex. 3-6)

Solution:

Q +(MR)A = Z Fd
(Mgr)a = (75)(9.81)(2.5 + 0.25) — (200)(9.81)(0.5 — 0.25)
=1532.8 N.m =153 kN.m  (Counterclockwise)



Example (3-7):

A hinged gate at point ( C ). pushed on both sides by two boys with two forces of
different value and direction (Fa =150 N ), and ( Fs = 250 N ), as shown in Fig. (Ex.
3-7). Determine the moment of each force about point ( C ). Then indicate in which
way will the gate rotate? Neglect the thickness of the gate.

b
e e |
C B '
I 5! G
2

f 2Zm t—1m-

Fig. (Ex. 3-7)
Solution:
3
Q + ( Mga )c =150 x < x 3=270 N.m ( Counterclockwise )
Q + (Mgs )c =—250sin 60° x 2 =—433 =433 N.m ( Clockwise )

Since { (Mgs )c = ( Mga)c }, the gate will rotate clockwise.

Example ( 3-8) :

A force of ( 100 N ) is subjected to a handle of the
hammer. Determine the moment of this force about
the point (A).

100N

/N~ 100 sin 30
-
Solution: fﬂ S

100 cos 30° TR
— IG-‘I.QA, — :’
450 mm e ————
A / Fig. (Ex. 3-8)
Q +> Ma =(100 cos 30°) (0.45) + (100 sin 30°) ( 0.125)
=45.22 N.m ( Counterclockwise )



Example (3-9):

The figure (Ex. 3-9) shows the members of the lower
arm. The weight of the forearm is (25 N ) and its center of
gravity is at the point ( G ). When the palm is carrying a
mass of (4 kg ), calculate the biceps tension ( T ) so that
the resultant moments about the point ( O ) equals to zero,
(equilibrium state ).

Solution:

Gt (EMa)o = TF
0=(4)(9.81)(300)
+(25)(150 sin 50) Fig. (Ex. 3-9)
—(T)(50)

50 T =14644.67
T=2929N

Example (3-10):

When a man tried to stand on his toes, the Achilles
tendon moved with a force of ( Ft = 145 Ib ), and the
reaction force of the ground on each of his feet was ( Nt
=90 Ib ). Find the resultant moments of the two forces
( Ft) and ( Nf) about the ankle joint (A).

Solution:

Q+(ZMR)A:ZFd
(Mr)a=(90)(0.325)
—(145c0s5°) (0.2)
=0.36 Ib.ft ( Counterclockwise )




Example (3-11):

A specialized crane in the field of electrical
maintenance, the mass of its arm ( AB ) is ( 750 kg ),
the mass of the cage ( BCD ) is ( 100 kg ), the mass of
the electrician is ( 80 kg ), and the centers of gravity
are located at points ( G1 ), ( G2 ) and ( Gs)
respectively. Determine the moment produced by
each part about the point ( A), then find the resultant
moments about the same point.

Solution:

 Fig. (Ex.3-11)
- (M )a = (750%9.81)(3 cos 75°) = 5712.8 N.m

=5.7kN.m ( Counterclockwise )

C + (M¢)a =(100%x9.81)(9 cos 75° + 0.7) = 2971.8 N.m
=3 kN.m ( Counterclockwise )

Q + ( Mn )a =(80x9.81)(9 cos 75° + 1.2) = 2769.8 N.m
= 2.8 KN.m ( Counterclockwise )

Q +(Mgr)a=57+3+28=115kN.m ( Counterclockwise )



Example (3-12):

The tower crane shown in Fig. (Ex. 3-12) is Gs ‘
used to hoist the ( 2000 kg ) load upward at Cﬁgibpfgammml)
constant velocity. Its main arm ( BD ) has mass ( Gs;7~ 7m—¢5 15m LY
1500 kg ), and center of gravity at point ( G:), and

the counterweight arm ( BC ) of mass ( 500 kg )
and center of gravity at point ( G2), The ( 7000

kg ) counterweight at point ( C ) have centers of 20 =2
mass at ( Gz ). Determine the resultant moment

produced by the load and the weights of the tower

crane arms and the counterweight about point ( A

) and about point ( B ). AR
Solution: Fig. (Ex. 3-12)

Since the moment arms of the weights and the load measured to points ( A) and ( B ) are the same,
the resultant moments produced by the load and the weights about points ( A ') and (B) are the
same.

Q +(Mr)a=(Mgr)e =2 Fd
(MRr)a=(Mgr)s=(7000)(9.81)(7)+(500)(9.81)(3.5)
—(1500)(9.81)(10)—-(2000)(9.81)(15)
= 480690 + 17167.5 — 147150 — 294300
=56407.5 N.m =56.4 KN.m ( Counterclockwise )

Example (3-13):

A crane with an arm length of (15m),
The towline exerts a force of (P =3 kN)
at the end of the arm. Determine the arm
angle ( @) of the arm so that this force
creates a maximum moment about point
( O ), then find the magnitude of this
moment.

Fig. (Ex. 3-13)
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Solution: 15m _.B o

O o) &

At maximum moment, OB L BA . 30007 l%

hIll_I_ i) =]

G+ ( Mo )max = — (3000)(15) = — 45000 N.m 3000.:_95:&_;‘3
— (3000 sin ¢)(20) + (3000 cos ¢)(5) = — 45000 =—20m

— 60000 sin ¢ + 15000 cos ¢ = — 45000 +— 15000

4sinp—cosd=3

sinfp +cos’p=1 = singp=,/1—cos?¢

4./1—cos?d —cosp=3 Let x=cos¢

41 —x2 —x=3

41 —x2 =x+3

16 (1-x2)=x*+6x+9

16 -16 x> —x>-6Xx—-9=0

~17x*-6x+7=0 +-17

x?+0.353x-0.412=0

—b+Vb%?-4ac -(0.353) +./(0.353 )2-4(1)(-0.412)
2a - 2(1)

¢ =cos10.489 = 60.7°

6 =90°-60.7° = 29.3°

X= =0.489 or —-0.842

Method (2): 15m DB
(5 +22 =y O % \3000N
25 + 22 =2 Y.-f"f
-y e Sm A
Similar triangles: Z 20 me—|
15+y _ 20+z

+y?= + 72
. y = 15y +y- =20z +z

15(V25+ z2 )+25+22=202+ 7

15(V25+ 22 )=20z+272-25- 72

15 (V25 + 22 )=20z-25 = 225(25+22)=4002%— 1000 z + 625
5625 + 225 72— 400 z2 + 1000 z - 625 =0

— 175 7%+ 1000 z + 5000 =0

722-572z-286=0 = (z-891)(z+321)=0

z=891m

y=v25+ z2 =,/25+ (8.91)% = 10.22m

8.91
) =29.3°
10.22

0 =cos™? (

11



The moment of couple:

A moment of couple is formed by two parallel forces that have the same magnitude,
and opposite direction, and not on the same line of action, i.e. separated by a distance
(d) perpendicular to their lines of action, as shown in the figures (3-3) and (3-4). Since
the two forces in the couple are equal and in opposite directions, their resultant will be
equal to zero, so the only effect of it is to produce a rotation or tendency of rotation in a
specified direction. For example, imagine that you are driving a car with both hands on
the steering wheel and you are making a turn, one hand will push the steering wheel up
while the other hand pulls it down, and that produce a couple moment on the center of the
steering wheel that turns it in the direction of the desired rotation of the car.

M=( 5 x F)+( 5 x F)

Fig. (3-4) The moment of couple

12



Example (3-14): B\

Determine the resultant couple moment of the 18
three couples acting on the plate shown in Fig. £ -7s50x [r". el
(Ex. 3-14).

e
F=300N,, | 8
) Y L B S A
_ —TFA g
Solution: I=
dy= 03 m| &
’ v
oy
Fig. (Ex. 3-14)
di=0.6m, d=05m,andd;=0.7m.
Q+MR=ZM Mg = F1d; — Fod; + Fads
= (500)(0.6) — (900)(0.5) + (750)(0.7)
=375N.m ( Counterclockwise )

Example (3-15):

A couple moment of ( 7 N.m ) is applied to the handle of
the screwdriver. Resolve this couple moment into a pair of
couple forces ( F) exerted on the handle end and (P ) exerted
on the blade end.

Solution:

For the handle:

Mc = F.d (F)(0.035)=7
F=200N

For the blade:

Mc = P.d (P)(0.007)=7 A\
P=1000 N e

Fig. (Ex. 3-15)
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Example (3-16):

A devices carrier wheel is subjected to the two couples. H e
Determine the forces ( F ) that the bearings exert on the shaft
so that the resultant couple moment on the wheel is zero.

80

Solution:
Q+ZMC=O (F)(35)-(300)(45)=0 A
35 F =13500 300 N b45 mm.
F=385.7N Fig. (Ex. 3-16)
Example (3-17): 05m|05m|[05m

If the resultant couple moments on the frame
shown in Fig. (Ex. 3-17) is ( 500 N.m ) clockwise,
determine the magnitude of the force ( F).

Solution:

G4 (Mo ) = (F)(@15)(0.6) + (F)(3/5)(05)
Q =0.78F

+ (Mc ), =— (500 cos 30°) (1) _

— (500 sin 309 (1.2) Fig. (Ex. 3-17)

=—-433-300

=—733N.m =733 N.m D

0.5m |05m [05m

Q +(Mc)r=(Mc)1 +(Mc):
-500=0.78 F - 733
733-500=0.78 F
0.78 F =233
F=298.7N

14



Example (3-18):

The vertical reaction of the Propeller rotation
ground on the two main wheels of L 7
an aircraft at points (A)and (B)
before the aircraft engine is
running is ( 275 N ) for each of the
two wheels, and when the engine is

running, the reaction is (350 N ) at 4m
point (A). Fig. (Ex. 3-18)

The difference in reaction at point ( A ) is due to the torque of the dual propeller
when the engine is running and its direction is clockwise, as shown in Fig. (Ex. 3-18).
Find the magnitude of this torque and the magnitude of the reaction force of the
ground acting at point ( B ) while the engine is running.

Solution:

Due to weight:

(RA)W =275N
(RB)W =275N

Due to weight and propeller couple:

(RA)R =350 N
(RB)R =?

Due to propeller couple:

(RA)C =350-275=75N
(RB)C =75N

(RB)R =275-75=200 N

Q+ZMC:0

75 x4 =300 N.m

15



Force transformation to a line of action parallel to its line of action:

If a force moves on a certain body from one point to another point that is not on the
same line of action, it is transferred in the form of a force with the same value and
direction and a moment equal to the force multiplied by the distance perpendicular to the
line of action of the force between the two points.

Example (3-19):

Replace the horizontal ( 500 N ) force acting at
point ( A ) on the lever by equivalent system /\

consisting of a force and a couple at (O ).

Solution: < _

When a two forces with a value of ( 500 N ) are £
applied to point ( O ) in opposite directions, so their Rty
resultant is equal to zero, so the two forces ( 500 N )
on point ( A) and opposite to it in the direction at
point ( O ) generate a couple counterclockwise.

Fig. (Ex. 3-19)

M=F.d 500 N 500 N
M =500 x 0.25 sin 60° = 108 N.m )

Thus, the force ( 500 N ) on point ( A ) will be
equivalent to a force of (500 N ) in the same direction
and a torque of ( 108 N.m ) counterclockwise at point SN o

(0).

16



The resultant of a system of coplanar non-concurrent forces ( forces and
moments ):

When several non-concurrent forces located in the same plane act on a body and are
at specific distances from a specific point, let it be a point ( O ), then it is possible to
calculate the resultant of those forces on the known point and the resultant of the moments
around that point, and then these forces can be converted by a single force that is a distance
away calculated from the known point, as shown in Fig. (3-5).

Fy
i”; = IFI‘I':!Il F]
| . i
L a, i / 2
i 68ds << 0
- \ E3
Ea M = Fydz AL, = Py,
- (b)
Mo = EOFd) !
/ R=LF
X
: (2]
i = %q
S (d)

Fig. (3-5) The resultant of a system of coplanar non-concurrent forces

The resultant ( value and direction ) can be calculated according to the following
equations:
R=F+F+F+ .... =>F ............ (3-4)

Rv=YF« Ry=YF R:J@ay+wzgy.m”@5)

R Y F
O=tan ! =L =tan Y
Ry > Fx

The value of the moment and the perpendicular distance ( its location ) can be
calculated according to the following equations:

R=SF woorrrrn.. (3-7)
Mo=YM=Y(Fd) ..coevvrn.. (3-8)
RA=Mo «vvveen... (3-9)

17



Example (3-20):

Four forces and one couple act on the
bracketed shown in Fig. (Ex. 3-20). Determine
the resultant of the forces and the couple, and
then indicate the point of action of the resultant
on the horizontal axis with respect to the origin (
0O).

Solution:
RX = Z FX
Ry =30 + 70 cos 20° — 50 cos 45° = 60.4 N

Ry=> Fy
Ry =40 + 70 sin 20° + 50 sin 45°=99.3 N

R =,/Rx? + Ry?
R=/(60.4)2 + (99.3)2 = 116.2N

R 99.3
O =tan ! R—y 6 =tan ! coa =58.7°

X

Mo=2 (Fd)
Mo=120-(40x45)+ (50cos45°x5)
—(50sin45°%x7)
=-130.7=130.7 N.m (C.W))

Rd=M,, 116.2d=130.7, d=1.125m

Ryb =M,
R, =99.3N

130.7
b=——>=132m
99.3

18
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Fig. (Ex. 3-20)
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I
|
|

R=116.2N

0
Mo =130.7TN.m

v
|
[

lR=1162N




Example (3-21):

Replace the two forces acting on the bracket 100 NX2

shown in Fig. (Ex. 3-21) by an equivalent resultant .
force and couple moment at point (O ).

f 50 mm
oq' """" .
Solution: Fig. (Ex. 3-21)
—90 cos 30°
=—-138=138 N «—
+1 Fry=Y Fy Fry = (100) (4/5) {30 mm
—90sin30°=35N A
et
FR=\/FRX2 + Fry’ =4/(138)2 + (35)2 :f
= 142.4 N 3|0 mm
F 35 ]
0 =tan ! L A tan 1 — = 14° fﬁ-
Frx 138

Q +MRO:ZMO

Mgo = (190 sin 30°) (10.15 sin 45°)
+ (90 cos 30°) (0.08 + 0.15 cos 45°)
—(100) (4/5) (0.155sin 45°)
+(100) (3/5) (0.08 +0.15 cos 45°)
=4.773 +14.502 — 8.485 + 11.164

=22 N.m5
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Example (3-22):

The bulldozer shown in Fig. (Ex. 3-22) consists of
four main parts, the engine part has a mass of ( 2 tons
) and its center of gravity ( G: ), the cabin part has a
mass of (0.8 ton ) and its center of gravity ( G2), the
drivetrain part has mass of ( 1.2 ton ) and its center
of gravity ( Gs ), the kit part has a mass of ( 1 ton )
and its center of gravity ( Gs ). Replace the forces
produced by these masses with an equivalent
resultant and indicate the position of this resultant
measured from point ( A).

Fig. (Ex. 3-22)

Solution:

+1TFr=2F,

Fr=- (1000 x9.81)— (1200 x 9.81) — (800 x 9.81) — (2000 % 9.81)
=—49050 =49050 N |

Q"‘ Mra =) Ma

(49050 x d ) = (1000 x 9.81 x 1.5) — (1200 x 9.81 x 0.3)
(800 % 9.81 x 2.1) — (2000 x 9.81 x 3.6)
d=1.548m
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Problems:

3-1) Calculate the moment of the (50 Ib
) force on the handle of the monkey
wrench about the center of the bolt.

Ans.: M =370.8 Ib.in (CW)
GSU[b
. g" Dy
o [ |
1 I EE= )
g[ | ] = :
..l"'-\_l-_‘I .-j_.IIII
Fig. (Pr. 3-1)

3-3) The (25 1Ib ) force is applied to one
end of the curved wrench, as shown in
Fig. (Pr. 3-3). If (o = 30° ), calculate
the moment of ( F ) about the center
( O) of the bolt. Determine the value of
( o ) which would maximize the
moment about ( O ), and determine the
value of this maximum moment.

Ans.: M, =359.8 Ih.in.
a=33.7°

(Mg)max = 360 Ib.in. (CW)

(CW)

E=

Fig. (Pr. 3-3)

3-2) Arrod bent at an obtuse angle as
shown in Fig. (Pr. 3-2), and a force of
(25N) is applied perpendicular to the
axis of the ( BC ) part of it. Find the
moment of this force about point ( B)
and about point (A).

Ans.: Mg=25N.m (CW)

Ma = 46.2 N.m (CW)

T

12m-—= o
5

Fig. (Pr. 3-2)

3-4) For the frame shown in Fig. (Pr.
3-4). Determine the resultant moment
of the three forces about point ( A ).
Neglect the thickness of the frame.

Ans.: Ma=600N.m (CW)
4 200N-
A \4 B
=10
5 2m
; 3m

4m D
C
e 5
w;/ b
200N 300N
Fig. (Pr. 3-4)
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3-5) The center of gravity of the gate
arm, shown in Fig. (Pr. 3-5), is
located at point ( Ga ) and the center
of gravity of the counterweightv
(200 kg ) is located at point ( Gw ).
If the resultant moment about point
(A ) is ( 46 kN.m ) counter-
clockwise, determine the magnitude
of the gate arm mass.

Ans.: mg =188.5kg

Fig. (Pr. 3-5)

3-7) Two persons push a gate from
both sides of it, as shown in Fig.
(Pr. 3-7). If the force applied by the
person at point ( B ) is (Fg = 150 N),
determine the magnitude of the force
( Fa) required by the person at point
( A ) to prevent the gate from
turning. Neglect the thickness of the
gate.

Ans.: Fa=1443N

Fig. (Pr. 3-7)
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3-6) The tool shown in Figure (Pr. 3-6)

Is used to hold the lawn mower blade
while loosening the nut with a wrench.
If a force of ( 60 N ) is applied to the
wrench at ( B ) in the direction shown
in the figure, determine the moment it
creates about the nut at ( C ). What is
the magnitude of force (F)at (A)
so that it creates the opposite moment
about (C)?

Ans.: Mc=13N.m, F=40.2N

Fig. (P

el

r. 3-6)

3-8) To increase the torque required to

unscrew the screw at point ( A ), the
screwdriver arm is lengthened using the
rod ( BC ) as shown in Fig. (Pr. 3-8).
Determine the moment produced by the
force (250 N ) about the axis of the bolt
at point ( A).

Ans.: Ma=102 N.m (CW)

Fig. (Pr. 3-8)



3-9) In aload car ( trailer ), when
the trailer is towed in the forward
direction, a force ( 600 N ) is
applied to the trailer hitch ball, as
shown in Fig. (Pr. 3-9). Determine
the moment of this force force
about point (O).

Ans.: Mo = 167.88 N.m (CCW)

o

30
30 mm 600 N

j@, . !

I' 0. 40 min
= & f
i 300 mm

Fig. (Pr. 3-9)

3-11) During the test of the work of
the aircraft, its two engines are
accelerated and the direction of the
two propellers is adjusted so that it
results in forward thrust and rear
thrust as shown in Fig. (Pr. 3-11).
Calculate the friction force (F) that
the ground exerts on each of the
main wheels at points (A) and (B)
to resist the effect of the two thrust
forces. Ignore the effect of the nose
wheel (C) which turns at an angle
of (90°). A Ans.: F=5kN

I\J

5k1\"é’2

A Y
ﬂ 0

J

!!? Fig. (P1 3-11)

—\
®)
@w

‘B 4

i
4..—‘1:;“ =

3-10) In Fig. (Pr. 3-10), a force of
magnitude ( 100 N ) is exerted on an
automobile parking-brake lever.
Replace the force by an equivalent force
— couple system at the pivot point (O ).

Ans.: Mo =3458 N.m (CCW)

100N \ g
1_:.';-‘-'

ik

Fig. (Pr. 3-10)

3-12) The figure (Pr. 3-12) shows the top
view of the entrance revolving door. Two
persons approach the door at the same
time and exert two forces of the same
magnitudes as shown in the figure. If the
resultant moment about the door pivot
axis at (O ) is ( 30 N.m ), determine the
magnitude of the force ( F).

Ans.: F=155N

Fig. (Pr. 3-12)
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3-13) Each propeller of the twin- 3-14) The airplane shown in Fig. (Pr. 3-14)

engine ship rotates in a speed that with four jet engines, each producing
generate thrust ( 300 kN ). During (100 kN) of forward thrust. At cruise
the ship's maneuvering motion, one flight, the engine number ( 3 ) suddenly
propeller rotates at full forward fails. Determine and locate the resultant
speed and the other at full rearward of the three remaining engines thrust
speed, as shown in Fig. (Pr. 3-13). forces.

Each boat applies a force of (50 kN) Ans.: R=300kN,x=4m

to the ship to counteract the action
of the ship's propellers. Find the
distance ( x).

(L#
S0 kN
15m

B/ — 01N |
o= = Eps
125 m SDkN

| Fig. (Pr. 3-14)
Fig. (Pr. 3-13)

Ans.: X=35m

—

3-15) In Fig. (Pr. 3-15) Two couples  3-16) Fig. (Pr. 3-16) shows a valve for
act on the cantilever beam. Find the opening and closing the water pipe. A man
resultant couple moment. tried to open the valve by applying couple

forces of ( F =100 N ) on the lever of the

valve. Find the couple moment of the two
forces.

Ans.: (Mc)r=1.8kN.m

Ans.: Mc=30N.m (CW)

Fig. (Pr. 3-15)

L

Fig. (Pr. 3-16)
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3-17) If the resultant of the two
forces and the couple ( M ) passes
through point ( O ), determine the
magnitude of the couple (M).

Ans. M =160.6 N.m

350N ~0.25 m-

Fig. (Pr. 3-17)

3-19) Replace the forces and couple
system shown in Fig. (Pr. 3-19)
by an equivalent force and
couple moment at point (O ).

Ans.
Fr= 2.07 kN, 8 = 8.5° M = 10.62 K N.m
CwW

4 kN 607
- 4m -
=]
T 6 kN 3
12
1 ] .
L 13 A
S8kN-m !
- Sm -
Fig. (Pr. 3-19)

3-18) The specialized truck shown in Fig.
(Pr. 3-18) consists of three main parts, and
its wights and center of gravity is
indicated on each part. Replace the system
of forces resulting from the weights of
these parts with an equivalent resultant

force and locate it relative to point (A).
Ans.: FR=49kN |, d=3m

UE—= 5

I

23

B SR I A oRN

Im 5m 2m
— + =0.6m

Fig. (Pr. 3-18)

3-20) Replace the force system acting on
the frame shown in Fig. (Pr. 3-20) by a
resultant force, and specify where its
line of action intersects member ( AB ),
measured from point ( A).

Ans.: Fr=4621b, §=50.1°, d= 3.07 ft

45
Fig. (Pr. 3-20)
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CHAPTER FOUR
EQUILIBRIUM

In the previous two chapters, the study of the analysis of forces and moments on
particles and rigid bodies was discussed, and how to conclude the resultant of forces in
different values and directions on these rigid bodies and particles, and how to conclude
the resultant of moments, and the resultant of forces and moments together.

In this chapter, the equilibrium states between these forces and moments on rigid
bodies and particles will be discussed, and this topic will be divided into two parts, the
first part shows the state of equilibrium in forces on particles, and the second part shows
the state of equilibrium in forces and moments on rigid bodies.

A body is in equilibrium if the resultant of the forces acting on it is zero. This case is
In stationary objects and objects moving in uniform motion (motion at constant velocity).

PART (1) : EQUILIBRIUM OF THE PARTICLES:

In this part of the equilibrium, the dimensions of the body are not taken into account,
and the body is assumed as a point, so the body is in a state of equilibrium when the
resultant of the forces acting on it is equal to zero, and the moments are not taken into
consideration due to the neglect of the effect of the dimensions and the assumption of the
body as a point, so the force acting on it is hypothetically concurrent. So the equilibrium
equation is:

R=YF=YF=YF=0 ........... (4-1)

Conditions for the equilibrium of a particle:

If the particle is originally in a state of rest ( without motion ), it is said to be in
equilibrium if it continues in its state of rest, and if it is originally in a state of uniform
motion with a constant velocity and zero acceleration, it is said to be in equilibrium if it
continues in its state of uniform motion without change. Most often, the term
"equilibrium™ or, more specifically, "static equilibrium" is used to describe a particular
body at rest. To maintain equilibrium, it is necessary to apply Newton's first law of motion
which is the basic law of equilibrium equations in the field of statics, and Newton's first
law of motion requires that the force or the resultant of forces applied to a particle be
equal to zero. This can be expressed mathematically as:

Y Fy=0 Y F,=0 S F,=0



The free-body diagram:

The best way to explain the known and unknown forces acting on the particle, and
apply the equilibrium equations to account for the unknown forces (> Fx
=0), (> Fy,=0) is to think of the particle as isolated and "free" from its surroundings.
A drawing that shows a body with all the forces acting on it is called a free body diagram
(FBD).

Procedure for drawing a free-body diagram:

In order to calculate all the forces acting on the particle when applying the equilibrium
equations, the free-body diagram must be drawn first.

The following steps are necessary to create a free-body diagram.

1- We assume that the particle is isolated from its surroundings and then draw its
specific shape ( free body diagram ).

2- Placing known and unknown forces on the particle diagram.

3- Draw the required dimensions and angles.

4- Apply the equations of equilibrium to find the unknown forces.

Fig. (4-1) Procedure for drawing a free-body diagram



Example (4-1):

Find the magnitude of each of the two unknown
forces ( F1) and ( F2 ) required to achieve equilibrium
in the truss members shown in Fig. (Ex. 4-1), that are
hinged at the (O ) joint.

Solution:

+—> F=0
F1sin 45° + F, cos 60° — 4 cos 30° — 6 (%) =0
0.707F, +05F,=7.064 ............. (1)

+1XFy =0
4

F1cos 45° + 4 sin 30° — F, sin 60°—6(§) =0
0.707F,—-0866 F, =28 .............. (2)

0.707F, +0.5F,=7.064
0.707 F;—0.866 F, = 2.8
-------------------------------- Subtraction
1.366 F, = 4.264
F,=3.12 kN

Sub.inEq. (1): 0.707 F1+ 0.5 (3.12) = 7.064
0.707 F; = 5.504 - Fi.=7.78 kN

Example (4-2):

The pipe is held in place by the vise. If the fixing bolt
exerts a force of ( 250 N ) on the pipe in the direction
shown in Fig. (Ex. 4-2), determine the forces ( Fa ) and
( Fe) that the smooth surfaces at (A ) and ( B ) exert on
the pipe.

Solution:
3
+—> > F=0, FA00330°—250(E)=0
Fa=173.2 N

4
+1XF=0, Fg-1732sin30°-250(<)=0
Fs=286.6 N




Example (4-3):

Determine the tension in each of the ropes (AB)
and ( AC) used to lift a container of mass (650 kg ) as a
function of angle ( @). If the maximum allowable tension
in each rope is (6.5 kN ), find the shortest length of ropes Biﬁﬂ
(AB) and ( AC) that can be used for lifting. Since the
container's center of gravity is at point ( G ).

4m
Fig. (Ex. 4-3)
Solution:
W =mg=650%9.81=6376.5N
+ Y F=0 Fac COS @ —Fagcos 0=0 |¥
Fac=Fas =F
+1>F,=0 6376.5-2Fsin0=0 6376.5 N
2 Fsin #=6376.5
_ 6376.5 3188.25 A X
"~ 2sinf  sin@ ¢ 4
Thus: Fap Fac
3188.25
Fac=Fag=F=

sin @

If the maximum allowable tension in the rope is ( 6.5 kN ), then:

3188.25
, = 6500
sin 6
3188.25 = 6500 sin ¢
. ,3188.25
0 =sint =29.37°
F th t | = 2 d(6=29.37°): /
rom the geometry, ( == Yand (6=29.37°): mh
2Zm
2
= =23m
cos 29.37°



Example (4-4):

The device shown in Fig. (Ex. 4-4) is used to
straighten the bodies of wrecked cars. It consists
of a chain that bears great forces, attached on
one tip to a fixed point and connected on the
other tip to the part of the car to be straightened. Fig. (Ex. 4-4)

A force applied by a hydraulic cylinder is applied to a point in the central
part. Find the tension force of each part of the chain ( AB ) and ( BC), if the
force exerted by the hydraulic cylinder ( DB ) on point (B ) is (5 kN ).

i 5

:52)‘
)

::: ! 03m

Solution: y
0.5 0.5 Fas |
@,=tan*—=513°, f,=tant—=68° —— X
0.4 0.2 o, AN\,
+1>F,=0 S5kN Fgc
5sin 51.3° — Fgc sin 68° =0
Fec =4.21 kN

+—YF=0 5c0551.3°+4.21¢c0s59° - Fag=0 = Fas=5.29kN

Example (4-5):

In the system of wires shown in Fig. (Ex. 4-5), if the
mass of the cylinder is ( 15 kg ), Determine the required
tensile force in the wires ( CA ) and ( CB ) to achieve
equilibrium.

Solution:
W=mg=15%x9.81=147.15N
+—- Y F=0
Fcg cos 30° — Fca cos 45° =0
0.866 Fcg — 0.707 Fca=0 ......... (1) F y
CA F,
+12F=0 -
Fcg Sin 30° + Fca Sin 45° - 147.15=0 45 30
05Fc +0.707 Fca—147.15=0 ...... ( 2 ) - C X
From Eq. (1): Fce = 0.816 Fca 147 15 N
Sub. in Eq. (2): o
0.5(0.816 Fca) +0.707 Fca—147.15=0 Y

1.115Fca=14715 = Fca=132N Fc=0.816(132)=107.7N

5



Example (4-6):

Determine the maximum weight of the flowerpot that can
be supported without exceeding a cable tension of ( 250 N )
in either cable (AB) or (AC).

Solution:
+—- Y Fx=0

. 3
Facsin 30° —Fas (7) =0 Fig. (Ex. 4-6)
FAC =1.2 FAB .......................... ( 1 )

Fig ¥ Fac
+12XF=0
4

Fac cos 30° + Fag (E)—W=O
0.866 Fac + 0.8 Fag =W .ovvo.... (2)

Since ( Fac > Fag ) failure will occur first at cable ( AC ) with (Fac
=250 N). Then solving Egs. (1) and (2) yields:

250=12Fas = Fag=208.33 Y
(0.866) (250) +(0.8)(208.33) =W
W =383.17 N

Example (4-7):

Find the main tensile force ( F ) and the tensile force in each
of the two cables ( AB ) and ( AC ) necessary to support the
container which has a mass of ( 200 kg ) and it's center of

gravity located at point ( G ). G
Solution: Fig. (Ex. 4.7)
F=W=mg=200x9.81=1962 N |Y
+—> Y F=0
FAC sin 45° — Fap sin45° =0 1962 N
Fac=Fas A x
+12YF=0 F F
1962 — 2 Fag COS 45° = 0 AB oy AC
Fag = Fac=1387.34 N S




Example (4-8): 1m 1m _

. . .
If the mass of each of cylinders ( D) and ( F) is ‘ﬁ‘m
y (D) (F) E.E 8 W;

( 2 kg ) and the mass of cylinder ( E ) is ( 3 kg ). N\ / ::[
“ |
"
A

Determine the distance ( d ) for equilibrium. Neglect d
the size of the pulleys. | X

o[ :
Solution: E

Wp=2x9.81=19.62 N Fig. (Ex. 4-8)
We=3x9.81=2943N
We=2x981=19.62N

+1YFy=0 19.62N _. 1962N
2 (19.62) sin 6 —-29.43=0 y
0 =sin(0.75) =48.6°
tan 0:% 9/
d =tan 48.6° 4

Example (4-9):

If you know that the maximum tension that both
ropes ( AB ) and ( AC ) can withstand is ( 750 Ib ), and
that the mass of the drum is ( 25 slugs ), find the smallest
angle ( @ ) at which the drum can be lifted within the
limits that the ropes withstand.

Fig. (Ex. 4-9)
Solution: Y
W=mg=25x322=805Ib 805 Ib
+1YF,=0 805 —-2(750)sin#=0 A X

0 =325° A
750Ib 7501b



Example (4—10): '-,:u."l._ﬂi'l'_ln__ﬂi'l'_ln.luun.ln.

Find the tension force in each cord in the system of cords
shown in Fig. (Ex. 4-10) so that equilibrium is achieved with

T

R .

the load (25 kg ).

Atauw

ST

Solution:
Fig. (Ex. 4-10)
W=mg=25x9.81=24525N
y TDE
Equilibrium at point (D ): o
30
+1YF,=0 Foe c0s 30° —245.25=0
Foe=283.2 N -E.CD <
+>YFc=0  283.25in30°— Fep=0 D
Fco= 1416 N 24525 N
Y

Equilibrium at point (C):

+—> Y Fx=0

3
141.6 — Fca CcOS 45° — Fcp (E )=0
141.6 - 0.707 FcA— 0.6 Fcg =0

0.707 Fea+ 0.6 Fcg = 141.6 ovovvee. (1)
4
+T2Fy:0 FCASin45°—FCB(E):O
0707 FC/_\ — 08 FCB =0 ...... ( 2 )
From Eq. (2): Fca=1.13 Fcp
Sub. in Eq. (1):  0.707 (1.13 Feg) + 0.6 Fog = 141.6
1.4 Fcg=141.6
Fce =101.15N
Fca=1.13(101.15)=1143 N
Or:
0.707 Fca+ 0.6 Fcg=1416 ............. (1)
0.707 FCA— 0.8 FCB =0 (2 )
——————————————————————————————————— Subtraction
1.4 Fcg =141.6 = Fce =101.15N
Sub. in Eqg. (2): 0.707 Fca+ 0.6 (101.15) = 141.6

0.707 Fca + 60.69 = 141.6
0.707 Fca =141.6 — 60.69 = 80.91

Fca=1143 N
8



Problems:

4-1) Find the tensile force in each wire of
the wire system shown in Fig.
(Pr. 4-1).

Ans.: Fep = 60.6 Ib , Feg= 87.27 Ib
FBC =120.9 |b, FBA= 139.6 |b

G T

oy A A s
S r A
CH A e e
A R TR T

o s

Fig. (Pr. 4-1)

4-3) The length of the wire ( ABC) is
(5m). Find the distance ( x ) and the
tension force applied in the wire
( ABC ) required for equilibrium
with the mass of the cylinder of ( 100
kg ). Neglect the size of the pully at

(B).

Ans.: x=1.38m, T=686.87 N

| Jo7sm
%—

100 kg

Fig. (Pr. 4-3)

4-2) Find the tensile force in each wire
of the wire system shown in Fig.
(Pr. 4-2).

Ans.: Fep =Fec=57.74 |b
FDB = FCA= 70.7 |b, FCD= 21.13 |b

1l-] 1l-] 1l-] -|l-] 1l-] 1l-] 1l-] -|l-] -|l-] I.Ja-

uhuhuh—..huhuhmhuhuuu.

Fig. (Pr. 4-2)

4-4) The total length of the rope
(ABCD ) shown in Fig. (Pr. 4-4) is (6
m ), determine the magnitude of the
angle ( ) and the force (F) for
equilibrium with the ( 10 kg ) mass.

Ans.: 6=36.87°, F=61.3N

Fig. (Pr. 4-4)



4-5) A container of ( 100 kg ) is lifted
by the sling ( BAC ) with constant
velocity. Determine the force in the
sling ( F ), and find the value of the
tension ( T ) of each of the robs ( AB)
and ( AC ) as a function of its
orientation ( @ ),where (0°<6<90°).

981
Ans.: F=981N,T=——
2sin 6
F

A
B 2 Z c

100 kg
i

Fig. (Pr. 4-5)

4-7) Calculate the values of the tensile
force ( T ) and the compressive force
( P ) in the bracket shown in Fig. (Pr.
4-7) to achieve equilibrium.

Ans.: P=7143N,T=606.2N

4

Fig. (Pr. 4-7)

4-6) The box ( D) has a mass of ( 15 kg ).
If a force of ( F = 80 N ) is applied
horizontally to the ring at ( C ), determine
the largest dimension ( d ) so that the

force in cable (CB) is zero.
Ans.: d=217m

e

e

H

o

25m

e

CEE

Fig. (Pr. 4-6)

4-8) An engine suspended by the system
of chains shown in Fig. (Pr. 4-8).
Determine the maximum weight of the
engine that can be suspended without
exceeding the tensile force of ( 500 Ib )

in both chains ( AB ) and ( AC).
Ans.: W =500 Ib

Fig. (Pr. 4-8)

10



4-9) In the cables arrangement shown in Fig.
(Pr. 4-9), determine the tension forces in
cables ( AC ) and ( BC ) caused by the
weight the ( 25 kg ) box.

Ans.: Tac=179.6 N, Tec =219.9N

s
e
i
i
i
i
i
i
s
s

Fig. (Pr. 4-9)

11



PART ( 2 ): EQUILIBRIUM OF THE RIGID BODIES:

In this part of the equilibrium, the dimensions of the body are taken into account and
have an effect in calculating the forces and moments applied to it, and the body is in a state
of equilibrium when the sum of all forces and moments or couples applied to it is equal to
zero. So the equilibrium equations will be:

System isolation and the free-body diagram ( FBD ):

A mechanical system can be virtually isolated from its surroundings by a so-called free-
body diagram (FBD). A mechanical system may be a single body or a combination of bodies
connected in a manner appropriate to the desired purpose of the system. The bodies may be
solid or non-solid. The system may also be an identifiable fluid mass, either a liquid or a
gas, or a mixture of liquids and solids.

In the statics branch of engineering mechanics, we mainly study the forces acting on solid
bodies at rest.

To draw a free body diagram, you must follow these steps:

1- We assume that the rigid body is isolated from its surroundings and then draw its isolated
shape ( free body diagram ).

2- Placing known and unknown forces on the free body diagram.

3- Replace the supports with reaction forces.

4- Draw the required dimensions and angles.

5- Applying the equations of equilibrium to find the unknown forces.



Modeling the action of forces:

The following figures shows the common types of supports used in mechanical systems
and the corresponding forces of reactions on the free-body diagram ( FBD ) for analysis in
a two-dimensional plane. Where each of the following examples shows the forces acting on
the body as an isolated body from its surroundings. Newton's third law must be taken into
account when replacing the supports on which the bodies rest with reaction forces, which
states that for every action force there is a reaction force equal in magnitude and opposite in
direction. The reaction forces that is applied to a specific body as a result of its contact with
a support or with another body is always opposite to the direction of motion of the isolated
body that would occur if the support or the contacting body were removed.

F ; \ M
§ i Fx 7 P
. FT Fy .
Fig. (4-2) Roller support Fig. (4-3) Pin support Fig. (4-4) Fixed support

Fig. (4-6) Types of supports



Modeling the action of forces in two-dimensional analysis:

Table (4-1) Modeling the action of forces in two-dimensional analysis:

Type of contact and force origin

Representation of forces on a body as an

isolated body

1. Flexible cable,
belt, chain, or
rope.

Weight of cable
negligible.

Weight of cable
considerable.

The force that a flexible cable, belt,
chain, or rope exerts on a body is
represented by a tensile force
starting from the body in the
direction of the cable or the direction
of the tangent to the cable.

Reaction force as a result of contact
represented by a compressive force
and is normal to the surface.

3. Rough surfaces.

Reaction force as a result of contact
is inclined force (R), and it is
resolved into two components, the
tangential component (F) (friction
force) and the normal component

(N).

2. Smooth surfaces. Q

4. Roller supports.

Roller, rocker, or ball support
represented by a

compressive force normal to the
supporting surface.

5. Freely sliding guide.

¢ By
ot Ei
] . L4
1 e B
f';‘iil' f_."iil' ':cia.?;": 1.}..'\

in ".-!f!.__s

Collar or slider free to move along
smooth guides, can be represented
by a support force normal to the

& 5 N N| guide.
6. Fixed support. A _
e Th_e fixed support represented by an
) axial force (Fx), and a lateral force
[ | (Fy) (shear force), and a moment
Fy (M) about the fixation point to prevent
Fy the rotation.




Table (4-1) Modeling the action of forces in two-dimensional analysis:

Type of contact and force
origin

Representation of forces on a body as an isolated

body

7. Pin connection.

Free to tum

In a free-rotational joint, the reaction force can
be represented as either a horizontal (Rx) and a
vertical (Ry) component, or a force (R) with its
direction (6). As for the hinge with restricted
rotational motion, to the above reactions, a
torque (M) about the fixation point is added.

8. Gravitational force ( Weight ).

m

ARRRR

W=mg

The resultant gravitational forces resulting
from the elements of a body of mass (m) is
the weight (W =mg). The weight is
represented by a force directed towards the
center of the earth, starting from the center of
gravity of the body (G).

9. Spring force.

Linear Nonlinear

Neutral F F
p-us1tmn | | IIardr:nmg

I
}M‘uw‘u“—r— Aﬁmng

Y-

The force of the spring results from
multiplying the elongation by the stiffness of
the spring, and it is a tensile force if the
spring is elongated and a compressive force
if it contracts.

The spring's stiffness (k) is the force required
to deform the spring by an elongation per
unit distance.




Construction of free — body diagrams:

Examples of free - body diagrams:

Table (4-2) shows four examples of mechanisms and structures with their free-body
diagrams. Dimensions and magnitudes omitted as general examples. In each case the entire
mechanism or structure is treated as a single body, so that internal forces do not appear. The
four examples shown in the table show the known and unknown forces and the reactions of

the various types of supports.

Table (4-2) Sample of free-body diagrams

-|.r':cir"z :'::55.}‘ "-\:.5::! f\.‘:_:-;'\r

Mechanical System Free-Body Diagram of Isolated
structure
1- Plane truss: Weight of truss assumed to be
negligible compared with the force (P ).
P
P
A Ax }A" 1]31.

2- Cantilever beam.

4- System of rigid interconnected bodies analyzed as a

single unit, weight of the mechanism negligible
—_—




Exercises of free - body diagrams:

In Table (4-3), the middle column represents specific structures, the left column
represents brief details of these structures, and the right column represents an incomplete
free body diagrams ( FBD ) of the isolated body. It is required to complete the free body
diagrams of the structures in the right column.

Body weights are negligible unless otherwise noted.
Dimensions and numerical values have been omitted for simplicity.

Table (4-3) Free-body diagram exercises

Body Incomplete (FBD )

. - mg
a- Bell crank supporting mass ( m) ~ {
with pin support at (A). Ao /ﬁ\‘\'\“’f/i

b- Control lever applying torque to
the shaftat (O).

c- The boom ( OA), of negligible
mass compared with the mass
(m). The boom hinged at (O)
and taut by cable at ( B).

d- Uniform crate of mass ( m)
leaning against smooth vertical
wall and supported on a rough
horizontal surface.

e- Loaded bracket supported by pin
connection at ( A ) and fixed pin
in smooth slot at ( B).




In Table (4-4), the middle column represents specific structures, the left column
represents brief details of these structures, and the right column represents the free body
diagrams (FBD) of the isolated body, which is incorrect or incomplete. It is required to
correct or complete the free body diagrams of the structures in the right column.

Body weights are negligible unless otherwise noted.
Dimensions and numerical values have been omitted for simplicity.

Table (4-4) Free-body diagram exercises

Wrong or
Body Incomplete (FBD )

a- A cylinder of mass (m) is pushed L ™
up a slope inclined at an angle ( 9). \ |

b-Pry-bar lifting body ( A ) which
have a smooth horizontal surface.
The bar rests on horizontal rough
surface.

c- Uniform pole of mass ( m ) being
hoisted into position by cable.
Horizontal supporting surface
notched to prevent slipping of
pole.

d- The member ( BD ) in the form of
a right angle is hinged with the
horizontal member at the point

(B).

=)
e- Bent rod welded to awall at (A) N
and subjected to two forces and _
couple. B

T A
K - H




Draw a free-body diagram for each of the structures shown below showing all the
known and unknown forces, knowing that the weights of the bodies are not required unless

the mass is specified.

a- Uniform horizontal bar of mass ( m ) suspended
by vertical cable at ( A) and supported on a rough
inclined surfaceat (B).

b- A notched disk of uniform mass, of mass ( m ), is
drawn with a horizontal wire and rests on a rough
surface.

c- A disk of mass ( m ) is about to tip over on to the
pavement due to an inclined pushing force (P ).

d- A horizontal bar bent due to load ( L ). Fixed at both
ends with articulated anchors.

e- A truss hinged at point ( A) and taut with a cable at
point ( B ) and curing a weight ( L) at point ( C).

f- A plate of uniform mass, of mass ( m ), hinged at
point ( B ) and taut by a wire at point ( A).

g- A structure consisting of a uniform rod of mass
(m) and a pulley of mass ( m, ). A torque (M) is
applied to it and hinged at point ( A).

h- A structure consisting of rods and pulleys jointly
linked with each other, and a connecting wire that
carries the mass (L ).

=
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Example (4-11):

The smooth disk ( A) with a mass of ( 50
kg ) and the smooth disk ( B ) with a mass of
(100 kg ), a horizontal force of (F=1000N) _E _.
was applied to the center of the disk ( A ).
Find the normal reactions to the support
surfaces at points (C ), (D), and (E).

Solution:

Disk (A ): o T
W =50x%x9.81=4905N 34
+ — Z Fx=0

T1015m

03m

24 C D
1000—N’(g):0

N'=1020.6 N

+12XF=0
Nc — 490.5 — 1020.6 (%) -0
Nc=694.6 N

Disk (B ):
W =100 x 9.81 =981 N
+—>> F=0

NE(E)_lozo.e(g)zo

Ne = 1250 N

+12F=0

3 1
1250 () + No— 981 +1020.6 () =0

Np =26.88 N
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Example (4-12): Tic o
For the jib crane shown in Fig. (Ex. 4-12), determine the
magnitude of the tension ( T ) in the supporting cable and 02, "
the magnitude of the reaction force on the pinat (A ). The B, rT_::;g;
beam ( AB ) is a standard ( 0.4-m / I-beam ) with a mass of ( 2 ' 3
80 kg ) per meter of length. 12m [I'Ln}_ ¥
TEY
Solution: im
Fig. (Ex. 4-12
Algebraic solution: 9-( )
W=mg=(80x4)(9.81)=3139.2N =3.14 kN
> Ma=0, T v
— T cos 60° x 0.2 —T sin 60° x (4 —0.1) Aﬁuﬂ
+7((4-1.2-0.1) ix_x
+3.14(2-0.1)=0 ' i AL
—01T-338T+189+597=0 TINT 314N '
3.48 T =24.87
T=7.15kN
> Fx=0 7.15c0s60°—Ax=0 Ax=3.6 kKN
YFy,=0 Ay+7.15sin60°-3.14-7=0

=3.95kN

Ra={/Ax2 + Ay?2=./(3.6)2 + (3.95)2 =5.34 kN

Graphical solution:

1
-"k\'}\;‘ RN
10.14 &N

10
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Example (4-13): b pem— (1

PICHENN
The system shown in Fig. (Ex. 4-13) carry a a | 2
cylinder of mass (10 kg ). If the mass of the uniform /T
shaft is ( 6 kg ), and the pulley at point ( D ) is ff’ | =
frictionless, determine the tension in the cable and Clw = o5 =
the components of reactions at the fixed point (A).  {28m ! LSm | 15m |8
A ’
[=m]
Fig. (Ex. 4-13)
Solution:
We =10 % 9.81=98.1 N /T A | Ma
Wsnh =6 x9.81 =58.86 N C B A
08m | 15m 15m A
Q +Y Ma=0 Yosin sssenY  jon !5“

—(T)(1-5)—(T)(%)(3)+(98.1)(3.8)+(58.86)(1.9):O
4.18 T = 484.61
T=11594N
+—> Y F=0 (115.94)(\/—1§)—AX:0
Ay, =51.85N

2
+1YF=0 Ay +115.94+(115.94) (=) ~98.1-58.86=0
A, =—62.68=6268N |

C+ZMA:O
MA—(115.94)(1.5)—(115.94)(%)(3)+(98.1)(3.8)

+(58.86)(19)=0
Ma—-17391-311.1+372.78 +111.83=0
MA =0

11



Example (4-14):

On the lever shown in Fig. (Ex. 4-14),
determine the
components of reaction force at the pin at
point ( A) and the reaction force of the roller g

at point (B).

Solution:

Q+ZMA:0

+—> Y F=0

+12XF=0

horizontal and vertical

350 mm

e
”, “‘--._‘__-____fﬁ J
i

|l 450 M1 —==— 500 mm

Fig. (Ex. 4-14)

(250 cos 30°) (0.5)
+(2505sin 30°) (0.35)
—(Fg)(0.45)=0

152 =0.45Fg
Fg=337.78 N

A,—250sin30°=0
Ax=125N

Ay + 250 cos 30° + 337.78 =0
Ay =-554.29 =55429 N |

Example (4-15): ‘f.zgﬁ_h % n__
On the rod shown in Fig. (Ex. 4-15), determine the reactions at R | i
the supports (A)and (B). 2ft
: 10 Tb
Solution: —
+— > F=0 Bx—10=0 158
Bx=101b :}
+ Fy,=0 A,=0 L S
b ’ Fig. (Ex. 4-15)
G +YMa=0 Ma+10 (3.5)-10(2) =0 Ay
Ma=—15=15Ibft  (C.W) ¥ 'g
Ma 1 /¥
2 ft
BEICE
15 fi
Zisll g

12



Example (4-16):

Calculate the reactions of the Earth to the wheels of
the bulldozer shown in Fig. (Ex. 4-16) at points ( A )
and ( B ). Consider the problem as a two-dimensional
problem.

Solution:

Q"‘ZMB:O

(2000 x 9.81 x 3.6 ) + (800 x 9.81 x 2.1)
+ (1200 x 9.81 x 0.3)
(1000 x 9.81 x 1.5)
_(Rax3.3)=0
70632 + 16480.8 + 3531.6 — 14715 = 3.3 Ra
Ra = 23009 N = 23 kN

+1X>Fy=0
Re + 23009 — ( 2000 x 9.81)
— (800 x 9.81)— (1200 x 9.81)
— (1000 x 9.81)=0
Rg =26041 N =26 kN

Example (4-17):

On the cantilevered structure shown in Fig.
(Ex. 4-17), determine the components of the
support reactions at the fixed support ( A).

Solution:

+—- Y F=0
Ax—3c0s30°=0
Ay =2.6 kN

+1>Fy=0
A,-5-3sin30°=0
A, =6.5kN

Q + Z Ma=0
(5)(1) + (3 c0s 30°)(0.5) + (35in 309(2.7) ~Ma=0 = Mz =10.35KkN.m

13



Example (4-18): JP—

Calculate the tensile force ( T ) in the cable that carries
a mass of ( 300 kg ) with the pulley system shown in Figure
(Ex. 4-18), and find the magnitude of the total force acting
on the support of the pulley ( C).

All part weights are negligible compared to the load,
and all pulleys rotate freely on their axis.

Solution: = 300 ke
W=mg=300x9.81=2943 N
Fig. (Ex. 4-18)
pulley A:
ZMOZO Tor—Tir=0 T.=T,
ZFV=0 T1+ T2—2943=0 _ 30°
T1=T,=14715N T
Fx
pulley B: T Fy
T3=T4=T,/2=735.75N Ty T;
pulley C:
T=T; or T=73575N BN
Equilibrium of the pulley in the x-and y-directions requires: T, T
> Fx=0 735.75¢c0s 30°—F«=0 A
Fx=637.2N
>F,=0 Fy—735.75sin 30° - 735.75=0 2043 N
Fy=1103.6 N

F=Fx2+ Fy2=,/(637.2)2 + (1103.6)2 =1274.4N

14



Example (4-19):

Calculate the magnitude of the force supported by the pin |
at point ( A ) under the action of the (1.5 kN ) load applied to  150{mm
the bracket. Neglect friction in the slot. /

Solution:

Q + Y Ma=0

(Ng sin 30°) (0.15)
~(1.5)(0.12 cos 30°) = 0
Ng = 2.1 kN

+—> Y F=0

+12XF=0

2.1sin 30°
Ax=1.05 kN

2.1 cos 30° —
A, =0.3kN

Ra = J(AX)Z + (Ay)? = 4/(1.05)2 + (0.3)2 =1.09 kN

-15=

—AX:O

0

15

.
120 mm

T 15N

(3{ S|
N 3
, HH_]U}M

Fig. (Ex. 4-19)




Example (4-20):

In Fig. (Ex. 4-20), a gerl is training on the rowing
machine. If she exerts a pulling force of (F =300 N ) on
the handle of the machine ( ABC ), determine the force
exerted by the hydraulic cylinder ( BD ) on the handle,

and the horizontal and vertical components of the
reaction force at the joint (C).

150mm 750 mm 150 mm

Fig. (Ex. 4-20)
Solution:

0.25
@ =tan! — =184
0.75

Q-I—ZMC:O

—(300c0s30)(0.5)—-(300sin30)(0.9)
+ (Fpg c0s 18.4) (0.25)
+(Fpgsin18.4)(0.15)=0 __
—129.9-135+0.237 Fpg + 0.047 Fpg =0 750mm | | 150 mm
0.284 Fpg = 232.7 ' o
FDB =819.4 N

230 mm

250 mm

+—>> F=0
Cx+300cos30-819.4cos18.4=0
Cx=777.51-259.81=517.7N —

+1> Fy=0
300sin 30-819.4sin184—-Cy=0
Cy =150 —258.64 = - 108.64 = 108.64 N 1

16



Example (4-21): 1%

The total mass of the floor crane and its driver is
( 5 tons ) with the center of gravity at point ( G ). If
the crane is to lift a box of ( 250 kg ), determine the |
reaction forces of the ground to both wheels at ( A )
and both wheels at ( B ) when the boom is in the
position shown in Fig. (Ex. 4-21).

',l:z’;‘:iis. SRR B IR = T

. T 3m osm 075m
Solution: Fig. (Ex. 4-21)
W, = 5000 x 9.81 = 49050 N = 49 kN .

W, = 250 x 9.81 = 2452.5 N = 2.45 kN

C>+ZMB=O (2.45)(5c0s30+1.25)
+(49)(0.75)-(2Na) (4.25)=0
2Na=1186kN = Na=5.93kN
+1YF,=0 11.86-49-245+2Ng=0
2 Ng =39.59 kKN = Na =19.79 kN

Example (4-22):

The mass of the mobile crane is ( 60 tons ) with a "
center of gravity at ( G: ), and the mass of the boom is
(15 tons ) with a center of gravity at ( G2 ). Determine
the smallest angle of tilt ( @ ) of the boom, without
causing the crane to overturn if the suspended load is
(W =200 kN ). Neglect the thickness of the tracks at
(A)and (B).

Solution:

W, = 60000 x 9.81 = 588600 N = 588 kN
W, = 15000 x 9.81 = 147150 N = 147 kN

Q+ZMA=O
(200)(9cos@ —1) +(147)(4cosh —1)
+(0)(43)-(588)(3)=0

1800 cos & — 200 + 588 cos # — 147 - 1764 =0
2388 cos 9—-2111=0 = 2388cosd=211
cos9=0.884 = O=cos?*(0.884)=27.87°

17



Example (4-23):

The crane shown in Fig. (Ex. 4-23) consists of
three parts, which have masses of ( m: = 1750 kg ),
(m2 =450 kg ), and ( ms = 750 kg ) and centers of
gravity at ( G1), ( G2) and ( Gs) respectively.
Determine:

(@) The reaction of the earth on each of the four ]
wheels if the weight of the suspended load is (4 0,3;'{"1 2m: | 27m |im| 33m

kN) and it is pulled at a constant speed. ' i=ig. (Ex. 4_'23)
(b) The maximum load the crane can lift without tipping over, When the boom held in

the position shown.
Neglect the weight of the boom.

Solution:

W, =1750 x 9.81 = 17167.5N = 17.2 kN
W, =450 x 9.81 = 44145 N = 4.4 kN

W =750 x 9.81 = 7357.5 N = 7.4 kN s
g + Z MA = 0
(2Ng)(5.7) — (W)(9) — (17.2)(4.7)
— (4.4)(2) + (7.4)(0.3) =0 G
11.4 Ng—9W —80.84 —8.8+2.22 =0 =
11.4 Ng = 9W + 87.42 A
NB — 0.79W + 7.67 ............. (1) 0.3 mI 2m 2.7m I1 m 3.3m
|2 Na I?. Np

Using the result (Ns = 0.79W + 7.67 ):
+12F=0
2NaA+2Ng-W-172-44-74=0
2NaA+2(0.79W +7.67)-W-172-44-74=0
2Na +1.58W + 1534 -W -29=0
2Na=-0.58W + 13.66
Na=—-029W +6.83 ............. (2)

a) By substituting the load (W =4 kN ) in equations (1) and (2):

Na =—0.29(4) + 6.83 = 5.67 kN
Ng = 0.79(4) + 7.67 = 10.83 kN

b) At the overturning moment of the lever, (Na = 0). And from equation (2):

0=-029W +6.83 = W =23.55 kN

18



Problems:

4-10) If the mass of the bicycle is (15 kg )
with center of gravity at ( G ).
Determine the normal reactions at
(A) and ( B) when the bicycle is in
equilibrium.

Ans.: Ra=81.75N, Re=654N

TAAPHEVEAEVAE D RAT LR

Al 05m |04

m |B

Fig. (Pr. 4-10)

4-11) The cantilever beam shown in Fig. (Pr. ~ 4-12) The total mass of the wheel-barrow

4-11) is subjected to a two external and its load is ( 120 kg ) with center of

forces and one couple. Compute the gravity at point (G). Determine the

reactions at the support point ( O). magnitude of the minimum vertical

force ( F ) required to lift the

Ans.: wheelbarrow free of the ground at point
Ox=1.73kN, Oy =2.5kN, Mo = 0.5k N.m (CW) (B).

Ans.: F=327N

E.S Ill"LB*I.I ﬂl"\il Illg'l

Fig. (Pr. 4-11)

035m

Fig. (Pr. 4-12)
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4-13) The center of gravity of the ( 1.6 tons

) pickup truck located at point (G ) for
the unloaded condition. If a load whose
center of gravity is ( 0.4 m) in front of
the rear wheels axle is added to the
truck, determine the load weight ( W)
for which the normal reactions under the
front and rear wheels are equal.

Ans.:

WL =4.13kN

P SRSTRAREAMETARRRAS

e——— 1 OmM —le—1.1m

Fig. (Pr. 4-13)

4-15) Excavator weighing ( 400 kN ) at

center of gravity ( G; ) and its boom
weight ( 50 kN ) at center of gravity
( G2 ) and its arm weight ( 30 kN ) at
center of gravity ( Gs ) and bucket
weight ( 10 kN ) at center of gravity
( G4 ). Determine the reactions at ( A)
and (B).

Ans.:

Na = 238.3 kN, Ng =251.7 kN

LRl S AS pra i

06m
Fig. (Pr. 4-15)

20

4-14) The total mass of the floor crane
and its driver is (5 tons ) with the center
of gravity at point ( G ). Determine the
largest weight of the box that can be
lifted without causing the crane to
overturn when its boom is in the
position shown in Fig. (Pr. 4-14).

Ans.: W, = 64 kN

Fig. (Pr. 4-14)

4-16) The ramp shown in Fig. (Pr. 4-16)
has a mass of ( 100 kg ) and a center of
gravity at ( G ). Determine the tension
in cable ( CD ) needed to just start
lifting the ramp, and the horizontal and
vertical components of reaction force at
the hinge (pin) at (A).

Ans.:
T=9553N, Ax=477.65N, Ay=153.7N
D ol

13m

Fig. (Pr. 4-16)



4-17) The dump truck's payload container
has a weight of ( 25 kN ) and its center of
gravity at point ( G ), it is hinged with the
truck body at point ( A ), and the hydraulic
cylinder is hinged with the truck body at
point ( C ) and with the container hold at
point ( B ). Find the hydraulic cylinder
force ( Fcg ) required for equilibrium and
the horizontal and vertical components of

the reaction force at the join (A).
Ans.:

(Pr. 4-17) S

4-19) The beam shown in Fig. (Pr. 4-19)
carry a box of ( 400 kg ) mass.
Determine the horizontal and vertical
components of reaction force at the
hinge ( pin ) at ( A ) and the reaction
force of the rocker ( B ) on the beam.

Ans.:
Ne=3.4kN, Ax=17kN, Ay=098kN

B
6 m I Em‘%w

Fig. (Pr. 4-19)

AR

4-18) A worker holds the handles of a
building materials wheelbarrow upward,
and pushes it forward with a force of ( 250
N ). If the wheelbarrow and its contents
have a mass of ( 50 kg ) and center of mass
at (G ), determine the reactions on the tire.

Ans.: A, =859 N, B,=250N, B,=404.6N

Fig. (Pr. 4-18)

4-20) The jib crane is fixed at ( A ) and
carry a box of ( 250 kg ) mass, as shown
in Fig. (Pr. 4-20). Determine the reactions
on the jib crane at point (A).

Ans.: Ac=1.225kN, A, = 2.122 kN
Ma =8.73kN.m  (C.W)

Fig. (Pr. 4-20)
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CHAPTER SIX
FRICTION

In the previous chapters, it was assumed that the contact surfaces between the contacting
bodies are smooth, that mean, the reaction of one body to the other is perpendicular to the
contact surface. But in practical life, the contact surface is not smooth and this leads to the
reaction not being perpendicular to the contact surface. And when analyzing the reaction
force into two components, one of which is perpendicular to the contact surface and the
second tangential to the contact surface, the tangential component is called the frictional
force, and the effect of this force is usually opposite to the direction of motion.

Definition of friction:

Friction is the force that resists the motion of two connected surfaces that slide over each
other. Usually the effect of this force is opposite to the direction of motion. Often there are
friction forces between two rough surfaces in contact with a relative motion between them

and these forces act on the body to resist its motion or tendency to move.
|W IW

0 N A 'Y

R AT R D R TSRO Y
Rough surface F |
N

Fig. (6-1) Friction

The importance of friction and its uses:

Friction is a normal and common phenomenon that occurs in everyday life and in many
industries. There are many different uses for controlling and benefiting from friction,
including:

1- Heat generation: Friction can be used to generate heat, and this is what happens when
you rub your hands together quickly or when an object moves quickly on another
surface. This heat can be used in processes such as heating foods or operating thermal
machines.

2- Movement control: Friction is used in brake systems and clutches for vehicles, trains,
and many equipments to control movement and stop the body safely.

3- Taking advantage of static electricity: sliding and friction between two surfaces can
generate static electric charges, and this phenomenon is used in static electricity meters
and electrostatic printers.



4- Dynamic movement and surface movement: Friction can be used to transform
movement between two surfaces, such as using shoes on the ground for walking and
using car tires for driving, friction is also used in belt drives, wedges, and other practical
life applications, as it without friction, these devices cannot performs its functions.

5- Reducing slip: Friction can be used to increase stability and reduce slip, and this is done
by sports shoes or tires specially designed for off-road.

1- Manufacturing and production: Friction is used in manufacturing processes such as
cutting, grinding, welding and forming to achieve the required changes in shape and
size.

Disadvantages of friction:

Friction can cause wear of surfaces, and this phenomenon may damage materials and
machinery. However, it can be controlled and reduced by using lubrication or using less
corrosive materials.

Friction coefficient:

The region up to the starting point of the slip or the start of the slip is called the region of
friction, and the value of the friction force can be calculated by the equations of equilibrium,
where these force are confined between zero and its maximum value. We note that the
maximum static friction value of two contact surfaces is directly proportional to the normal
force (N).

Fsoc N
Fs=usN oo, (6-1)

Where ( ps) is the constant of proportionality and is known as the coefficient of static
friction, and this equation describes the maximum value of static friction, and therefore the
equation applies at the moment of starting the movement and not before or after it.

After slipping, the state of motion is accompanied by what is called kinetic friction, and
the force resulting from this friction is called the kinetic friction force and is usually less
than the static friction force, considering that the static friction force represents the great
force of friction. We note that the value of kinetic friction of two contacting surfaces is also
directly proportional to the vertical force (N ).

Fk o N
Fk = },LkN .................... (6-2)

Where ( ux) is the constant of proportionality and is known as the coefficient of kinetic
friction, and this equation describes the value of friction during the motion, that is, after the
moment of the start of the motion.



Types of friction:

Static friction: | w

Static friction is the friction produced at the _
beginning of the motion as it tries to prevent the } P _'"_’Ee_“f"_‘fl
body from moving, and the force of the static motion
friction approaches the maximum value of ( Fs =

usN ), where ( ps ) is the coefficient of static : T = F,=pN
friction. N

Fig. (6-2) Static friction
Kinetic friction:
Kinetic friction is the friction produced during I
motion and if slipping occurs, the frictional force
remains constant during the period of motion and is
equal to ( Fx = ukN ).
Here ( ) is the coefficient of kinetic friction, It is

. . e . Fi = . N
always less than the coefficient of static friction.. ‘ &
N

Fig. (6-3) Kinetic friction

Motion
ﬁp ———— ——

mg
I

m — P Y — P

I 1

F
(@) ®) O}\:
NL_YR

Fig. (6-4) Forces acting on a body while it is moving on a surface it is in contact with

Impending
motion
F |Static friction!  Kinetic friction
(no motion) | (motion) %
|
= mu:u’N Fk=ukN ] :
| e -, —
//Q | —:' 4
$ | B . L
| I\ I
' = B’ R, Rg

Fig. (6-5) The relationship between the force
causing the motion of a body and the frictional
force resisting its motion

Fig. (6-6) Frictional forces resisting motion
between two rough surfaces



It is necessary to draw a free-body diagram to solve the friction problem.

w 1“’
Y

J A F
4 F
| N N

) B Tipping
Impending slipping
F= uN

Fig. (6-7) Free body diagram

Characteristics of friction:

1-

4-

During motion, the resulting friction force between the contacting surfaces is in a
direction opposite to the direction of motion or the tendency of motion for one surface
with respect to the other surface (i.e. it is a force resisting the motion ) and is tangent
to the two surfaces in contact.

The normal force to obtain the maximum static frictional force ( Fs ) of the contacting
surfaces must not be so low nor so great that it severely deforms or crushes the
contacting surfaces of the bodies.

In general, the maximum force of static friction is greater than the force of kinetic
friction for any two contacting surfaces. However, if the speed of motion between the
two bodies in contact is very low, the force of kinetic friction ( Fx ) becomes
approximately equal to the force of static friction (Fs), ie. (s = pk ).

The force of static friction between the two contacting surfaces is proportional to the
normal force when slipping on the contacting surfaces is about to occur ( Fs = pusN ).

5- The force of kinetic friction between the two contacting surfaces is proportional to the

normal force when sliding occurs on the contacting surface ( Fx = ukN ).



Friction angle:

Fig. (6-8) shows that the direction ( o ) of the resultant 28
( R ) measured with a respect to the normal force ( N ), which I
Is the force of the ground reaction to the body. Y L S p
F
tana == .........coiinnnn (6-3) X :
NL_YR

Fig. (6-8) Friction angle

From the mathematical law of friction:

F
(FS:HSN)or(Fk:ukN)or(F=uN):>u:ﬁ ........... (6-4)
Sou=tan o s = tan o pk=tan ok coeviiii (6-5)
Where:

(o ): Friction angle.
( as ): Static friction angle.
( ok ): Kinetic friction angle.

Friction laws:

1- The force of friction is directly proportional to the normal force.
2- The force of friction does not depend on the area of contacting surfaces.
3- The maximum force of static friction exceeds the force of kinetic friction.

4- The kinetic friction force does not depend on the relative motion between the contacting

surfaces.

5- The coefficient of static friction increases somewhat in the case of very low pressures,
and in the case of very high pressures, it increases to the extent that it causes distortions

in the contacting bodies.

6- At the low relative velocities between the contacting surfaces, we notice that the
coefficient of kinetic friction increases and is apparently equal to the coefficient of static

friction.
7- At very high speeds, the coefficient of kinetic friction decreases significantly.
8- Normal temperature changes do not affect the coefficient of friction.



Table (6-1) Typical values of coefficient of friction for some contact surfaces

Static coefficient of
Contact surfaces .
friction (ps)

Steel on Steel (dry)

Kinetic coefficient
of friction (p«)

Steel on Steel (greasy )

Teflon on Steel

Wood on Wood

IlWood on Metal

Il Cast iron on Cast iron

Brass on Steel (dry)

Rubber on Concrete

Wire rope on Iron pulley (dry)

Metal on Stone

I[Metal on Ice

Rubber on Ice




Example (6-1):

Determine the highest value of the angle of inclination of
the inclined surface ( @ ) with the horizontal plane before the
block of mass ( m ) begins to slide, given that the coefficient
of friction between the mass and the inclined surface is ().

Fig. (Ex. 6-1)
Solution:
To achieve equilibrium in the directions x- and y- axes: y\ W =mg
> Fx=0 mgsind —F =0 F =mgsind
(1)
> Fy,=0 —mgcosd +N=0 N =mgcoséd
o (2)
Dividing Eq. (1) by Eq. (2):
F  mgsiné
— = =tané
N mgcosé
Since the maximum angle occurs when ( F = Fmax = pis N ), for impending motion we have:
Ls = tan & max or Omax = tan s
Example (6-2): 1m

The uniform crate shown in Fig. (Ex. 6-2) has a 100N ! |

mass of (30 kg ). If a force (P =100 N) is applied to the ;7
crate, show the movement status of the crate. The ;']: ]
coefficient of static friction is ( ps = 0.3). i |
Fig. (Ex. 6-2)
Solution: 2943 N
. 05m 05m
W=mg=30x9.81=294.3N 100N | I
\;[ Y |
+— Y F=0 100 cos 30° —F =0 30 L 3 !
F=86.6N 25 cm =
R U |
+1>F/=0 —100sin 30° + Nc —294.3=0 *F—
Nc =344.3 N X <
C

max = Us Nc = 0.3 (344.3) = 103.29 N
Since (F=86.6 N < 103.29 N ), the crate will not slip.

7



Example (6-3):

If the mass of the block shown in the figure (Ex. 6-3) is p.5.g \Og\x, .
(100 kg), find the magnitude and direction of the frictional

o

force acting on the block in the case of: _,,.»/26 '
a- (P=500N). Fig. (Ex. 6-3)

b- (P=100N).
The coefficient of static friction is ( 0.2 ), and the coefficient of kinetic friction is
(0.17). The forces are applied when the block initially at rest.

Solution: y

\
+—>YF«=0  Pcos20°+F-981sin20°=0 LIRS =03k
T2 =0 N — P sin 20° — 981 cos 20° = 0

Casel: P=500N

=—1343N=1343N «—
N =1093 N

Fmax = HSN Fmax = 02 X 1093 = 219 N

We note that the force (P) is greater than the force required for equilibrium (F), which means that the
equilibrium assumption is correct. The answer will be:

F=134.3N down the plane

Casell. P=100N
Substitution into the two equilibrium equations gives:

F=242 N
N =956 N
But the maximum possible static friction force is:
Fmax = lvlSN Fmax = 02(956) = 1912 N

The force (P) is smaller than the force required for equilibrium (F). Therefore, equilibrium can be
achieved, and we get the correct value of the friction force using the coefficient of kinetic friction associated
with the movement down the plane. So the answer is:

Fr = ukN F=0.17(956) =162.5 N  up the plane



Example (6-4):

A ladder with uniform mass of ( 12 kg ) rests against
the smooth wall at ( B ), and the end ( A ) rests on the
rough horizontal plane for which the coefficient of static
frictionis (pus = 0.3).

Determine the angle of inclination ( @ ) of the ladder
and the normal reaction at ( B ) if the ladder is about to
slip.

Solution:
W=mg=12x9.81=117.72N
FA = HSNA = 03NA

+1YF,=0 Na—-117.72=0
Na=117.72 N
FaA=0.3x117.72=35.316 N Ff
. 4 125cos@
+_)ZFX=O 35316—NB:O I\AI’)QCOSQ -
Ng =35.316 N -2
Q-I— Z Mg =0

(35.316)(5sin@) — (117.72) (5 cos@) + (117.72) (2.5 cosf) =0
176.58 sin@ —588.6 cos@ + 294.3 cosd =0

176.58 sin@ —294.3 cos@ =0 <+ C0sé

176.58 tan@ —294.3=0

176.58 tan@ = 294.3

tangd = 1.667

6@ =59°



Example (6-5):

Find the minimum coefficient of static friction
between the shoe of the man and the surface of the Q:
ground so that the man can move the box, if you know | s,
that the coefficient of static friction between the box and
the surface of the ground is ( us = 0.3 ), the mass of the
box is (120 kg ), and the mass of the man is ( 75 kg ).

D N S e e S S, NN S S T e

Fig. (Ex. 6-5)
Solution:
W.=120x9.81=11772N
W,=75%x9.81=735.75N
For the crate:
Fc = Us Nc =0.3 Nc
+1YFy=0 Nc + P sin 30° — 1177.2 =0 R T
Nc+05P-11772=0 .......... (1) 30% _*_
+YF=0  Fc—Pcos30°=0 R
0.3Nc—0.866P=0 ....ceeeeueenen. (2) Ne¢
From (2) : Nc =2.887 P
Sub. In (1) : 2887P+05P-1177.2=0

3387P=11772 = P=34756N
Nc = 2.887 x 347.56 = 1003.4 N

For the man:

+12F=0 Nm — 347.56 sin 30° — 735.75 = 0
Nm =909.53 N

+—>> F=0 34756 cos 30°-F,=0
Fhn=301N

Thus, the required minimum coefficient of static friction between the man’s shoes and the ground is
given by:

Fm _ 301
N  909.53

! —_

Ls

=0.33
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Example (6-6):

The center of gravity of the car shown in Fig. (Ex.
6-6) is located at point ( G ). If the car is moving on a
sideways road at a constant speed, and the coefficient
of static friction between the shoulder of the road and
the tires is ( us = 0.4 ), determine the greatest slope the
road shoulder can have without causing the car to slip
or tip over if the car travels along the road shoulder at
constant velocity.

Solution:
Tipping:

(; +> Ma=0
— (W cos8)(2.5) + (Wsing)(2.5) =0
(W cos#)(2.5) = (W sind)(2.5)
tangd =1 = 0 =45°
Slipping:

" > Fx=0
04N-Wsind =0 ....... (1)
N+YF,=0
N-Wcosd =0 ........... (2)
------------------------- (Division)
0.4—-tanfd =0
tand =04 = 0 =21.8°

car slips before it tips

11




Example (6-7):

Determine the range of mass values ( mo ) so that the ‘@2‘“
(100 kg ) block shown in Fig. (Ex. 6-7) will neither start \/

moving up the plane nor slip down the plane. The 5 _
coefficient of static friction for the contact surfaces is _ Mo
(0.3). Fig. (Ex. 6-7)
Solution:

The maximum value of ( mo ) will be given by the requirement for
motion impending up the plane.

\ 981N
W =mg =100 x 9.81 =981 N X
+1YFy=0  N-981cos20°=0 T=1y8
N =922 N i Finas
0
Frax = s N Fmax = 0.3 X 922 =277 N 20 N
+ - Z Fx=0 y
my % 9.81 — 227 — 981 sin 20° =0 \\981 N %
mo = 57.3 kg S
F T=m,g
The minimum value of ( mo ) is determined when motion is m“}’
impending down the plane. <=
20 N
+—>> F=0
mo x 9.81 + 227 —981sin 20° =0 Case Il
m, = 11.06 kg

Thus, ( mo ) may have any value from ( 11.06 kg - 57.3 kg ).

12



Example (6-8):

The parking brake system shown in Fig. (Ex. 6-8) consists of an arm hinged with a
friction block at ( B).
If you know that the coefficient of static 3bft
friction between the wheel and the arm is
( ps = 0.3), and a torque of ( 3 Ib.ft ) is
applied to the disc, determine whether the F

brake is able to hold the wheel when the ' : a --—0.17ﬁ
force that applied to the arm: B i ,
(@ F=61b 1_4ﬁ—-leo.7ﬁ

(b) F=141b.

Fig. (Ex. 6-8)
Solution:

Disc:

Q+ZM0:0
3-Fg(05)=0
Fe=61b
Fg = lvlsNB
Fg 6
Ng=—=—=201b
[V 0.3
Lever:

<;+ Z Ma=0
(20)(0.7) + (6)(0.17) — (Freq)(2.1) = 0
Freq = 7.15 Ib

(3 F=6Ib<7.151Ib No
() F=141b>715Ib  Yes

201b Ay
i Az A

61Ib i
> f*o.n B

g
I‘

14 ft ——sefe—0.7 ft —]

13



Example (6-9):

The mass of the tractor shown in Fig. (Ex. 6-9) is (2.5 tons) and its center of gravity
is at (G). The rear wheels exert traction force at point (B), while the front wheels at
point (A) are free to roll.

If the coefficient of static friction between the
wheels at (B) and the ground is (us = 0.45), and
between the contaner of (1 ton) and the ground
IS (us = 0.5), determine whether the contaner
can be pulled without causing the rear wheels
at (B) to slip or lifting the front wheels off the
ground at (A).

Solution:
W; = 2500 x 9.81 = 24525 N = 24.525 kN
W, =1000 x 9.81 =9810 N =9.81 kN

For Container:
+T2Fx:0 FN—9.81:0 FN:981kN
Ff=us Fn = 0.5 % 9.81 =4.905 kN

+ Y F,=0 4.905-P=0 P =4.905 kN

For Tractor:
Slipping:

Q +> Ma=0
—(24.525)(1.2) — (4.905)(0.4) + Ng (1.95) =0
Ng =16.1 kN

+ —)ZFX =0
P=Fg=0.45Ng=0.45x16.1
=7.25kN

Tipping (Na=0):

G4y Ms=0 _ (P)(0.4) + (24.525)(0.75) = 0 P = 46 kN
Since  Prequired =4.905 kN < 7.25 kN < 46 kN
It is possible to pull the load without slipping or tipping.

14



Example (6-10):

In Fig. (Ex. 6-10), determine the range
of mass ( m) for which the ( 50 kg ) block
is in equilibrium. All wheels and pulleys
have negligible friction.

Solution:

W; =50 x 9.81 = 490.5 N T
W,

cos 15

> Fy=0
N —-4905c0s25=0
N =444 54 N

Frax = s N =0.4 x 44454 = 177.82 N

2T_FmaX_W]_Sin 25=O

W, ]
2 ( )—177.82-490.5sin25=0
cos 15

2.07 W, —-177.82-207.29=0
2.07 W, =385.11 N
W, =186 N

\"\% 186
m, = —= =—— =18.96 kg
g 981

W, ]
2 ( )+ 177.82-490.5sin25=0
cos 15

2.07 W, +177.82-207.29=0
2.07W;=29.47N

W=1424 N

W, 14.24
m,=—2=—— =1.45kg
g 981

the range of mass is: (1.45 kg - 18.96 kg )

15



Example (6-11):

The car shown in Fig. (Ex. 6-11) is just
beginning to negotiate the ( 15° ) ramp. If
the mass of the car is ( 1.2 ton ) and it has
rear-wheel drive, determine the minimum
coefficient of static friction required at (B ).

Solution:
W=mg=1200 x9.81 =11772 N

(;—i— z Mg=0
(Na cos 15)(2.5) + (Na sin 15)(0.3)
- (11772)(1.5)=0 4im

03m

2.415Na +0.078 Na = 17658 Pl A\ .
Na=7083 N TNB 11772 N N‘Nl-‘
>Fy,=0 7083 cos 15+ Ng—11772=0
6841.65 + Ng — 11772 =0 Ng =4930.35 N
> Fx=0 Fg—7083sin15=0 Fg =1833.22 N

Fe=usNe =  ps=Fg/Ng=1833.22/4930.35 =0.37

Example (6-12):

Four bolts are used to connect the plates shown in Fig. (Ex. 6-12), A F
each of which is tightened so that it is subjected to a tensile force of
( 5 kN ). Find the maximum value of the force ( F ) that can be
supported by this connection so that no slippage occurs between the

plates. Note that the coefficient of static friction between each two
platesis (us = 0.45).

Solution:

The tension subjected to the four bolts:

T=N=5x4=20kN
f=psN=0.45x20=9kN

F,=0 fE—O 9 E—0
2 Fy= 2 2

16



Example (6-13):

A man of mass ( 90 kg ) and the coefficient of static B
friction between his feet and the ground ( ps = 0.45 ), uses
a system of pulleys to lift a box as shown in Fig. (EX. 6-13).
Find the maximum weight ( W) that the man can lift at a CY
constant speed using the guide pulley at (A). :

—_—-
—_——

W

—_—

Fig. (Ex. 6-13)

Solution:

Wn=mng=90x9.81=8829 N

Bolly C: 3T-W=0
W Bolly B
T=—
3
The man:

YF,=0 N-8829=0
N =882.9N

W
> Fx=0 F—?—O
A"\
_=0
3
w
3

0.45N —

0.45 (882.9)

1324.35-W =0
W=1192 N

Bolly C

17



Example (6-14):

For equilibrium, determine the range of
masses ( m ) of the uniform bar. Neglect
friction at all bearings.

Fig. (Ex. 6-14)
Solution:

Whiock =50 x 9.81 =490.5 N

Bar:
g + Z My=0
L . 2L
( Whar ) (Ecos 30)-(Tsin60) (?) =0
0433 L Wpar—0577L T =0
T =0.75 Whpy
Block:
> Fy=0 N —-490.5c0s30=0
N =424.79 N
Fmax = uN =424.79 x 0.35 = 148.67 N
> Fx=0

0.75 Wy — 148.67 —490.5sin 30 =0
Whiar = 525.23 N

M = 2 = 22223 - 5354
bar = T gy OOt
0.75 Whar + 148.67 —490.5s5in30=0
Whar = 128.77 N
W 12877
Mpar = — = 981 =13.13 kg

the range of masses is: ( 13.13 kg - 53.54 kg )

18



Example (6-15):

Determine the maximum angle (@ ) which the
adjustable arm can be tilted with the horizontal
before the block of mass ( m ) begins to slip. The
coefficient of static friction between the block and the

inclined surface is (s ).

Solution:

Y Fx=0
mgsingd —F=0 F=mgsingd .....(1)

> Fy=0
—mgcosfd+N=0 N =mgcosé .....(2)
Dividing Eq. (1) by Eq. (2):

F
— =tanéd
N

B
ﬁ/F' N

Since the maximum angle occurs when ( F = Fmax = s N ), for impending motion we have :

l.ls =tan emax or emax = tanilus

19



Problems:

6-1) The body with weight ( 200 N ) shown
in Fig. (Pr. 6-1) started to move under
the action of a horizontal force (400 N),
what is the coefficient of friction
between the contact surfaces.

Ans.: n=0.66

400 N

o

30
Fig. (Pr. 6-1)

6-3) The mass of the crate shown in Fig. (Pr.
6-3) is ( 75 kg ), and the coefficients of
static and kinetic friction are ( us=0.3)
and ( w = 0.2), respectively. Determine
the friction force between the crate and
the floor.

Ans.: (Ff) max =70.725 N
Fr=47.15N.

S —, /0

L RO A A S UL I T St

Fig. (Pr. 6-3)
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6-2) The force (P =375 N ) was applied

to the ( 100 kg ) crate which was
stationary before applying the force.
Determine the magnitude and
direction of the friction force ( F )
exerted by the horizontal surface on
the crate.

Ans.: F=4905N «
F>P No motion.

375N ol
e 100k
=l

n =05
y/ B =04

EE e S R Ry SRS R R e

Fig. (Pr. 6-2)

g —

6-4) Determine the limits for the weight

values of the body ( W) for which the
(500 N ) block is in equilibrium. All
pulleys in the system have negligible
friction.

Ans.: (15N - 156 N)

H.=03 \/4‘)’}

Fig. (Pr. 6-4)



6-5) Find the limits for the mass values of
the body ( B) that affect the body ( A)
which has a mass of ( 100 kg ) so that
it prevents its movement up and down
the inclined surface shown in Fig. (Pr.
6-5), knowing that the value of the
friction coefficient between the contact
surfaces is (us =0.3).

Ans.: (24Kkg-76kg)

& &

Fig. (Pr. 6-5)

6-7) The ( 100 Ib ) uniform box rests on a
tile floor with coefficient of static friction
of ( us = 0.25 ). Determine the smallest
magnitude of force ( P ) needed to move
the box. Also, If the weight of the man
pushing the box is (140 Ib), determine
the smallest coefficient of static friction
between his shoes and the floor so that he

does not slip.
Ans.: P=33.71Ib, u=024

e =025

Fig. (Pr. 6-7)
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6-6) The two boxes (A) and ( B ) shown

in Fig. (Pr. 6-6) are tied with a flexible
non-elongating rope that passes over a
smooth ( frictionless ) pulley. If the
masses of the boxes (A ) and (B ) are
(200 N ) and ( 150 N ) respectively,
show in which direction the motion is.

Ans.:  Motion towards the box ( B).

Fig. (Pr. 6-6)

6-8) The ladder of ( 20 ft ) length has a

uniform weight of ( 100 Ib ) and rests
on a smooth wall at point ( B ). If the
coefficient of static friction at point
(A)is (us =0.4), determine if the
ladder will slip.

Ans.:  The ladder will not slip.

Fig. (Pr. 6-8)



6-9) To achieve equilibrium in the system  6-10) The (3000 Ib) car is just beginning

shown in Figure (Pr. 6-9), determine the to negotiate the ( 15°) ramp. If the car
limits of the values of the weight ( W) has rear-wheel drive, determine the
for the regular bar. Neglect the friction in minimum coefficient of static friction
all bearings. required at ( B ).

Ans.: (3151b - 12851b) Ans.:  us=0.356

Fig. (Pr. 6-9)

Fig. (Pr. 6-10)

6-11) The mass of the tractor shown in Fig.  6-12) A man of mass ( 90 kg ) and the

(Pr. 6-11) is (2.5 tons) and its center of coefficient of static friction between
gravity is at (G). The rear wheels exert his feet and the ground ( us = 0.5),
traction force at point (B), while the front uses a system of pulleys to lift a box
wheels at point (A) are free to roll. If the as shown in Fig. (Pr. 6-12). Find the
coefficient of static friction between the maximum weight ( W) that the man
wheels and the ground at (B) is (us = 0.45), can lift at a constant speed.
determine whether a load (P = 6 kN) can be

pulled without causing the rear wheels at Ans.. W=1250N

(B) to slip or lifting the front wheels off the
ground at (A).

Ans.: It is possible to pull the load without slipping
or tipping.

Fig. (Pr. 6-12)

Fig. (Pr. 6-11)
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CHAPTER SEVEN
CENTERS OF MASS AND CENTROIDS

Centers of mass and centroids are concepts commonly used in physics, engineering, and
mathematics to describe the average position or weighted center of a distribution of mass or
points in space.

Center of Mass:

The center of mass of an object is the point where the mass of the entire body is
concentrated. For a system of particles, the center of mass can also be defined as the average
position of all the particles or elements that make up the body.

Centroid:

The centroid is a concept specifically used in geometry to describe the center of a two-
dimensional shape or a three-dimensional object with uniform density. In other words, the
centroid is the average position of all the points that make up the shape ( center of the length
or the area or the volume of the body ).

In a practical experiment, a three-dimensional body of a certain size and shape was taken
and has a mass of value ( m). The body is suspended by a wire in the manner shown in Fig.
(7-1) from any point, let it be ( A ), the body will be in equilibrium under the action of the
tension force of the wire and the resultant of gravitational forces of the particles of the body
( W). We note that the wire tension and the resultant of gravitational forces of the body
particles are on one line of action and in opposite directions. If we assume that the line of
action of the forces is represented by an imaginary line. Then the body is suspended from
other points such as ( B ) and ( C ) and the process is repeated, we notice the lines of action
of the forces intersect at one point symbolized as ( G ), this point is called the center of
gravity of the body.

: C'- I"._\\ | G'l :L C | A h\“:k | q‘\:‘x

J'I 1'.1. /'r \\"m b
W W W
(a) (b) ()

Fig. (7-1) Finding the center of gravity of the body experimentally
1



Mathematically, the position of the center of gravity for any body is determined by
applying the principle of moments about an axis parallel to the gravitational forces. The
moment of the gravitational forces ( W ) of the body about any axis is equal to the sum of
the moments of the gravitational forces of the particles of this body ( dW ) about the same
axis. The product of the gravitational forces acting on all particles is the weight of the body
and is given by the integral (W = [ dW ). If we apply the principle of moments about the
axis (y ) for example, then the moment about this axis of the weight of the particle is
( x dW ), and the sum of these moments for all particles of the body is ( [ xdW ). The
moment resulting from the sum of the gravitational forces of the body in general must be
equal to the sum of the moments resulting from the gravitational forces of its particles. As
follows:

XW=[xdW yW=[ydwW ZW=[zdW ... (7-1)
z - z .
| - | | - |
| p N | i N
(9 (e
| \*dw VIIW | AQ//
| | T _—
I g / Y
! ,,.e*a"':'c\— z | f T
'.,,_-‘-"' X S -
"\\L1‘.!-"'_'_1;;---""“J f) \\_\
\\1\‘:._._,.'-'""-.! \_\\
x @ ~x 0

Fig. (7-2) Finding the center of gravity of the body mathematically

From the previous equations, the coordinates of the center of gravity ( G ) can be
expressed as:

[xdw
w

—

=

yd z dW
w w

X =

NI
11
—~
o
N
~

}_]:

With the substitution of (W =mg ) and (dW =g dm ), the equations for the coordinates
of the center of gravity become as follow:

[xdm __Jydm
m Y= m

~—
N
Q.
=

NI
I

X =

=)



Importance of centers:

The importance of defining the centers of objects in terms of ( mass, weight, volume,
area, and length ) becomes clear during the study of the subject of strength of materials
( stress analysis ):

- To obtain uniform stresses on the surface of any structural or industrial section, the line
of action of the resultant of the loads placed on it must pass in its center.

- Knowing the center of the area is important in determining the neutral axis, which is the
imaginary line along which the stress is equal to zero.

- Knowing the centers of areas is very important in the subject of the moment of inertia, as
the axis that passes through the center of the area is called a central axis, and this is very
important in calculating the moment of inertia.

- Knowing the center of the area is important when it is required to use the moment of area,
since the moment of area with respect to any axis is equal to the product of the area
multiplied by the perpendicular distance from its center to the moment axis.

Coordinates of centers of ( lines, areas, and volumes ):

1- Lines:

If the body is in the form of a thin rod or wire of length ( L), its cross-sectional area is
( A), and its density is ( p ), then when taking an element of length ( dL ), the body
approaches a straight segment, and ( dm = p A dL ). If the value of density ( p ) and area
( A) are constant along the length of the rod, then the coordinates of the center of mass
become the coordinates of the centroid ( C) of the line segment.

|

_ [xdL
X =

L
o JydL b (7-4)

L
_ JzdL .
Z= L Fig. (7-3) Finding the center of gravity of

the lines



2- Area:

When the body has a small but constant thickness (t) and a density of ( p ), we can
model it as a surface area ( A ). The mass of the element becomes ( dm = p t dA ). If the
density ( p ) and thickness ( t) are constant over the entire area, then the coordinates of the
center of mass of the body also become the coordinates of the centroid ( C ) of the surface

area.
Zz A =
] I/ ?;‘? ?C T
_ fX dA I z /
T A | %
| —— i_ 4
V= fyAdA ......... (7-5) L7 }:‘} .?_,_P‘ t
_ JzdA {“'“mx
Z= A ] Fig. (7-4) Finding the center of gravity of the
areas
3- Volumes:

In the case of volume (V') and density ( p ), the amount of mass is (dm = p dV ). Density
( p) can be canceled if it is constant over the entire volume, and the coordinates of the center
of mass also become the coordinates of the centroid ( C) of the body.

[xdv [ydv [zdv

v V=73 ZETg T e (7-6)

o]

Composite bodies and figures:

In the event that a body or figure can be easily divided into several parts, their centers of
mass can be easily determined, as the principle of moments can be used and each part is
treated as a finite element of the whole. Such a body is schematically illustrated in
Fig. (7-5).

Fig. (7-5) Finding the center of gravity of the Composite bodies

4



Its parts have masses ( my ), ( m2) and ( m3 ) with the respective mass-center coordinates
in the x-direction.
The moment principle gives:

(Me+m+mz)X=mX+MeX+mMsXz ......... (7-7)

Where ( X)) is the ( x-coordinate ) of the center of mass with respect to the total body.
The same relationships apply to the other two directions.

We generalize, then, for a body of any number of parts and express the sums in condensed
form to obtain the mass-center coordinates:

Lmx ?:Z_my

X= >m >m >m

Approximation method:

The boundaries of an area or volume may not be practically expressed in terms of simple
geometric shapes or as shapes that can be represented mathematically. In such cases, we
must resort to the approximation method. As an example, the location of the centroid ( G )
of the irregular region shown in Fig. (7-5) can be determined by the approximation method.

Procedures of this case can be applied for ( masses, areas, lines, and volumes ).



Common Geometric Centers:

Table (7-1) Common Geometric Centers
Figures Area or
g Length

Rectangle

Triangle

Semicircle

4r
Quarter 31

circle or
0.424r

Circle ] 2 rsina

sector 3 a

Elliptical
quadrant




Parabolic area

Table (7-1) Common Geometric Centers

Figures Area or
g Length

Sub parabolic
area

Trigonometric
area under the
curve

Circle arc

Half
circumference
of a circle

A quarter of a
circumference
of a circle




Example ( 7-1): y

i 10 cm 20
Locate the centroid of the shaded area shown A
in Fig. (Ex. 7-1). 10 en
. 10 cm ‘ |
Solution:
The composite area is divided into a four elementary - ™ /_'\
regular shapes shown in the figure (Ex.7-1). The centroid - I - —X
locations of all these shapes may be obtained from the ! ! ! |
attached figure below. Note that the areas of the “holes” ( parts 10cm 20 cm 30 cm
3 and 4 ) are taken as negative in the following table: Fig. (Ex. 7-1)
20 cm
A; = 40 x 40 = 1600 cm? 3 10 em
1
AZZEX 20 x 40 = 400 cm?
Az =20 x 10 = 200 cm? . .
1 o [
A4:E><102><7T=157cm2 = =
1 2
40 cm 20 cm
20 cm

A
=

Sl T e

YAX 43526

X= A = Tea3 =26.49 cm
- XAy 31667 _
Y= YA = Te13 =19.27 cm



Example (7-2): y
Locate the centroid of the plate area shown -
in Fig. (Ex. 7-2). ™
s X
Solution: 1] 21t 3ft |
The plate is divided into three segments as shown. The area Fig. (Ex. 7-2)
of the small rectangle ( 3 ) is considered “negative” and it must
be subtracted from the larger rectangle ( 2).
1 y
g 2 — 2 T
A1—4><3 xmg=7ft 3: 211
A, =3x3=9ft +:+
— — 2 Lo I =1 ) B +
A3—1X2—2ft h|2 12?2&
1.5 ft X
25ft 12721

_ YAX

X =5— =—— =0.029 ft
A

_ YAy 184 _

Y=y Ty = 1.314 ft



Example ( 7-3): z
Locate the centroid of the wire

shown in Fig. (Ex. 7-3). /\

T em

6 cm

Solution:

Fig. (Ex. 7-3)

y ﬂﬁ 2%6
/“ = ——
b 3 T —3-.82cm X
1
2
3

0

/ -2 0
2985 | | | 11131

_ YL 1131 _ YyJL -195
X = = =3.79cm Y= = = —0.65cm
ZL 29.85 ZL 29.85
_ zZL -
722l _ = 027 cm
YL ~ 29.85

10



Example ( 7-4):

In the bracket-and-shaft combination shown in Fig.
(Ex. 7-4), the vertical face is made from metal plate which
has a mass of ( 25 kg/m? ), and the material of the
horizontal base has a mass of ( 40 kg/m? ), and the steel
shaft has a density of (7.83 Mg/m?®). Locate the center of
mass of the bracket-and-shaft combination.

Solution:

Dimentions in millimaters

The composite body is composed of five elements shown in the Fig. (Ex. 7-4)

illustration. The trigonometric part will be considered as a negative mass.
For the reference axes indicated it is clear by symmetry that the x- 1
coordinate of the center of mass is zero. Q
| |

my =25 x (1/2 x 1 x 0.052) = 0.098 kg 2\
M =25 x (0.15 x 0.15 ) = 0.562 Kg - 5
ms =25 x ( 1/2 x 0.1 x 0.075 ) = 0.0938 kg 5
ms =40 x (0.15 x 0.1) = 0.6 kg . \
ms = 7830 x (0.15 x 7t x 0.022 ) = 1.476 kg \@
3 4r  4X50 4
7= — = = 21.2mm

31 31

Z3 =—[150—-25-1/3 (75)]=-100 mm

11



Example (7-5): :
ple (7-5) |
Determine the height of the centroid of the cross- - 1_—'—\ —
sectional area of the beam shown in Fig. (Ex. 7-5) above 3.5cm
the base. Neglect the fillets. g ~{l<2 cm
35cm
Solution: . il
I | 3lem |

A (cm?) Fig. (Ex. 7-5)
. |_35 cm

’| Y

1325.63 B —35m
Totalsfff 201 | | 2055.51 @l , .
= Cm =
_ YAJ 2055.51 1 - Jj’
Y= = =10.23cm |
YA 201 (D1 ] [35cm
31 cm ,_I
Example ( 7-6 ): y
] 20 cm 80 cm
Locate the centroid of the rectangular .
plate area which hollowed by a circular
Sector as shown in Fig. (Ex. 7-6). o
O
Solution: 7
00 = 30 x —— = 0.5236 rad. 1 X
A =R a = (50)* x 0.5236 Fig. (Ex. 7-6)
= 1309 cm?
_ 2 Rsina 2 50sin 30
X1=20+— =20+ ————=20+31.83cm=51.83 cm
3 3 0.5236

(04
A X AX

5000 | 50 | 250000 f v ag 182153
2_| 1300] 5183 | 678a7f X=5=— "= =49.35cm
3691 | | 182153

12



Example ( 7-7): y
R=1ft a=2ft

Locate the centroid of the plate area shown in

Fig. (Ex. 7-7), which consist of three parts, Quarter :
Circle, Elliptical Quadrant, and rectangle.
1 .

Solution:
2

A = % = 0.785 ft2 : =
mtab
A, = T - 1.57 ft? Fig. (Ex. 7-7)
A;=1x3=3ft?
X1=—-0.424r=-0.424 ft y1=0.424r=0.424 ft
4 a 4 b
%, = — =0.849 ft 72 =— = 0.4244 ft
3m 3T

X—ZA)_(— 23 = 0.467 ft
" YA 5355
_ YAy -0501 _
V=S = 53ss = 0.094 ft

13



Example (7-8): “Mﬂ

_ _ o ¥ R50cm
Locate the centroid of the wire shown in Fig. (Ex. 7-8). \ M
o X

Solution: 60 j®

o = 30 x — = 0.52 rad Iﬁ

L,=2ra=2x50x0.52=52cm Fig. (Ex. 7-8)

X1 =50 co0s 30 + 15=158.3 cm y1=50sin30=25cm

_ Rsina 50 sin 30 _

Xy = = =48.08 cm y2=0

a 0.52
X3 =50 cos 30 =43.3cm y3=—(50sin30+10)=-35cm

Segment]] L (v

YLX 5115 YLY 50

14



Example (7-9): Yy 3ft |

Locate the centroid of the plate area shown in Fig.
(Ex. 7-9), which consist of two parts, Parabolic part and
rectangle part.

Solution:
2ab 2x3x2
Az = = =4 ft
3 3
R = o =22 g 105 ft 2y
X2 = 8b_ g y=9%
3 3X2 Fig. (Ex. 7-9
yo=—=——=121t 9 (B 79)
5
A (f©) g () [ AX () [ Ay (/)
1 4.5 15 2.75 6.75 12.375
2 4 1.125 1.2 4.5 4.8
>A=85 | | | 1125 17.175
X_ZA)_( _ 11.25 _ 132 fi
=27 - -1
_ YAy 17.175 _
Y= A = =2.02ft

15



Example ( 7-10):

Locate the centroid of the rectangular plate area
which hollowed by a trigonometric area under a curve

as shown in Fig. (Ex. 7-10).

Solution:
1 1
Ao=—bh= x5 x2 =25 ft?
n+11 3+1 "
X,=1+—— b=1+ x5=2ft
n+2 2
n+1 1
y2=2+ =2+ x2=257ft

1ft 51t 1 ftl
4=
|
y=3% &
) -
4=
1 ™
Fig. (Ex. 7-10)

4n+2 12+2
N T T A M7
2 —2.5 2 2.57 -5 —6.425

|Totar ] YA-305 | | | 142 | 119575 |

x=22X S22 a6

T YA 395 O

_ YAy 119575 _
Y_ZA =205 =3.03ft

16




Example ( 7-11): Y

For the equilateral triangle shown in Fig.
(Ex. 7-11), determine the ( y-coordinate ) of
the centroid of the shaded area.

Solution:

h=8sin60=6.93in.
A =12x8x%x6.93=277in.

A;=2%3=6in. :
| 8 in. |

As=Vox12x g x2=3.14in. . !
Fig. (Ex. 7-11)

y

YAy 32

17



Example ( 7-12): 4

Determine the coordinates of the mass center of
the welded assembly of uniform slender rods made
from the same metal, as shown in Fig. (Ex. 7-12).

Solution:

X == SE aZ}/{a(3+§)}-—
o_xyL 2 T

=5a =1 a}/{a(3+2)}——6+7c
2=E0 - (28 {a0+ D)=

18



Example ( 7-13):

Find the distance ( D ) from the center of the Earth to the center of mass common
of the Earth and the Moon.
1-Earth radius (R ) = 6371 km.
2- The mass of the moon earth ( me ) = 5.97 x 10%* kg.
3- The mass of the moon (mwm ) = 7.35 x 10?2 kg.
4-The distance between the center of the Earth and the center of the moon (d) =
384400 km

y
Earth _
radius | Distance between earth and moon |
d
Moon .—==
(i
-
X
Fig. (Ex. 7-13)

Solution:

m X m X
&

Earth 5.97 x 10% 6371 3803.5 x 10%°
Moon 7.35 x 10% 390771 2872.2 x 10%°
0.60435x10% [ | 6675.7x10%

mxX  5937.7 x 102°
m

- 0.60435 X 1025 = 11046 km

X—R =11046 — 6371 = 4675 km

)
I

19



Example ( 7-14):

For the motorcycle shown in Fig. (Ex. 7-14),
the location of the center of gravity of each
component and its mass are tabulated. If the
three-wheeler motorcycle is symmetrical with
respect to the ( x-y plane ), locate the center of
mass of the motorcycle.

1- Rear wheels mass is (9 kg ).

2- Mechanical components mass is (40 kg ).
3- Structuer mass is ( 60 kg ).

4- Front wheel mass is (4 kg ).

Solution:

—  YmX 9664

X= = =85.5cm
Ym 113

_ Yy 5880

Y= Lmy = =52 cm
Ym 113

20



Example ( 7-15):

A crane specialized in the field of electrical maintenance,
the weight of the base is (2000 Ib ), the weight of the wheels
assembly is ( 1000 Ib ), the weight of the arm ( AB ) is
(1500 Ib ), the weight of the cage ( BCD ) is (200 Ib ), and
the weight of the electrician is ( 160 Ib ), and the centers of
gravity are located at points ( G1), ( G2), (Gz), (Gs) and
( Gs) respectively. Locate the center of weight of the crane
in the ( x-y plane).

Solution:
X3=10cos 75=2.6 ft
y3=6.5+10sin 75 =16.16 ft
X4=30cos 75+ 3=10.76 ft
y2=6.5+30sin75+1=36.48 ft T e R T
%4 =30 C0s 75+ 5= 12.76 ft BRPETS
y4=6.5+30sin75+5=40.48 ft

Fig. (Ex. 7-15)

21



Example ( 7-16 ):

The location of the center of gravity and mass im
of each of the bulldozer components shown in Fig. g,

(Ex. 7-16), are tabulated below. Locate the center

15mi15m 18m | 15m

0.3m 03m
Fig. (Ex. 7-16)

1- The bulldozer engine mass is ( 2 tons ) at center of gravity ( G1).

2-The bulldozer cabin mass is ( 0.8 ton ) at center of gravity ( G2).

3- The bulldozer arm mass is ( 1.2 ton ) at center of gravity ( Gz ).

4-The bulldozer bucket mass is ( 1 ton ) at center of gravity ( Gz ).

5-The rear wheels mass is (0.2 ton).

6- The front wheels mass is ( 0.18 ton ).

of mass of the bulldozer in the ( x-y plane).

Solution:

| 538 | | | 10992 | 12.886

YmX 19.992

X = = =3.7m
YW ~ 538

_ my 12.886

Y= L my = =24m
YW ~ 5.38

22




Example ( 7-17 ):

A regular rod in the form of a semicircle of weight ( 1 kN ) and
radius (1 m), hinged at point ( A ) and resting on a smooth surface at
point ( B ). Determine the reactions at points (A ) and (B).

Solution:

2r 2X1
=—=——=064m

T T

Xl

> M
( xxz) (1x0.64)=0
B, = 0.32 kN

> F=0
0.32-Ax=0
Ax=0.32 kN

> F=0
A,—1=0
A, =1kN

Fa= A + A, =v0.322 +12 =1.05kN

1
f=tanl—=723° ™
0.32

23



Problems:

7-1) Determine the ( x ) and (y )
coordinates of the centroid of the shaded
area shown in Fig. (Pr. 7-1).

Ans.: X =98.95mm, ¥ =68.4mm
¥
=
o
30mm |
|
g |
= |
| | X

| 80mm | 90 mm |
Fig. (Pr. 7-1)

7-3) Locate the centroid of the wire shown
in Fig. (Pr. 7-3).

Ans.: X=0.7ft, Y =0.7ft

1ft

11t

19 x
Tt

Fig. (Pr. 7-3)

24

7-2) Determine the ( x ) and (y )
coordinates of the centroid of the

shaded area shown area in Fig. (Pr. 7-
2).

Ans.: X=3in, Y=2in.
Y 2I| 4"
] |
. 2"
| —
|
. o
o X

Fig. (Pr. 7-2)

7-4) Determine the coordinates of the
mass center of the body which is
constructed of three pieces of uniform
thin plate welded together.

Ans.: X =2333cm, ¥ =8.33cm
7 =13.33¢cm
z
30 cm
/ 60 cm
3
5 1
[
w
}'r -
~X
2
Fig.
(Pr. 7-4)



7-5) Determine the ( x ) and ( vy ) 7-6) Determine the y-coordinate of the

coordinates of the centroid of the shaded centroid of the shaded area shown in
area shown in Fig. (Pr. 7-5). Fig. (Pr. 7-6).
Ans.:. X=54in, Y=35in. Ans.: Y =42.64 mm
60 mm
}
=
=
L=
=
=
o
| 12" | X | 240 mm |
Fig. (Pr. 7-5) Fig. (Pr. 7-6)

7-7) Locate the centroid of the rectangular 7-8) Determine the distance ( Y ) from
plate area which hollowed by an area the bottom of the base plate to the
under a sub parabolic area as shown in centroid of the built-up structural
Fig. (Pr. 7-7). section shown in Fig. (Pr. 7-8).

Ans.: X =243ft, Y =253ft Ans.: Y =236.11mm
y 10
1 3ft  1ft 0mm | 60 mm—=f{=
I 1 |
ot 40mmi
= = -
~ - E %E\
= e 2
e e
&
v E | 160 mm |
—_t X
Fig. (Pr. 7-7) Fig. (Pr. 7-8)
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7-9) Determine the coordinates of the mass
center of the bracket shown in Fig. (Pr. 7-
9), which is constructed from sheet metal

of uniform thickness.
Ans.: _)? =4.29cm, ¥ =4.85cm

Fig. (Pr. 7-9)

7-11) For the bicycle shown in Fig. (Pr. 7-
11), the location of the center of gravity
of each component and its mass are
tabulated in the figure. Locate the
center of mass of the bicycle in the ( x
—y plane).
1-Front wheel mass is (2 kg ).

2- Rear wheel mass is (2 kg ).

3-The mass of steering assembly is ( 5
kg ).

4-The mass of seat and driving gear
assembly is (6 kg ).

Ans.: X=63cm, ¥ =58cm

70 cm

T IB
45 cm 1140 cm

35a

Fig. (Pr. 7-11)

7-10) Determine the (x) and (y ) coordinates
of the centroid of the shaded area shown in
Fig. (Pr. 7-10).

Ans.: X =0.85ft, ¥ =0.85ft

Fig. (Pr. 7-10)

7-12) For the Excavator shown in Fig. (Pr. 7-
12), the location of the center of gravity of
each component and its weight are tabulated
in the figure. Locate the center of weight of
the Excavator in the ( x—y plane).
1-The Excavator weight is (400 kN) at
center of gravity (G,).

2- The Excavator boom weight is (50 kN) at
center of gravity (G,).

3-The Excavator arm weight is (30 kN) at
center of gravity (Gs).

4-The bucket weight is (10 kN) at center of
gravity (G,).

5- The wheel assembly weight is (40 kN) at

center of gravity (Gs).
Ans.: X=247m, Y=2m

™ goLS

36m

06m 12m

1.6m |l 24m 26m 04m
1

Fig. (Pr. 7-12)
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