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Vectors functions  

Definition: 

Scalars: are quantities having only a magnitude. Length, mass, temperature etc 

 

Vectors: are quantities having both a magnitude and a direction. Force,    

velocity, acceleration etc  
 

Vectors in Cartesian Coordinate System: 

 

A = A1i + A2j + A3k  

  
i, j, and k are unit vectors pointing in the positive x, y, and z directions  

 
A1, A2 and A3 are called x, y, and z component of vector A  

   

Magnitude of A:  
             

 

Direction of A:    

 

Dot Product:   A.B=|A| |B|  cosϴ  

If two nonzero vectors A . B = 0,    then   cos ϴ = 0 ,     ϴ = 90  , Perpendicular 

                                                                                                                     

Cross Product: 

If two nonzero vectors A × B = 0, then  

sinϴ = 0 ,ϴ  = 0°or 180°                         Parallel 
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Lines and Planes in Space 

 In the plane, a line is determined by a point and a number giving the slope of 

the line. 

 In space a line is determined by a point and a vector giving the direction of 

the line.  

Equation  for a line 

Suppose that   L   is a line in space passing through a point ),,( 0000 zyxP  parallel to a 

vector k321 vjvivv  . Then L is the set of all points ),,( zyxP  for which PP0  is parallel 

to  v . 

 

 

 

 

 

The standard parameterization equation of the line through ),,( 0000 zyxP  parallel  to  

k321 vivivv   is: 

  t-     ,           3        ,       2       ,       1 000 tvzztvyytvxx  

and )  ,    ,  (),,( 000 tvztvytvxzyx   

 

Ex.:  

Find the parametric equations for the line through )4,0,2(  parallel to k242  jiv . 

Solution : 

With ),,( 0000 zyxP  equal to )4,0,2(  and  k321 vjvivv   equal to k242  jiv  

  24        ,       4       ,       22 tztytx   

 

 

 

 

 

 

 

L 

v 
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Ex.: Find the equations for the line through )3,2,3( P  and )4,1,1( Q  . 

Solution: 

The vector k734  jiPQ  is parallel to the line and equation with 

)3,2,3(),,( 000 zyx  give  

   73        ,       32       ,       43 tztytx   

We could have choose )4,1,1( Q  

   74        ,       31       ,       41 tztytx   
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 An  equation for a Plane in space  

A plane in space is determined by knowing a point on the plane and its “tilt” or 

orientation. This “tilt” is defined by specifying a vector that is perpendicular or normal to the 

plane. 

 Suppose that plane M passes through a point ),,( 0000 zyxP  and is normal to the 

nonzero vector kCBjAiN  . Then M is the set of all points ),,( zyxP  for which PP0  is 

orthogonal to N. 

 

 

 

 

 

Thus, the plane through ),,( 0000 zyxP  normal  to kCBjAiN    has equation:  

                       N   ∙  PP0 = 0           0)()()( 000  zzCyyBxxA  

    or                       000D         e      wher,      CzByAxDCzByAx   

 

Ex.:  

Find an equation for the plane through )7,0,3(0 P  perpendicular to 

 k25  jiN . 

Solution 

2225

072155

0)7)(1()0(2))3((5

0)()()( 000









zyx

zyx

zyx

zzCyyBxxA

 

Notice in this example how the components of k25  jin  become the coefficients of  

zandyx           ,    in equation 2225  zyx . The vector kCBjAin  is normal to the 

plane  DCzByAx  . 

 

 

 

 

 

N 

p 
M 
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Example :  

Find an equation for the plane through  )0,3,0(  and  )0,0,2( ,  )1,0,0( CBA . 

Solution : 

 We find a vector normal to the plane and use it with one of the point to write 

            an equation for the plane. 

             AB = (2-0) i + (0-0)  j + (0-1) K 

            AC =  (0-0) i + (3-0)  j + (0-1) K 

    The cross product: between the vectors  AB and AC is  

     6  2  3    

130

102 kji

kji

ACAB 



  is normal to the plane. 

                         
6623

0)1(6)0(2)0(3





zyx

zyx
 

Lines of intersection 

- Two lines are parallel if and only if they have the same direction. 

- Two planes are parallel if and only if their normal's are parallel. 

- The planes that are not parallel intersect in a line. 

                                                              

 

 

 

 

 

 

 

Example :  

Find a vector parallel to the line of intersection of the planes 15263  zyx   

and  522  zyx . 

Solution 

The line of intersection of two planes is perpendicular to both planes' normal 

vectors 21   and  nn  and therefore parallel to  21  nn  . i.e. 21  nn     is a vector parallel 

to the planes' line of intersection. 

                                 51  2  41    

212

26321 kji

kji

nn 
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angles between planes 

The angle between two intersecting planes is defined to be the angle determined 

by their normal vectors.   cos2121 nnnn           ,ϴ=cos
-1















21

2.1

nn

nn
 

 

                                                                                        

 

 

 

 

 

 

 

 

Example:  

Find the angle between the planes 15263  zyx   and  522  zyx  

 Solution 

The vectors    k2631  jin   and  k222  jin   are normals to the planes. 

The angle between them is                                                             
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Vector -valued functions and motion in space 

 

 

 

 

 

 

 

 

 

 

 

Derivative of the vector –valued function: 

Then, a vector function r(t)  is differentiable if it is differentiable at every point 

of its domain. The curve traced by r is smooth if ( dr /dt ) is continuous and never 

0, that is, if ƒ, g, and h, have continuous first derivatives that are not 

simultaneously 0. 
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Example: 

Find the position, velocity, speed, acceleration and scalar acceleration for the 

given value of t. 

a)   jtittr 32)( 


    at   t=2 , t = 0. 

 

Position:          jir 84)2( 


   

 

velocity:          jivjttitv 124)2(32)( 2 


 

 

 speed:             104160)12(4)2( 22 v


  

 

acceleration:    jiatjita 122)2(62)( 


 

Scalar acceleration   372148)12(2)2( 22 a


 

 

b) At t = 0, H.W. 
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Example : 

1.In example 1 part a. Find the distance along the curve from   t=2  to  t=5 

 Solution: distance is arc length : 

  

  dtttdtttdtttdt
dt

dy

dt

dx
d  



















5

2

2
5

2

42
5

2

222
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2
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978393.118
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1080229229

2/318

1

18

1
18,94

229

40

2/3229

40

2/12




 
u

dtudtdtdutuLet

  

 

 

Example : 

The velocity of a particle moving in space is    ktjitv 22)(  .   

Find the particle's position as a function of  t ,  if  r = i - j  at  t =0. 

          

        v(t) = i + 2t j + 2 k 

    r(t) =  dttv )( = ctkj
t

ti  2
2

2
2

 

   r(0) = c = i - j 

 

   r(t) = t i + t
2 
+ 2t k + I - j 

 

   r(t) = ( t + 1 ) i + ( t
2 
– 1 ) j + 2t k 

 

H.W. : 

A particle move through 3-space in such away that  it's  velocity  is  
                                

 Find the coordinates of the particle at time t = 1, given that the particle 

is at the point (-1,2,4) at time t = 0. 
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Tangent Lines to Smooth Curves : 

The tangent line to a smooth curve     r (t) = f(t) i + g(t) j+ h(t) k , at t = t0  is 

the line that passes through the point  ( f(t0) , g(t0) , h(t0) ) parallel to V(t0) , 

V(t0)  is  the curve’s velocity vector . 

 

Example : 

Find parametric equations for the line that is tangent to the given curve at the 

given parameter value at t = t0 ,  

 

 

 

Solution : 

 

 

 

 

 

 

 

 

 

 

 

H.W.  

Find parametric equations for the line that is tangent to the given curve at the 

given parameter value at t = t0 
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The unit tangent vector T is a differentiable function of  t whenever v is a 

differentiable function of t. T is one of three unit vectors in a traveling 

reference frame that is used to describe the motion of space vehicles and other 

bodies traveling in three dimensions. 

 

 

 

H.W. 

Find the unit tangent vector to the curve at t = 2  ,  r(t) = 4t i  - 3t
2
j  
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In this section we will study how a curve turns or bends. We look first at 

curves in the coordinate plane, and then at curves in space. 

 

Curvature of a Plane Curve : 

As a particle moves along a smooth curve in the plane, T = dr / ds,  turns 

as the curve bends. Since T is a unit vector, its length remains constant and 

only its direction changes as the particle moves along the curve. The rate at 

which T turns per unit of length along the curve is called the curvature (Figure 

below). The traditional symbol for the curvature function is the Greek letter  

(“kappa”), K . 
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Example : 

Find the curvature of the vector function given below : 

                           r(t) = ( a cos(t) )  i + ( a sin(t) ) j 

Solution : 
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Unit Normal Vector : 

Among the vectors orthogonal to the unit tangent vector T is one of 

particular significance because it points in the direction in which the curve is 

turning. Since T has constant length (namely, 1), the derivative ( dT/ ds)  is 

orthogonal to  T . Therefore, if we divide ( dT / ds ) by its length we obtain a 

unit vector N orthogonal to T, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the definition above, the principal normal vector N will point toward the 

concave side of the curve, The  formula that enables us to find N without 

having to find  s and  k is : 
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Example : 

 

Find T and N for : 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Notice that N. T = 0,  verifying that N is orthogonal to T. 

 

H.W. 

Find the unit normal vector to the curve at t = 2 , r(t) = 4t i – 3 t
2
 j. 

 

 
 



   

 

Multiple Integrals 
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(  Multiple integrals  ) 
Introduction : 

 

In multiple integral we consider the integral of a function of two variables ƒ(x, y) 

over a region in the plane and the integral of a function of three variables ƒ(x, y, z) over  a 

region in space. 

 

n RulesBasic Integratio 

  

 

 

 

 

 

DIFFERENTIATION FORMULA INTEGRATION FORMULA 

  0
d

C
dx


 

0dx C 

 
d

kx k
dx


 

kdx kx C  

   
d

kf x kf x
dx

  
 

   kf x dx k f x dx C   

       
d

f x g x f x g x
dx

     
 

       f x g x dx f x dx g x dx C       
 

1n nd
x nx

dx

   
 

1

,  1
1

n
n x

x dx C n
n



   


 

 sin cos
d

x x
dx


 

cos sinxdx x C  

 cos sin
d

x x
dx

 
 

sin cosxdx x C   

  2tan sec
d

x x
dx


 

2sec tanxdx x C  

 sec sec tan
d

x x x
dx


 

sec tan secx xdx x C  

  2cot csc
d

x x
dx

 
 

2csc cotxdx x C   

 csc csc cot
d

x x x
dx

 
 

csc cot cscx xdx x C   
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Double( Iterated, repeated ) integrals over a rectangle regions : 

 

Definition of Double  Integrals in rectangular region: 
 In the previous (in class one) we defined the definite integral of a continuous function 

ƒ(x) over an interval [a, b] as a limit of Riemann sums. In this section we extend this idea to 

define the double integral of a continuous function of two variables ƒ(x, y) over a 

bounded rectangle region R in the plane. In both cases the integrals are limits of 

approximating Riemann sums. The Riemann sums for the integral of a single-variable 

function ƒ(x) are obtained by partitioning a finite interval into thin subintervals, 

multiplying the width of each subinterval by the value of ƒ at a point  Ck  inside that 

subinterval, and then adding together all the products. A similar method of partitioning, 

multiplying, and summing is used to construct double  integrals. 

 

 

 
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 -  
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Double Integrals as Volumes : 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

Fig. M. 

Fig. M 
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Solution : 

…………………………….. 1 

…………………………….. 2 

 

Example :  
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What meaning of iterated(repeated)  integrals? 

 

H.W : 
calculated the volume in the previous example  by slicing with planes perpendicular to the 

y-axis(Solve with draw). 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         H .W . 

Fig. a 

Fig. a 
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Double Integrals over General Regions : 
             In this section we define and evaluate double integrals over bounded regions in the 

plane which are more general than rectangles. These double integrals are also evaluated as 

iterated integrals, with the main practical problem being that of determining the limits of 

integration. Since the region of integration may have boundaries other than line segments 

parallel to the coordinate axes, the limits of integration often involve variables, not just 

constants. 

 

Double Integrals over Bounded, Nonrectangular Regions : 

To define the double integral of a function ƒ(x, y) over a bounded, nonrectangular region 

R, such as the one in Figure. 
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Volumes : 
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Reverse Order of Integration 
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H.W : 
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“Area” by Double Integration : 
In this section we show how to use double integrals to calculate the areas of bounded 

regions in the plane.  

 

Areas of Bounded Regions in the Plane: 

If we take  f (x, y) = 1  in the definition of the double integral over a region R in the 

preceding section, the Riemann sums reduce to : 

 

 

 

 

This is simply the sum of the areas of the small rectangles in the partition of  R, and 

approximates what we would like to call the area of R. 

 

To evaluate the integral in the definition of area, we integrate the constant function               

f (x, y) = 1   over   the Region “ R ”. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
H.W  
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Double Integrals in Polar Form : 
Integrals are sometimes easier to evaluate if we change to polar coordinates. This 

section shows how to accomplish the change and how to evaluate integrals over regions 

whose boundaries are given by polar equations. 

 

Integrals in Polar Coordinates : 

When we defined the double integral of a function over a region R in the x-y plane, 

we began by cutting R into rectangles whose sides were parallel to the coordinate axes. 

These were the natural shapes to use because their sides have either constant x-values or 

constant y-values. In polar coordinates, the natural shape is a “polar rectangle” whose 

sides have constant r- and θ -values.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A version of Fubini’s Theorem says that the limit approached by these sums can be 

evaluated by repeated single integrations with respect to r and as θ. 
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“ Area “  in Polar Coordinates : 
If  f(r, θ) is the constant function whose value is 1, then the integral of ƒ over R is the 

area of R. 
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Changing Cartesian Integrals into Polar Integrals coordinates: 
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H.W : 
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Triple Integrals in Rectangular Coordinates : 
We use triple integrals to calculate the volumes of three-dimensional shapes. Triple 

integrals also arise in the study of vector fields and fluid flow in three dimensions.  

 

Triple Integrals : 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 قسم هندسة الالكترونيككلية هندسة الالكترونيات /                      (     Multiple Integrals    )                                     التحليلات الهندسية  /  المرحلة الثانية             

- 968 - 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

- 1- 
- 2 and 3 - - 4- 

-168- 

 

 



 قسم هندسة الالكترونيككلية هندسة الالكترونيات /                      (     Multiple Integrals    )                                     التحليلات الهندسية  /  المرحلة الثانية             

- 969 - 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 قسم هندسة الالكترونيككلية هندسة الالكترونيات /                      (     Multiple Integrals    )                                     التحليلات الهندسية  /  المرحلة الثانية             

- 971 - 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 قسم هندسة الالكترونيككلية هندسة الالكترونيات /                      (     Multiple Integrals    )                                     التحليلات الهندسية  /  المرحلة الثانية             

- 979 - 

 

Triple Integrals in Cylindrical and Spherical Coordinates : 
When a calculation in physics, engineering, or geometry involves a cylinder, cone, or 

sphere, we can often simplify our work by using cylindrical or spherical coordinates, which 

are introduced in this section. 

 

Integration in Cylindrical Coordinates : 
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Practices 
Double integrals : 

 

Example  

Evaluate  




1

1

3

0

22 dxdyyx  

Solution : 

 




1

1

3

0

22 dxdyyx =  




1

1

3

0

22 )( dxdyyx = dx
y

yx

3

0

3
2

1

1
3




= dxx 93 2

1

1




 

=
1

1

2 93


 xx  = 20 

 

Example 2 

Evaluate  
2/

0

cos

0

22 sin

 

 ddrr                               {  Note: cos
3
Ɵ =cos

2
ƟcosƟ} 

Solution:                 {cos
3
Ɵ sin

2
Ɵd Ɵ = (1-sin

2
Ɵ)sin

2
Ɵd(sinƟ)=(1-u

2
)u

2
du} 

 
2/

0

cos

0

22 sin

 

 ddrr  (u=sinƟ   ملاحظة(                                          تبسيط                 =

45

2
)

5

sin

3

sin
(

3

1
)1(

3

1
)(sinsin)sin1(

3

1

sincos
3

1
sin

3

2/

0

2/

0

532

0

2222

2/

0

23

2/

0

2

cos

0

3





 



 

 






duuud

dd
r
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Example 

Evaluate  
R

dAyx 23     where R is the region bounded by y = x;  y = 1 and x=0, integrate 

in order (dxdy)  and then in order of (dydx) . 

 

Solution : 

 

First integrated with respect to order (dxdy)   as in(figure.1) 

, 
R

dAyx 23  =
28

1

284

1

4

1

0

71

0

6

0

1

0

1

0

4
2

0

23   




y
dyydy

x
ydxdyyx

yyx

x

   

 

Second  integrated with respect to order (dydx)   as in (figure.2) 


R

dAyx 23 = 

28

1
)

7

1

4

1
(

3

1
)

74
(

3

1
)1(

3

1

3

1

0

741

0

33

11

0

1

0

3
3

1

23   
xx

dxxxdx
y

xdxdyyx

xx

 

 

 
Example 

 Evaluate  
R

dxdyyx   where R is the region bounded by y
2
 =x; 

x+2y = 3 and   y= 0 in the first quadrant. 
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Example:  

  Evaluate   




1

0 0
22

2
2xx

dxdy
xy

y
, change from Cartesian to polar coordinate then evaluate. 

Solution4 

 

    


 2/

0

cos

0

22

1

0 0
22

2

sin

2  

 ddrrdxdy
xy

y
xx

 

 

 

 
2/

0

cos

0

22 sin

 

 ddrr

45

2
)

5

sin

3

sin
(

3

1
)(sinsin)sin1(

3

1

sincos
3

1
sin

3

2/

0

2/

0

53
22

2/

0

23

2/

0

2

cos

0

3











 






d

dddr
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Evaluate : 

 

R

dAxy 31     where  R  is the triangle with vertices (0, 0), (3, 0) and (3, 2) 

 

Solution: 

 

   

    267262885712828
81

4

2
3

1

27

2

1
9

2
1

2
11

3

0

2
3

3

3

0

2
1

32
3

0

2
1

3
3

2

0

23

0

3
2

0

33

.
x

dxxxdxx
y

dydxxydAxy

xx

R
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Triple integrals  
 
Example : Use a triple integral to find the volume of the solid bounded by the graphs of 

22 yxz   and the plane 4z . 

Solution: The following graph shows a plot of the paraboloid 22 yxz   (in blue), the plane 4z  (in 

red),  and its projection onto the x-y plane (in green). 

 

 

The triple integral 
E

dV  will evaluate the volume of this surface. In the z direction, the surface E is 

bounded between the graphs of the paraboloid 22 yxz   and the plane 4z . This will make up the limits 

of integration in terms of z. The limits for y and x are determined by looking at the projection D given on the 

x-y plane, which is the graph of the circle 422  yx  given as follows: 

 

 

Taking the equation 422  yx  and solving for y gives 24 xy  . Thus the limits of integration of y 

will range from 24 xy   to 24 xy  . The integration limits in terms of x hence range from x = -2 

to x = 2. Thus the volume of the region E can be found by evaluating the following triple integral: 

 

 

  




 



2

2

4

4

42

2 22

         of Volume

x

x yxE

dxdydz dVE  . If we evaluate the innermost integral we get the 

following: 
 

E 

D 

D 
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  dxdyx

dxdyzdxdydz 

x

x

x

x

z

yxz

x

x yx

  )y(4                                               

   ][          

2

2

4

4

22

2

2

4

4

4
2

2

4

4

4

2

2

2

2

22

2

2 22

 

   




















 





 

 

 

Since the limits involving y involve two radicals, integrating the rest of this result in 

rectangular coordinates is a tedious task. However, since the region D on the x-y plane given 

by 422  yx  is circular, it is natural to represent this region in polar coordinates.  

Using the fact that the radius r ranges from 0r  to 2r  and that   ranges from 0  to 

 2  and also that in polar coordinates, the conversion equation is 222 yxr  , the iterated 

integral becomes  
 

 

  



ddrrrdxdyx

x

x

  )4(       )y(4      

2

0

2

0

2
2

2

4

4

22

2

2

   







 

 

Evaluating this integral in polar coordinates, we obtain 

































8                                    

 n)integratio of limitsin  (Sub                                   )0(4)2(4                                    

  )(Integrate                                          4                                    

  (Simplify)                                      4                                         

  n)integratio of limitsin  (Sub          0]-)(2)
4

1
)2(2[(                                      

 )(Integrate            )
4

1
2(                                        

) e(Distribut                  )4(       )4(     
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2
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2

0
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2

0

2

0
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2
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2

0

3
2
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Thus, the volume of E is  8     
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Example :  

 

Verify the formula 
34

3
V a

 for the volume of a sphere of radius a. 

 

2

0 0 0

2

1 sin
V

a

V dV r dr d d

 

      
 

 

2

0 0 0

2

sin 1

a

r dr d d

 

  
   

     
   
  

 
 

      
3 3

0 0
0

2
cos 0 1 1 2 0

3 3

a
r a 

  
   

        
     

 

Therefore :
34

3
V a

 

 

 

Evaluate the following integrals : 
   

1- Find  the volume of the solid bounded by   y=x  and y  x
2
,   z=0 and z=x+y  

                          

1

0 02

         15.0     

x

x

yx

dzdydxV  

 

   2-                  



2

0

2

36

0

236

0

             

x

yx

dzdydxx   =3  

 

 

3-                 
 



2

0

2

0 0

22

2 22

4

yy yx

dzdxdyyx =9.4248 

  

4-                    
1

0 0 0

2

)1(

x y

dzdydx  =
5

1

1022

1

0

51

0

4

0

1
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21

0 0

1

0 0 0

2
22

    
x

dx
x

dx
y

ydydxdzdydx
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Homework 
 

1- 

Evaluate 
R

y dAex
2

  where R is the region bounded by y=x
2
; x=0 and y= 4 

Solution : (13.4) 

 

2- 

Evaluate in order of dxdy and dydx 

  
2

0

4

2

2

x

y dAex  =  
2

0

4

2

2

x

y dydxex  

3- 

     Evaluate  




1

0 0
22

2
2xx

dxdy
xy

y
 

4- 

Evaluate               




2

0

8

22

2

5

1
x

x

dxdy
yx

 

 

5-            Evaluate  26 2
R

I x y dA   

where R is the region enclosed by the parabola  x = y
2
   and the line   x + y = 2. 

 

6- 

Find          
 

dA

yxR




222 1

1
  where R is the region in the first quadrant bounded by the 

circle  922  yx  xyandx  ,0  

 

7-  

Evaluate the integral   
R

dAyx )(  where R is the region bounded by xy = 4 and x+y = 5 
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( Differential Equations ) 

 

Differential Equations : 
A differential equation is an equation that involves one or more derivatives, or 

differentials. Differential equations are classified by:   
 
1. Type: Ordinary or partial. 
2. Order: The order of differential equation is the highest order derivative that occurs 

in the equation. 
3. Degree: The exponent of the highest power of the highest order derivative. 

 
 
Ordinary D.Eqs : is a differential equation that the unknown function depends on only 
one independent variable. 

 
Partial D.Eqs : is a differential equation that the unknown function depends on two or 
more  independent variable 

 
Example  for  a partial D.Eqs.. is : 

    

2

2
2

2

2

x

y
a

x

y









      

 

Example  for  ordinary D.Eqs.. is : 
    Ex1: 

35  x
dx

dy
                                   1st order-1st degree 

Ex2: 
5

2
2

3

3



















dx

yd

dx

yd
                         3rd order-2nd degree 

Ex3: 

05sin4
2

2

3

3

 xy
dx

yd
x

dx

yd
         3rd order-1st degree 

 
Exercise: Find the order and degree of these differential equations. 

1. 0cos  x
dx

dy
     ans:1st order-1st degree 

2. 043 2  dyydx   ans:1st order-1st degree 

3. 2

2

2

yy
dx

yd
  ,          ( H. W ) 

4. 22 2)( xyy          ( H. W ) 

5. xyyy  2)(2        ( H. W ) 
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Solution of the differential equation : 
The solution of the differential equation in the unknown function y and the 

independent variable x is a function y(x) that satisfies the differential equation. 

Ordinary Differential Equations: 

Ordinary Differential Equations are equations involve derivatives.  
  
Initial Condition(s) :  

Initial Condition(s) are a condition, or set of conditions, on the solution that will 
allow us to determine which solution that we are after.  Initial  conditions are of the form,  

 

 
 
So, in other words, initial conditions are values of the solution and/or its derivative(s) at 

specific points. The number of initial conditions that are required for a given differential 
equation will depend upon the order of the differential equation as we will see. 

 
Initial Value Problem: 

An Initial Value Problem (or IVP) is a differential equation along with an 

appropriate number of initial conditions.  

 

 

 

 
Interval  of  Validity :  

The interval of validity for an IVP with initial condition(s) is the largest possible 

interval on which the solution is valid and contains t0. 
 

 

 
General Solution : 

The general solution to a differential equation is the most general form that the 
solution can take  and doesn’t take any initial conditions into account. 

 
Actual Solution  

The actual solution to a differential equation is the specific solution that not only 

satisfies the differential equation, but also satisfies the given initial condition(s). 
Explicit solution : 

 An explicit solution is any solution that is given in the form  y = y(t) .  In other 

words, the only place that “y” actually shows up is once on the left side and only raised 
to the first power.  
implicit solution  : 

An implicit solution is any solution that isn’t in explicit form.  Note that it is 

possible to have either general implicit/explicit solutions and actual implicit/explicit 
solutions. 



 كلية هندسة الالكتسونيات / قسم هندسة الالكتسونيك            ( Differential Equations )                                                التحليلات الهندسية  /  المسحلة الثانية               

 

- 00 - 
 

Methods to solve Ordinary First  Order D.E.s. 
 

1- Linear Differential Equations 
2- Separable Equations. 

3- Homogeneous. 
4- Linear equation of  first order differential equations. 

5- Exact differential equations. 
6- Bernoulli differential equation 

 
1- Linear Differential Equations : 

A linear differential equation is any differential equation that can be written in the 

following  form : 
 

   …… ( 1 ) 
 

Example : 

 

 
 

The important thing to note about linear differential equations is that there are no 
products of the  function,  y(t) , and its derivatives( y*y

’ 
) and neither the function or its 

derivatives occur to any power other than the first power(  (y)
2
, (y

’
)
2
  ) .  

The coefficients  a0( t) ………. an(t)  and  g(t)  can be zero or non-zero functions, 
constant or non-constant functions, linear or non-linear functions.  Only the function,       

y (t) and its derivatives are used in determining if a differential equation is linear. 
 
If a differential equation cannot be written in the form, (1) then it is called a non-linear  
differential equation. For example of non- linear differential  equation is in equation  (2) 

that given below  :  
 
Example of non- linear differential  equation : 

                                              

…………….… (  2  ) 
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2 -  Separable Equations: 
A separable differential equation is any differential equation that we can write in the 

following  form.  
 

                                                                                                              ………………. ( 1) 
 

 
Note that in order for a differential equation to be separable all the y's in the differential 
equation must be multiplied by the derivative and all the x's  in the differential equation 

must be on the other side of the equal sign.   
  

Solving separable differential equation is fairly easy. We first rewrite the differential 
equation as the following 

 
 

 
 

 
………….(2) 

 

 
 

So, after doing the integrations in (2) you will have an implicit solution that you 
can hopefully solve for the explicit solution, y(x). Note that it won't always be possible 
to solve for an explicit solution.  

 

 
Recall from the Definitions section that an implicit solution is a solution that is not 

in the form y = y( x )  while an explicit solution has been written in that form.  
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Example 1 : 

Solve:           yxe
dx

dy 
 

 

Sol.: 

yx ee
dx

dy


      


   


        
dxe

e

dy x

y


    


   


      
dxedye xy

 

              


 

 


     

ceedxedye xyxy  

 -          )(  

 

 

Ex.2: 

Solve :                                 )1()1( 2  yx
dx

dy
x  

Sol.:  

            dx
x

x

y

dy
  


 1)1( 2

 

             

cxxy

dx
x

dxy










 

1lntan

1

1
tan

1

1

                                                             

 

 Ex.3:    Solve  (1)       )( 2 xy
dx

dy
  

Sol.:   1
d

dy
         1

d

dy
   ,u        

dx

du

xdx

du

x
xyput       …..  (2)  

 

 


 dxu
dx

du

1u

du
          1

2

2               

 

   

 

cxe
u

u

cx

cx

dxdu
uu


























 

2

1

1

1u

1-u
 ln

2

1

1)(uln -1)-(u ln
2

1

1

2/1

1

2/1

 

 

 

H.W. : 
Solve the differential equation : 

 

1-  

 

2- 
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Example :   Solve the following differential equation and determine the interval of  
validity for the solution. 

 
 

 
Solution : 

 

 

 

 

 

 

 
So, we now have an implicit solution.  This solution is easy enough to get an explicit 

solution, however before getting that it is usually easier to find the value of the constant 
at this point.  So apply the initial condition and find the value of c. 

 
 

 

 

 

 

 

 

 
 

Now, as far as solutions go we’ve got the solution.  We do need to start worrying about 
intervals of validity however.  

 
Recall that there are two conditions that define an interval of validity.  First, it must be a  

continuous interval with no breaks or holes in it.  Second it must contain the value 
of the independent variable in the initial condition, x = 1 in this case.  
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, and find explicit solution 
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Example :  Solve the following IVP : 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 

 

 
 

H.W.  :  Solve the following IVP 
 

1- 
 

 
2-  
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3-Homogeneous differential equations: 

Sometimes a D.Eq. which variables can't be separated can be transformed by a change 

of variables into an equation which variables can be separated. This is the case with any 
equation that can be put into form:

  

                                          
)(

x

y
f

dx

dy


                   
…(1) 

Such an equation is called homogenous. 

Put    uxu
x

y
 y          

             
,    

dx

du
xu

dx

dy


        
and (1) becomes 

                      
)(   ufu

dx

du
x      

 

 

 

 

Example 1: 

 Solve  
xy

yx

dx

dy 22 
  

Sol.: 

 homo.         

1
2

2







x

y
x

y

dx

dy
   Put      u

dx

du
x

dx

dy
u

x

y
            

          
u

u
u

dx

du
x

21
           

u

uu

dx

du
x

221 
  

 

         
udx

du
x

1
    ,          

x

dx
duu  

 

           cxcx
u

 ln
2x

y
          ln

2 2

22

 

 

 

Ex.2: Solve the homogenous D.Eq    02  ydxxdy  
 

Sol.:   
x

y

dx

dy
ydxxdy

2
2       put  u

dx

du
x

dx

dy
u

x

y
            

        uu
dx

du
x 2              cux  ||ln||ln      c

y

x
c

u

x


2
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,   v = ( y / x ) and (dy/dx) = v + x v’ 

-31- 
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H.W.:  Solve the following IVP : 

 

 
 

 
Special case : 

When we have the differential  equation as the form  below or its possible to  put it like : 
 
 

 
 

 
 

 
 

 
 

 
 

 
So. as this form below we made the equation like separable : 
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Using Partial fraction to find the integration  : 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 



 كلية هندسة الالكتسونيات / قسم هندسة الالكتسونيك            ( Differential Equations )                                                التحليلات الهندسية  /  المسحلة الثانية               

 

- 22 - 
 

 
H.W:    Solve the following IVP  

 
 

 
 
4 – Linear equations  
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Ex.1:  Solve :             xex
x

y

dx

dy
  

xexxQ
x

xP .)(,
1

)(   

x
eefI x

dx
x

1
µ(t).).( ln

1




 



 

Solution is  

  dxxe
xx

y x11
 

ce
x

y x   

 
Ex.2: 

 Solve   xyx
dx

dy
 .  

P=x,  Q=x 

2

2

.).(

x
xdx

eefI   

 
Solution is  

          

solution  theis 1 222

22

222

22

xxx

xx

ceyceey

dxxeey





   

 
 

H.W: 
 

 Find the solution to the following differential  equation. 

1-  
 

2- xey
dx

dy  2          ans: y=e
-x
+ce

-2x
 

3- 
2

sin
3

x

x
y

dx

dy
x     ans: x

3
y=c-cosx 
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4- Exact differential equations : 

The next type of first order differential equations that we’ll be looking at is Exact 

differential equations. 
 

The conditions for this method are : 
1- The differential equation must be in the following form : 

0),(),(  dyyxNdxyxM  
            The “ + “ should be between  M and N, and equal the equation to “zero” 

  2- The equation 0),(),(  dyyxNdxyxM  is said to be exact if : 

 
x

N

y

M










 
Then the general solution is :  

 

)dy  containsnot  do      ( xNintermsMdxc  
 

 
      Where “ c “  is constant of the integration. 

                         
 

 

Ex.1: 
Show that the following D.Eq. are exact D.Eq. 

a) 0)2()23( 232  dyyxxdxxyyx  

  

x

N

y

M

xx
x

N
xx

y

M



















23     ,      23 22

 

 The D.Eq. is exact. 
 

b) 0)cos(()]sin()cos([  dyyxxdxyxyxx  

)cos()sin(

        )cos()sin(

yxyxx
x

N

yxyxx
y

M











 

 the D.Eq. is exact. 
 

Ex.2: Is the D.Eq.  
 

 
2

 )( 22

xy

yx

dx

dy 
 exact or not? 

Sol. 

  dxyxxydy )(2 22   

      
exact is theD.Eq.,

2     ,      2





















x

N

y

M

y
x

N
y

y

M
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Ex.3:  

Solve the exact D.Eqs. in Ex.1(a) above 0)2()23( 232  dyyxxdxxyyx  

Sol. 

      

c

y

ydxxyyxc





  

23

223

2

yyxy  xissolution    the

3

y 
2

2

 x
2

3

 x
3y    

dy2)23(

2

 

 
Ex.4: 

Solve 0)()( 2  dyyxdxyx   

 
Sol. 

                  

exact is theD.Eq.

1     ,      1













x

N

y

M

 

  x)dycontainsnot  do      (  NintermsMdxc  

c

xy

ydxyx





 

3

y
xy

2

x
  issolution    the

3

y 

2

 x
    

dy)(

32

32

2

 
 

 
H.W: 
1- 

 
 

2-  
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6- Bernoulli differential equation 

     In this section we are going to take a look at differential equations in the form, 

 

 

Where  p(x) and q(x) are continuous functions on the interval we’re working on and n is 

a real  number.  Differential equations in this form are called Bernoulli Equations. 

 

First notice that if  n = 0   or   n = 1 , then the equation is linear and we already 

know how to solve it in these cases.  Therefore, in this section we’re going to be looking 

at solutions for values of n other than these two. 

 

In order to solve these we’ll first divide the differential equation by y
n
  to get, 
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H.W. : 
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Second Order Differential Equations: 

The most general linear second order differential equation is in the form.  

 

In fact, we will rarely look at non-constant coefficient( p(t), q(t) ,r(t) ) linear second 

order differential equations.   
 

In the case where we assume constant coefficients we will use the following 

differential equation form: 

                                            )(xFcyybya         …………… ( 1 ) 

where a, b and c are constants coefficients. 

If  0)( xF      then (1) is called        homogenous. 

If  0)( xF      then (1) is called non homogenous. 

 

Ex: 

1) y''-x
2
y' + sinx y = 0    is linear, 2

nd
 order, homo. 

2) y''-(y')
2 
+ y = sinx    is nonlinear, 2

nd
 order, non homo. 

 

Then, we have two type of the second order linear D.E.s  

1- The second order, constants coefficients,  linear , Homogeneous D.E.s, is: 

The method that solve the second order, constants coefficients,  linear , Homogeneous D.E.s, is : 

characteristic equation. 

2- The second order, constants coefficients,  linear , Non-Homogeneous D.E.s, is: 

                   The method that solve the second order, constants coefficients,  linear , Non-Homogeneous 

D.E.s, is : 

a. Un determined coefficients. 

b. Variation of parameters. 
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1) The Second order linear homogenous D.Eq. with constant coefficient:  

The general form is  

                               0 cyybya     …(2)  

where a, b and c are constants. 

 

The general solution 

Put y'=Dy and y''=D
2
y in eq. (2)  (D is an operator) 

 a D
2
y+bDy+cy=0 

 0y)cbDaD( 2                 (using  D-operator) 

now substitute D by r and leave y then       02  cbrar  

 is called characteristic equation of the differential equation and the solution of this 

equation (the roots r) give the solution of the differential equation where  

                                               
a

acbb
r

2

42 



 

There are three values of   r : 

1- real r1 ≠ r2    (not equal root) 
2- real r1 = r2  ( equal root) or ( repeated roots) 

3- complex root (α ± βi ) 
 

Case 1: If    ( b
2
 – 4ac  >  0 ), then r1 and r2 are distinct (r1 r2) and real roots, and the 

general solution is       

                                         
xrxr

ececy 21

21   

 

Case 2: If  ( b
2
 – 4ac  =  0 ) , then r1 = r2 = r, and the general solution is: 

                                 
rxexccy )( 21   

 

Case 3: If ( b
2
 – 4ac  <  0 )  then the roots are two complex conjugate roots  ir  , 

1i , and the general solution is: 

                            )sincos( 21 xcxcey x    
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Ex.1: Solve              032  yyy  

Solution: 

 032  yyy    

 

32           03

11            01

0)3)(1(

y   ,    y  ,   1y    ,              032 22









rr

rr

rr

rrrr

   ( Not equal roots ) 

the general solution is  

xx ececy 3

21    

 

Ex.2: Solve              096  yyy  

Solution: 

                             096  yyy  

                              
3                0)3(

         096

21

2

2





rrr

rr
         (  Equal roots )         

                        xexccy 3

21 )(      

 

 

Ex.3:      Solve 0 yyy  

Solution: 

                       0 yyy  

                       

2

31-
       

2

3-1-
  

1.2

1.1.41

   1c 1,b 1,a      012

i

b
r

rr












 

                      
2

3
    ,     

2

1-
             

2

3

2

1



 ir       , (Complex roots) 

                     )
2

3
sin

2

3
cos(   21

2

1

xcxcey
x
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2)  The Second order linear non homogenous D.Eq. with constant coefficient:  

The general form is:  )(xFcyybya     ………………(3)  

where a, b and c are constants coefficient. 

 

The general solution 

If yh is the solution of the homo. D.Eq. 0 cyybya , then the general solution of eq.   

(3) is: 

 

 
integral)r   (particula                                       

 )function    shomogeneou (                      

p

hph

y

yyyy 
 

Where :  

hy     )i     is   y   homogenous. 

py    )ii               (use the table) 

 

In this section we will take a look at the method that can be used to find a particular 
solution( yp ) to a nonhomogeneous differential equation. 

 

Methods of finding py : 

There are two methods: 

1- Undetermined coefficients. 

2- Variation of parameters. 
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1-  Undetermined coefficients: 

In this method py  depends on the roots r1, and r2 of characteristic equation and on 

the form of  F(x)  in eq. (3) as follows: 

 

)(xF  Choice of py  M.R. 

nkx  
nth degree polynomial 

0

2

2

1

1 kxkxkxk n

n

n

n

n

n  





   0 

pxke  
pxce  

p 

)cos(

)sin(

xk

orxk




 

xcxc  sincos 21   i  

 

Note: For repeated term (root), multiply by x . 

 

Ex.1: Use the table to write   py  

1)   2n    ,      3k   ,          3)( 2  xxF  

 01

2

2 kxkxky p   

2)           
2

1-
k   ,         e 

2

1
)( 3x- 


xF and p = -3 

 x

p cey 3  

3)   3   ,     2k   , 3x         cos 2)(  xF  , k  ×  c1 = c1,   k  ×  c2 = c2  

        3xsin  c 3x  cos 21  cyp  

 

4)    ,          2e  -  53x-3)( 3x2  xxF  

           x

p cekxkxky 3

01

2

2   

5)      sin  
2

1
 cos2)( xxxF  ,  note , for angle(ɵ) of sin and cos are equal then : 

            sin x c  x cos 21  cyp  

6)     2 cos sin)( xxxF   note , for angle (ɵ) of sin and cos are not equal then : 

        2xsin  B 2x cosA sin x c  x cos 21  cyp  
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Ex.2:     Solve  242 xyyy       ……….(1) 

Solution: 

                                                  ph yyy   

First we will find yh  : 

                               y''  –  y – 2y  = 0                  

    the char. Eq.        r
2  

–   r  – 2   = 0 

                                 
2  ,1  

0)2)(1(

21 



rr

rr
 

r1 and r2 are not equal roots. then : 

                                  xx

h ececy 2

21     

 

Second we will find yp  : 

 F(x) = 4x
2
   ,  is polynomial of second degree then 

      01

2

2 kxkxky p    

Now, we are going to find k2, k1, k0. 

212

01

2

2

2     ,   2      

        

kykxky

kxkxky

pp

p




    differentiate the yp first and second derivative. 

Substitution yp, yp
’
 , yp

”
    in (1) 

    4)  (2)2(2  2

01

2

2122 xkxkxkkxkk   

Then, find k2, k1, k0. 

   -3k       022:

2k       022:.

2            42:.

0012

112

22

2







kkkconst

kkxofcoeff

kkxofcoeff

 

Now, the yp      is, 

 3-2x2  2  xy p  

 

Then the solution of the equation (1) is : 

322)(yy  22

21h   xxececy xx

p  
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Ex.3:     ey2yy x3  

Solution: 

(1) ....       ey2yy x3  

0y2yy   

1,2  0)1)(2(

             02

21

2





rrrr

rr  

)(  2

2

1

xx

h ececy  , Put  

3x3

3

9ce    ,     3  

   (2) ....                           





p

x

p

x

p

ycey

cey
 

Substitute In  (1) 

9 c e
3x 

– 3 c e
3x 

-  2 c e
3x 

= e
3x

 

9c-3c-2c=1
4

1
c          14 c  

In (2)  
4

1
  3x

p ey   

xxx

p eececy 3

2

2

1h
4

1
yy     

 
 Modification rule قاعدة التعديل

 

nkxxF(  اذا كان  1 )(   =   0وكان احد جرزي المعادلة القياسية       يضسبpy    السابق فيx. 

2 ) 

    - a   اذا كانpxkexF )(  المعادلة القياسية   =    جرزي احد    وكانp       يضسبpy   السابق في x. 

   b -     اذا كانpxkexF )( المعادلة القياسية   =        جرزي     وكانp       يضسبpy    2السابق فيx. 

(     اذا كان  3





xsin k 

x cos 
)(



k
xF  0     وكان   ,    ir           يضسبpy    السابق فيx. 
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Ex.4:      Solve          y'' + y = sinx 

Solution: 

             y''  +  y =0 

r
2
+1=0, r

2
=-1  r =  i, =0, =1 

 

yh  =  c1  cosx +  c2sinx 

 

yp = x(c3cosx+c4sinx),  

y'p=x(-c3sinx+c4cosx)+(c3cosx+c4sinx) 

y''p=x(-c3cosx-c4sinx)+(-c3sinx+c4cosx)+(-c3sinx+c4cosx) 

 

Substitution yp, y'p, y''p . 

 

-2c3sinx+2c4cosx=sinx 

-2c3=1 c3=-1/2, 

 2c4=0c4=0        

            x
x

xcxcyg cos
2

sincos 21   
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2 - Variation of parameters. 

To solve )x(Fcyybya    using Variation of parameters method, 

      Let   yh = c1u1 + c2u2   ,   be the homogenous solution of )x(Fcyybya   

      and 

       The particular solution has the form: 

       2211p vuvuy    

where v1 and v2 are unknown functions of x which must be determined. 

 

First solve the following linear equations for v'1 and v'2: 

v'1u1  + v'2u2   = 0 

v'1u'1 + v'2u'2 = F(x) 

which can be solved with respect to v'1 and v'2 by Grammar rule as follows 

)x(Fu

0u
D,

u)x(F

u0
D,

uu

uu
D

1

1

2

2

2

1

21

21








  

and 
D

D
v,

D

D
v 2

2
1

1   

by integration of v'1 and v'2 with respect to x we can find v1 and v2. 
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Ex.1: 

 Solve    x3ey2yy           ……. (1) 

To find yh , 

             x3ey2yy   

              r
2
 – r – 2 = 0 

         ( r  + 1 ) ( r – 2 ) = 0 

Then, r1 = - 1, r2 = 2 .  

The yh is then : 

xx

h ececy 2

21   
 

Then, u1 = xe  and ,   u2 = xe2  

Now, to solve with variation of parameters method,  

xx

xx

eueu

eueu

2

2

2

2

11

2         

         









 

 

 Suppose,    yp= v1u1+v2u2 

)(

   0

2211

2211

xFuvuv

uvuv













 

x3x2

2

x

1

x2

2

x

1

e)e2(v)e(v

   0)e(v)e(v

















 

 

Solving this system by Cramer rule gives 

x2

x3x

x

2

x5

x2x3

x2

1

x

x2x

x2x

e
ee

0e
D,e

e2e

e0
D,e3

e2e

ee
D 















 

xx

2

x

x

x2

2

x4x4

1

x4

x

x5

1

e
3

1
e

3

1
ve

3

1

e3

e
'v

,e
12

1
e

3

1
ve

3

1

e3

e
'v


















 

xxx

xxxxx

p

eececyissolutiongeneralThe

eeeeey

32

21

324

4

1
:

4

1

3

1

2

1









 

                                y =       yp       + yh 
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Ex.2: solve 

y'' + y = secx 

Solution: 

y'' + y=0 

r
2
+1=0 r

2
=-1  r = ± i         =0, =1 

yh = c1cosx + c2sinx,    u1= cosx, u2 = sinx,    f(x)=secx 

 

 yp= v1u1+v2u2 

= v1cosx +v2sinx,   then 

xsec)x(cosv)xsin(v

   0)x(sinv)x(cosv

21

21













 

1xsecxcos
xsecxsin

0xcos
D

,xtan
xcos

1
xsinxsecxsin

xcosxsec

xsin0
D

,1xsinxcos
xcosxsin

xsinxcos
D

2

1

22













 















xdxv1'v

|xcos|lndx
xcos

xsin
vxtan

1

xtan
v

22

11

 

yp = ln |cosx| cosx + x sinx 

y = c1cosx + c2sinx + ln |cosx| cosx + x sinx 
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C. Higher order Differential Equations: 
 

Higher order linear Differential Equations: 

The general form with constant coefficient is: 

                             (1) ......       )(1

)1(

1

)( xFyayayay nn

nn  

    

If   0)( xF  then (1) is called homogenous, otherwise (1) is called nonhomogenous. 

 

The general solution 

The methods of solving second order homogenous D.Eqs. with constant coefficients can be 

extended to solve higher order homogenous and nonhomogenous D.Eq. with constant coefficients. 

 

a) Homogenous: the characteristic equation of nth order homogenous D. Eq.: 

01

)1(

1

)(  

 yayayay nn

nn   is: 

   01

1

1  



nn

nn ararar   

Let   r1, nrrr   ,  ...  ,    ,  21    be the roots of characteristic equation then: 

 

1) If   nrrr   ,  ...  ,    ,  21   are all distinct then the solution is: 
xr

n

xrxr necececy  21

21h  

 

2) If   1r  repeated m times, then  
hy  will contain the terms: 

   ... 111 1

21

xrm

m

xrxr
excxecec   

 
3) If some of roots are complex (  ir  ) then yh will contain  

xexcxc  ) sin cos( 21   

 

Note : the general solution for ordinary differential equations is in the form of : 

 

                                         y = yh + yp 
 
Then, finding the roots just to find yh.  
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 Now, we are going to find  the roots and solve D.Eq. of   higher order  : 

 
There are two methods to factorize f(x): long division & fast division. 
 

1-  First method: Fast division 
2- Second method: long division 

 
 

Ex.:  Find all roots of  the given differential equation and solve it. 

              y
’’’

 + 4 y
’’
 – 3 y

 ’
 – 18 y = 0 , using fast and long division.                          

Solution:     

                            y
3
 + 4 y

2
 – 3 y – 18 = 0                          

                             r
3
 + 4 r

2
 – 3r  – 18 = 0   

First method: Fast division 

Find all roots of  r
3
 + 4 r

2
 – 3r  – 18 = 0,  

18 9, 6, 3, 2, 1,   : r  

0186168)2( f , 

“ r  = 2 “  is the root that make the equation above is zero, then : 

                             r
2
 + 6 r + 9 = 0 

                         ( r – 2) ( r
2
 + 6 r + 9 ) = 0 

                         (r – 2)( r++ 3 ) (r + 3) = 0 

Then the roots that we got it using fast division are : 

r1 = 2, r2 = -3, r3= -3 

then  the solution of the given Differential Equation is : 

y = C1 e 
2x

 + C2 e 
-3x 

+ C3 x e
-3x

   

 

Second method: long division 

r
3
 + 4 r

2
 – 3r  – 18 = 0  , “ r  = 2 “  is the root that make the equation is zero, then : 

( r – 2) ( r
2
 + 6 r + 9 ) = 0    

(r – 2)( r + 3 ) (r + 3) = 0 

Then the roots r1 = 2, r2,3= -3 , using long division. 
 

then  the solution of the given Differential Equation is : 
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y = C1 e 
2x

 + C2 e 
-3x 

+ C3 x e
-3x

                                         

Ex.:   012223''''  yyyyy  

 
factor   a is  2)-(   root     a is   2

    012223 234

rr

rrrr




 

064   23  rrr  

factor     a is  3)-(   root         3   ,       064)(2( 23 rrrrrr  ) 

 

 

 

 

022   2  rr  

1  ,   11     ,3     ,2     

0)22( )3)(2( 

21

2





irrr

rrrr


   

xxx excxcececy  ) sin cos(    43

3

2

2

1h  

 

 

 

 

 

H.W : Solve the above Example using long division. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 1 -3 -2 2 12 

2   2 -2 -8 -12 

    1 -1 -4 -6 0 

 1 -1 -4 -6 

3   3 6 6 

    1 2 2 0 
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b) Nonhomogeneous: the general form of nth order nonhomogeneous differential 

equation is: 

             (1) ......       )(1

)1(

1

)( xFyayayay nn

nn  

   

        The general solution is  py hg yy   

 

Methods of finding yp: 

1) Undetermined coefficients 

We can extend the methods of solving second order non homogenous D.Eqs. with constant 

coefficients to solve higher order non-homogenous D.Eq. with constant coefficients. 

 

Ex.1: y(4)-8y''+16y=-18sinx 

Solution: 

py hg yy   

y(4)-8y''+16y=0 

r4-8r2+16=0  (r2-4)2=0  r2=4  r=±2 

yh=c1e2x+c2xe2x+c3e
-2x+c4xe-2x 

Now, we will find yp, 

let yp= A cosx + B sinx,  y'p= - A sinx + B cosx,  y''p=  - A cosx – B sinx 

y'''p= A sinx – B cosx, y(4)
p=  A cosx + B sinx 

A cosx + B sinx + 8A cosx + 8B sinx + 16A cosx+16B sinx = -18 sinx 

25Acosx+25Bsinx=-18sinx 

25A = 0    A = 0 

25B = - 18  B = -18/25 

 y   =                yh                                    +     yp 

xsin
25

18
    -     xececxececy 2x-

4

2x-

3

2x

2

2x

1   

2) Variation of parameters 

In this method, the particular solution yp has the form yp=v1u1+v2u2+… +vnun 

Where u1, u2, …, un are taken from yh=c1u1+c2u2+… +cnun. 

To find v1, v2, …, vn, we must solve the following linear eqs. For v'1, v'2, …, v'n: 

)(uv uvuv

0uv uvuv

0uv uvuv

0uv uvuv

)1(

nn

)1(

22

)1(

11

)2(

nn

)2(

22

2)-(n

11

nn2211

nn2211

xf
nnn

nn
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Ex2:   solve           y''' + y' = secx 

Solution: 

Let y'''+y'=0 

r
3
+r=0  r(r

2
+1)=0  r=0, r

2
=-1  r1=0, r=±i  

yh=c1+c2cosx+c3sinx 

u1=1, u2=cosx, u3=sinx, f(x)=secx 

xxx

xx

inxosx

sec)(sinv)cos(v)0(v

0)(cosv)sin(v)0(v

0svcvv

321

321

321







 

1xcosxsin

xsinxcos0

xcosxsin0

xsinxcos1

D 22 



  

xsec)xcosx(sinxsec

xsinxcosxsec

xcosxsin0

xsinxcos0

D 22

1 



  

1xsecxcos
xsinxsec

xcos0

xsinxsec0

xcos00

xsin01

D2 






  

xtanxsecxsin
xsecxcos

0xsin

xsecxcos0

0xsin0

0xcos1

D3 







  

 


)xtanxln(secxdxsecvxsec
D

D
v 1

1
1  

 


xdx1v1
D

D
v 2

2
2  

 


xdxxvx
D

D
v coslntantan 3

3

3  

yp= ln (secx+tanx)-x cosx-ln cosx sinx 

yg= c1+c2cosx+c3sinx+ ln (secx+tanx)-x cosx - ln cosx sinx 



 

Partial Differential 

Equations 



 قسم هندسة الالكترونيكية هندسة الالكترونيات / كل                    (    Partial Differential Equations    )                           التحليلات الهندسية  /  المرحلة الثانية             

 

- 111 - 
 

(  Partial Differential   Equations  ) 
Introduction : 

Much of modern science, engineering, and mathematics is based on the study of 
partial differential equations, where a partial differential equation is an equation involving 

partial derivatives which implicitly defines a function of  two or more variables. 
 
For example, if u (x, t) is the temperature of a metal bar at a distance x from the initial end 

of the bar, 
 

 
 
then under suitable conditions u (x, t) is a solution to the heat equation, where “ k ” is a 

constant. :  

 
 

As another example, consider that if  u (x; t) is the displacement of a string a time t ; 

then the vibration of the string is likely to satisfy the one dimensional wave equation for a 

constant, which is : 
 

 
When a partial differential equation occurs in an application, our goal is usually that 

of solving the equation, where a given function is a solution of a partial differential 

equation if it is implicitly defined by that equation . That is, a solution is a function that 

satisfies the equation. 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

Home Work : 
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1 ) Direct Partial integration:  
As explained in the previous class, the integration is the reverse process of 

differentiation. The partial integration is the same as ordinary integration when its 
required the integrate of the function.  

 
1- a) Direct Partial integration without boundary conditions:  

 
Example: Integrate the partial differential equation given below  with respect to t. 
                                        ∂u/∂t= 5cosx sin t 
Solution : 
The (5 cosx) term is considered as a constant. 

 
 

 

 

 

 
Example: Integrate the partial differential equation given below with respect to y, 
then with respect x. *( Integrate the partial differential equation ). 

 

 
Solution : Integrate with respect to y : 
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1-b) Solution of partial differential equations by direct partial integration with 
boundary conditions: 

The simplest form of partial differential equations occurs when a solution can be 
determined by direct partial integration. This is demonstrated in the following worked 

problems. 
 
 

 
 

 
 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

Solution :  

g(y) 

g(y) 

g(y)=cos y 
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Some important engineering partial differential equations : 
There are many types of partial differential equations. Some typically found in 

engineering and science include: 
(a) The wave equation, where the equation of  motion is given by: 

 
 

 

 

 

 
(b) The heat conduction equation is of the form: 

 

 

 

 

 

 

 
(c) Laplace’s equation, used extensively with electrostatic fields is of  the form: 

 

 
 

 
 

         (d)  The transmission equation, where the potential u in a transmission cable is of the  
form: 
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Separating the variables : 
Solutions to many (but not all!) partial differential equations can be obtained using 

the technique known as separation of variables.  

In separation of variables, we first assume that the solution is of the separated form : 

 

 
We then substitute the separated form into the equation, and if possible, move the x-

terms to one side and the t-terms to the other. If not possible, then this method will not 

work; and correspondingly, we say that the partial differential equation is not separable. 

Once separated, the two sides of the equation must be constant, thus requiring the 
solutions to ordinary deferential equations. A table of solutions to common deferential 

equations is given below :  
 

 

 

 
 
The product of  X (x) and T (t) is the separated solution of the partial deferential equation. 
 

Example : 
Use separation of variables to find the product solution of : 

                                           u
y

u

x

u










  

Solution :  

                      Let  :             U = X Y   ,  
x

u




 = YX   and 

y

u




= XY  ,  

                      Then       XYXYYX  ,                                     (1 / XY )  

                                        1





Y

Y

X

X
                          

                           11 c
Y

Y

X

X






 

                                        1c
X

X



              and          11 c
Y

Y



 

  For  X :  1c
X

X



 ,       XCX 1    , r = c1     , X = c2 e 
rX                       

     X = c2 e
C

1
X 

 

  For Y :            11 c
Y

Y



    ,   YcY )1( 1    and  r = (1-c1) , Y=c3e

rY
 

    Then             Y=c3e
(1-c1)Y               ,    

       
Now :                U = X Y   

 

                                                
U=( c2 e

C1 X   
)*  (c3e

(1-C1 )Y
) 
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Example . 

Find the product solution of   0
2

2





u

x

u
                                  

Solution :  

                              U = X  Y  and    YX
x

u
"

2

2





 

                                       
0

2

2





u

x

u
  ,   u

x

u





2

2

 

                                                                 X"Y  =  XY                                    (1 / XY )                                              
 

                                                 
1



X

X

  
                                                  X"-X=0,         r

2 
-  1 = 0,      r =  1        

                                                   U   =   A e
x
 + Be

-x
 

                                              U(x,y) =         X          * Y 

                                              U(x,y) =( Ae
x 

+ Be
-x
) * Y 

 

 

Example : Use separation of variables to find the product solution of  :   
 

                                                        03 









y

U

x

U
         

Solution. Here the dependent variables are x and y , so we substitute U XY in the given differential 

equation where X  depends on only x  and Y depends on only y . 

 

                                  03 









y

U

x

U
     or        // 3XYYX   

                                                      
Y

Y

X

X //

3
    

                                                      c
Y

Y

X

X


//

3
   

              

                                                    03/  cXX            0/  cYY    
 
From our knowledge of ordinary differential equations, have solutions  

                      cxebX 3

1 , cyebY  2   

Thus  

                   )3()3(

21

yxcyxc BeebbXYU    ,            where   21bbB   
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Solving  wave equation using separating the variables : 

 
 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 The next example will be a reminder of solving ordinary differential equations of this type. 
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Example : Application to Wave Equation  

2

2
2

2

2

dx

u
c

dt

u 



                                                                                

Let  U(x,t) = X(x) T(t), then  

)t("T)x(X
t

u
,)t('T)x(X

t

u
2

2










 

)t(T)x("X
x

u
,)t(T)x('X

x

u
2

2










 

Putting these values in the equation we get  

X(x) T"(t)  = c2X"(x) T(t) 

or k
xX

xX

tT

tT

c


)(

)("

)(

)("1
2

 

Case One:  k = 0 

 
T"(t)  = 0     ,X"(x) =0 

 

battT )(     and    rpxxX )(  

 
Case Two:  k > 0 

 )()(" 2 tTkctT       

and      
           )()(" xkXxX   

 
     
 

Case Three:  k < 0 

 

 )()(" 2 tTkctT       

and      
          )()(" xkXxX   

)sin()cos()( xkBxkAxX      ,        )sin()cos()( ctkFctkEtT   

 
 

 
 
 

 
 

 
 

xkxk BeAexX )(
ctkctk FeEetT )(
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( H.W.  ) 

1 -  

2 -  
 

 

Example : 

Solution  

: 
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The wave equation : 
An elastic string is a string with elastic properties, i.e. the string satisfies Hooke’s 

law. Figure below shows a flexible elastic string stretched between two  points at x =0 and x 
=L with uniform tension T. The string will vibrate if the string is displace slightly from its 

initial position of rest and released, the end points remaining fixed. The position of any 
point P on the string depends on its distance from one end, and on the instant in time. Its 

displacement u at any  time t can be expressed as u = f (x, t), where x is its distance from 0. 
 
 

 
 

 
 

 
The equation of motion is : 
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For stretched string problems as in next example below, the main parts of the procedure are: 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
  

 
 

 
 
  

 
 

 
 

 
 

 
 

 
 

Below ) 

4- 

3- 

2- 

1- 
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Example : Figure below shows a stretched string of length 50 cm which is set oscillating by 
displacing its mid-point a distance of 2 cm from its rest position and releasing it with zero 

velocity where c
2
 =1, to determine the resulting motion u(x, t). . Solve the wave equation:  

 
 
Solution : 

 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 
 

 

 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 

( Always ) 

- 124 - 
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 (  H.W. ) 
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Classifications of PDEs  :  
 A general second order linear partial differential equation in two Cartesian variables 

can be written as : 
 

GFu
y

u
E

x

u
D

y

u
C

yx

u
B

x

u
A 
























2

22

2

2

 

Three main types arise, based on the value of  D  =  B
2
 – 4AC (a discriminant): 

 

1. Hyperbolic, wherever (x, y) is such that  D > 0; 
 

2. Parabolic, wherever (x, y) is such that     D = 0; 

 
3. Elliptic, wherever (x, y) is such that        D < 0. 

 
 

 
 

Example : Classify the partial differential equation 
 

2 2 2

2 2
3 2 0

u u u

x x y y

  
  

     
u(x, 0)  =  x

2
   

u(x, 0)  =  0 
 

Solution :  
 
 Compare this PDE to the standard form  

 
2 2 2

2 2
0

u u u
A B C

x x y y

  
  

     
 

 A  =  1 ,    B  =  –3 ,    C  =  2       D  =  9  –  42  =  1  >  0 

 
 Therefore the PDE is hyperbolic everywhere. 
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Revision  of the matrices 

In mathematics, a matrix is a rectangular table of elements (or entries), which may be 
numbers or, more generally, any abstract quantities that can be added and multiplied. 

Matrices are used to describe linear equations, keep track of the coefficients of linear 
transformations and to record data that depend on multiple parameters. Matrices are 

described by the field of matrix theory. Matrices can be added, multiplied, and decomposed 
in various ways, which also makes them a key concept in the field of linear algebra. 

 
In this material, the entries of a matrix are real or complex numbers unless otherwise noted. 
 

 
 

 
 

 
 

 
 

 
 

: Basic operations 

 Sum : 
Two or more matrices of identical dimensions m and n can be added. Given m-by-n 

matrices A and B, their sum A+B is the m-by-n matrix computed by adding corresponding 
elements: 

 
 

 

 
 
 

 

 

 

Scalar multiplication : 

Given a matrix A and a scalar number c, the scalar multiplication cA is computed by 

multiplying every element of A by the scalar c (i.e. ).  For example: 

 

 

 

http://en.wikipedia.org/wiki/Mathematics
http://en.wikipedia.org/wiki/Number
http://en.wikipedia.org/wiki/Semiring
http://en.wikipedia.org/wiki/System_of_linear_equations
http://en.wikipedia.org/wiki/Coefficient
http://en.wikipedia.org/wiki/Linear_transformation
http://en.wikipedia.org/wiki/Linear_transformation
http://en.wikipedia.org/wiki/Matrix_theory
http://en.wikipedia.org/wiki/Linear_algebra
http://en.wikipedia.org/wiki/Real_number
http://en.wikipedia.org/wiki/Complex_number
http://en.wikipedia.org/wiki/Scalar_multiplication
http://en.wikipedia.org/wiki/Scalar_%28mathematics%29
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ijji ax ,, 





























63

52

41

654

321

TA

A

Matrix multiplication : 
Multiplication of two matrices is well-defined only if the number of columns of the 

left matrix is the same as the number of rows of the right matrix. If A is an m-by-n matrix 
and B is an n-by-p matrix, then their matrix product AB is the m-by-p matrix given by: 

 
 

 
for each pair (i,j). For example: 

 
 

 
 

 
 

Matrix multiplication has the following properties: 
 (AB)C = A(BC) for all k-by-m matrices A, m-by-n matrices B and n-by-p matrices C 

("associatively").  
 (A+B)C = AC+BC for all m-by-n matrices A and B and n-by-k matrices C ("right 

distributive").  

 C(A+B) = CA+CB for all m-by-n matrices A and B and k-by-m matrices C ("left 
distributive").  

 
Matrix multiplication is not commutative; that is, given matrices A and B and their product 

defined, then generally AB  BA. It may also happen that AB is defined but BA is not 
defined. 

Transposition : 

Transposing a matrix means converting an m by n matrix into an n by m matrix, by 

“flipping” the rows and columns. 
  

 
 It is denoted by a superscript T, i.e: 

 

 
 

 
 

 
As an aside, there is an interesting relationship between transposition and multiplication: 

TTT ABBA  )(
 
A = (A

T
)
T

 = A 
(A +B)

T
 = A

T 
+ B

T
 

 (kA)
T
 = k(A)

T 

 
cess to them.: choose Matrix A and Matrix B then apply all the above proH.W 

http://en.wikipedia.org/wiki/Commutativity
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If you are interested, you can prove this for yourself fairly easily. Hint – look at the 
definition of matrix multiply, and try swapping the subscripts. 

 

Equality : 

two matrices are considered to be equal if they have the same order, and if all their 

corresponding elements are equal. 

Square Matrix : 

 A square matrix is a matrix where the number of rows and columns are equal ,i.e.   a 2 by 
2 matrix, a 3 by 3 matrix etc. 

Unit (Identity) Matrix : 

 A unit matrix is a square matrix in which all the elements on the leading diagonal are 1, 

and all the other elements are 0,  i.e.: 
  

 
 

 

Zero (Null) Matrix:  

 A zero, or null, matrix is one where every element is zero, i.e. 

  
 

 

Diagonal Matrix : 

 A diagonal matrix is a square matrix in which all the elements are zero except for the 
elements on the leading diagonal, i.e.: 

  
 

 
  

Symmetric Matrix 

 A symmetric matrix is a square matrix where 
  

  
for all elements, i.e., the matrix is symmetrical about the leading diagonal. For example: 
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053

502

320

Skew Symmetric Matrix(anti-symmetrical Matrix) : 

 A skew symmetric matrix is a square matrix where : 

  
  

for all elements. i.e., the matrix is anti-symmetrical about the leading diagonal. This of 

course requires that elements along the diagonal must be zero. For example : 

 

 
 

Orthogonal Matrix: 

 An orthogonal matrix is a square matrix which produces an identity matrix if it is 

multiplied by its own transpose, i.e.: 
 

   
 

 
 

RANK : 
The RANK of a matrix is equal to the highest order non-zero determinant that can be 

formed from its sub-matrices 
 





















5921

287108

21693

14254

A
                                                  

 

                                                                 det A = 0   
 

63

7108

693

254


                                                            

 

Rank of A = 3 
 

 
The rank of a matrix can also be measured by the maximum number of linearly independent 

columns of A. 
 

IAA T 

a -     A x A
T
 = I = A

T
 x A  

               Or 

b-        A
-1

 = A
T 

 

http://www.morello.co.uk/matrixalgebra.htm#_Square_Matrix#_Square_Matrix
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This also equals the maximum number of linearly independent rows 
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= 0 4a4c+  3a3c+ 2 a2c+  1a1c 

 
A FULL COLUMN RANK matrix has the same number of linearly independent columns 

(rows) equal to the number of columns  
 

A FULL ROW RANK matrix has the same number of linearly independent rows (columns) 
equal to the number of rows 

 
:      det(A)=0  SINGULARdoes not have full row and column rank it is A If  

:   det(A)≠0 SINGULAR-NONdoes have full row and column rank it is A If  
 

rank (In) = n 
rank (kA) = rank (A) 

rank (A
T
) = rank (A) 

If A is (m x n) then rank (A) is ≤ min {m, n} 
rank AB ≤ min{rank (A), rank (B)} 

 

Inverse Matrix : 

The inverse of a square matrix , sometimes called a reciprocal matrix, is a matrix such 

that : 

   

Where “ I “is the identity matrix. A square matrix “ A “ has an inverse if the determinant 

A matrix possessing an inverse is called nonsingular, or invertible.  

The matrix inverse of a square matrix may be taken in Mathematic using the function 

Inverse[m].  

For a 2 X  2  Matrix  : 

 
 

 
 

The Inverse of  “ A “ is then A
-1

 : 
 

A
-1 

= 

http://mathworld.wolfram.com/SquareMatrix.html
http://mathworld.wolfram.com/IdentityMatrix.html
http://mathworld.wolfram.com/SquareMatrix.html
http://mathworld.wolfram.com/Iff.html
http://mathworld.wolfram.com/Determinant.html
http://mathworld.wolfram.com/NonsingularMatrix.html
http://mathworld.wolfram.com/SquareMatrix.html
http://www.wolfram.com/products/mathematica/
http://reference.wolfram.com/mathematica/ref/Inverse.html
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Determinate 

( Det ) 

 

Homogenous 

(Left Side = zero) 

Number of solutions 

two are 

Non-Homogenous  

Number of solutions 

threeare  

 

Non-singular  

       
 

 

Singular 

       

 

Non-singular  

       
 

 

 

Singular 

       
 

ution (1)Sol 
Trivial solution 

(One solution) 

Solution (2) 
Infinity many 

solutions 
(Eigenvalue & 

Eigenvector) 

Solution (2) 
 

No-Solution 

Solution (3) 
 

Infinity many 

solutions 

Solution (1) 
 

Exactly one Solution 

 

(  Solution systems of linear equations using Gaussian Elimination ) 

 

 

 

 

Definitions: 
Singular :  if the determinant of a matrix is zero we call that matrix singular. 
Non-singular : if the determinant of a matrix isn’t zero we call the matrix non-singular. 
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Gaussian Elimination ( elementary row operations) : 
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                 When we get something like the third equation that simply doesn’t  make sense 
we immediately know that there is no solution.  In other words, there is no set of three 

numbers that will make all three of the equations true at the same time. 
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Eigenvalues and Eigenvectors : 
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(H.W.1)  

: 

Solution : 
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H.W.(2) : Determined the eigenvalues of the matrix A given below : 

 
                                                A =      

 
 

Solution : 
λ1 = 4,  λ2 = -5 , λ3 = 3 , 

 

H.W.(3) : Determined the eigenvector of the H.W.2 at   λ3 = 3: 
 

Solution : 
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: circuits Application of matrices to electric 
 

Example ( 1 )  :  
) Kirchhoff's Law usingFind the electric currents shown by solving the matrix equation (obtained 

arising from this circuit (Use inverse matrix ): 
 

 
 
 

 
 

 
 

 
Solution : 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

https://en.wikipedia.org/wiki/Kirchhoff%27s_circuit_laws
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)  :  2Example (  
) Kirchhoff's Law usingFind the electric currents shown by solving the matrix equation (obtained 

):Gaussian Eliminationit (Use arising from this circu 

 

 
 
 

 
 

 
 

 
 

 
Solution : 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

Then by using  the value of currents are : 
 

 
 

 
 

 
 

https://en.wikipedia.org/wiki/Kirchhoff%27s_circuit_laws
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)  :  ( H.W  
Nodal  usingFind the electric currents shown by solving the matrix equation (obtained 

):Gaussian Eliminationthis circuit (Use  arising from )Voltage Analysis 

 

 
 
 

 
 

 
 

 
 

 
 
 
 

 Using Matrix to find the currents in the circuit below : )  : ( H.W 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

Solution : 

Solution : 
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(  Laplace Transforms     ) 

Laplace Transforms : 
The solution of most electrical circuit problems can be reduced ultimately to the solution 

of differential equations. The use of Laplace transforms provides an alternative method to 

those discussed in the previous subjects for solving linear differential equations. 
 

 
 

 
 
 

 
 

 
 

Now, the integral in the definition of the transform is called an improper integral and it 

would probably be best to know how these kinds of integrals work before we actually jump 
into computing some transforms. 

 

Improper Integrals : 
In this section we need to take a look at integrals that are called Improper Integrals.    

       Infinite Interval : 

        In this kind of integral one or both of the limits of integration are  infinity.  In 

these cases the interval of integration is said to be over an infinite interval.  
         Let’s now formalize up the method for dealing with infinite intervals.  There are   

essentially three cases that we’ll need to look at. 
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Now that we remember how to do these (improper integrals ), let’s compute some 

Laplace transforms.  We’ll start off    with probably the simplest Laplace transform to 
compute.  
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Table of the common functions used by Laplace transform 
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1-Linearity : 

2-Shifting property: 

3-Time scaling: 

5- Differentiation used in Solution of initial value problems: 

4-Differentiation of the frequency: 

-105- 
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More Examples about Laplace Transform 

( H.W. ) 
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H . W.  

1 - 2 - 3 - 4- 
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(  H.W. ) 

(  H.W. ) 
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Inverse Laplace Transforms : 
 In these cases we say that we are finding the Inverse Laplace Transform of  F(s)  

and use the following notation. 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 

( H.W. )  
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, Where V, R, L are constants - 

H. W. 

H.W.  
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( H. W. )  
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S 2  A + 11  A  +  B S 2 – 6B S + C S –  6 C 
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Solution Differential equations of initial value problems using Laplace  

Solution : 
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Solution : 

H. W. : 
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        (  Probabilities  and Statistics) 
Introduction : 

Probability and statistics are concerned with events which occur by chance. Examples  
include occurrence of accidents, errors of measurements, production of defective and  non-

defective items from a production line, and various games of chance, such as  drawing a 
card from a well-mixed deck, flipping a coin, or throwing a symmetrical  six-sided die. In 

each case we may have some knowledge of the likelihood of various  possible results, but 
we cannot predict with any certainty the outcome of any particular trial. Probability and 
statistics are used throughout engineering. In electrical  engineering, signals and noise are 

analyzed by means of probability theory.  
 

Probability : The chance that something will happen. 
 

Some Important Terms : 
(a) Probability as a specific term is a measure of the likelihood( Probability ) that            

a particular event will occur. 
    (b)  Statistics is a word with a variety of meanings. To the man in the street it most  

often means simply a collection of numbers, such as the number of people  
living in a country or city. 

 
Events and the Sample Space 

Data are obtained by observing either uncontrolled events in nature or by observing 
events in controlled situations. We use the term experiment to describe either method 

of data collection. 

 
Experiment :  is the process by which an observation (or measurement) is obtained. 

Outcome : A possible result of one trial of a probability experiment. 
Sample Point : is the one of each outcome.  

Event  : is the outcome that is observed on a single repetition of the experiment. 
Sample space: is a collection of events. Or, The set of all events . 

 
 

 
 

 
 
 

Dependent events : The outcome of one event  is affected by another event..  Or, The 
probability   of  occurrence of one event depends on the occurrence of the other. 

Independent event : Two or more events whose outcomes do not affect each other. 
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Mutually Exclusive Events (disjoint):  Two outcomes or events are mutually exclusive 
when they cannot both occur simultaneously .Or , Two events are mutually exclusive if, 

when one event occurs, the other cannot, and vice versa. 
 

 
 
 

 
 

 
Venn Diagram  : A diagram of overlapping circles that shows the relationships among 

members  of different sets. 
 

Event Relations and Probability rules : 
Sometimes the event of interest can be formed as a combination of several other 

events. Let A and B be two events defined on the sample space S. Here are three important 

relationships between events. 

Union  : The  union of events A and B, denoted by “ A    B “, is the event that either A or 
B or both occur. 
Intersection  : The  intersection of events A and B, denoted by “ A    B “, is the event 

that both A and B occur. 

Complement  : The complement of an event A, denoted by “ A
c “

, is the event that A does 

not occur.     
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Calculating Probabilities for Unions and Complements : 
When we can write the event of interest in the form of a union, a complement, or an  

intersection, there are special probability rules that can simplify our calculations. The first 
rule deals with unions of events. 

 
The Addition Rule : 
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Rule For Complements : 
 

Black Red Red Black 
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dependence, Conditional Probability, And The Multiplication Rule :In 
 Independent  : Two events, A and B, are said to be independent if and only if the 

probability of event B is not influenced or changed by the occurrence of event A, or vice 
versa 

 
 
 

 
 

 
 

 
 

 
 

 
 
 

 
 
 

 
 

 
 
 

 
 

 
 

 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

Example :  
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H.W : 
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Describing a set of  Data with numerical measures : 
Graphs can help you describe the basic shape of a data distribution; “a picture is 

worth a thousand words.”  But there are  limitations of using graph. Therefore, we need to 
find another way to convey a mental picture of the data. 

 
One way to overcome these problems is to use numerical measures, which can be 

calculated for either a sample or a population of measurements.  You can use the data to 

calculate a set of numbers that will convey a good mental picture of the frequency 
distribution. These measures are called parameters when associated with the population, 
and they are called statistics when calculated from sample measurements. 

 
Definition : 

Numerical descriptive measures associated with a population of measurements are 

called  parameters; those computed from sample measurements are called statistics. 
 

Measures Of Center : 
Let’s consider some rules for locating the center of a distribution of measurements. 

 
The arithmetic mean or average : 

The arithmetic average of a set of measurements is a very common and useful measure of 
center. The definition of the arithmetic mean or average of a set of n measurements is 
equal to the sum of the measurements divided by n.  

 
 

 
Where : 

   (x-bar) is a sample mean.  
 µ  symbol (Greek lowercase mu) for the mean of a population. 
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Median: 
A second measure of central tendency is the median, which is the value in the 

middle position in the set of measurements ordered from smallest to largest. 

 
Definition : The median m of a set of n measurements is the value of x that falls in 
the middle position when the measurements are ordered from smallest to largest. 

 

We can know the order and the value of median by using the following : 
The value “ .5(n + 1)  “  indicates the position of the median in the ordered data set. 

If the position of the median is a number that ends in the value .5, you need to average the 
two adjacent values. 

 

 
 
 

 
  

 
 
 

  
 

 
 
 

 
Now if we use the  value “ .5(n + 1)  : 

 

If a distribution is  tilt to the right, the mean shifts to the right; if a distribution is 
skewed to the left, the mean shifts to the left. The median is not affected by these extreme 

values because the numerical values of the measurements are not used in its  calculation. 
When a distribution is symmetric, the mean and the median are equal. If a distribution is 

strongly skewed by one or more extreme values, you should use the median rather than the 
mean as a measure of center. 
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The Mode : 
Another way to locate the center of a distribution is to look for the value of x that 

occurs with the highest frequency. This measure of the center is called the mode. 

 
Definition :  The mode is the category that occurs most frequently, or the most frequently 
occurring value of x. When measurements on a continuous variable have been grouped 
as a frequency or relative frequency histogram, the class with the highest peak or 

frequency is called the modal class, and the midpoint of that class is taken to be the mode. 
Note : The mode is generally used to describe large data sets, whereas the mean and 

           median are used for both large and small data sets. 

 

 
 

 
 

 
 

 
 
 

 
 

 
 

 
 

 
 
 
 
 

 

Solution : 

For The visits : 
Table: From the data in Example reproduced in Table (a), the mode of the distribution of 

the number of reported weekly visits to Starbucks for 30 Starbucks customers is 5. 
Using the histogram: The modal class and the value of  x occurring with the highest 

frequency are the same, as shown in Figure (a). 
 

For the birth weight : 
Table: For the birth weight data in Table (b), a birth weight of 7.7 occurs four times, and 
therefore the mode for the distribution of birth weights is 7.7 

Using the histogram : Using the histogram to find the modal class, you find that the class 
with the highest peak is the fifth class, from 7.6 to 8.1. Our choice for the mode would be 

the midpoint of this class, or (7.6 + 8.1) 7.85. See Figure (b). 
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Measures Of Variability : 
Data sets may have the same center but look different because of the way the 

numbers spread out from the center. 
Measures of variability can help you create a mental picture of the spread of the 

data. We will present some of the more important ones. The simplest measure of variation 
is the range. 

 
Definition : The range, R , of a set of n measurements is defined as the difference 

                    between the largest and smallest measurements.  

 
For example, the measurements “ 5, 7, 1, 2, 4 “ vary from 1 to 7. Hence, the range is   ( 7 - 1 

= 6) . The range is easy to calculate, easy to interpret, and is an adequate measure of 
variation for small sets of data. for large data sets, the range is not an adequate measure of 

variability. 
 
Definition : The variance of a population of  N  measurements is the average of the 

squares  of the deviations of the measurements about their mean m. The 
population variance is denoted by “ δ

2
  “ and is given by the formula. 

 
 

 
 

 
 

 
 

Definition:  The variance of a sample of n measurements is the sum of the squared 

deviations of the measurements about their mean ”     “  divided by (n - 1). The sample 

variance is denoted by s
2  

and is given by the formula. 
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The variance ( s
2
) is measured in terms of the square of the original units of measurement. 

If the original measurements are in inches, the variance is expressed in square inches. 
Taking the square root of the variance, we obtain the  standard deviation, which returns the 

measure of variability to the original units of measurement.  

 
 

Definition  : The standard deviation of a set of measurements is equal to the positive 

square root of the variance. 

 
Shortcut method for calculating s

2
. 
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Random variable 
Random variable: a numerical characteristic that takes on different values due to chance. 

Example : 
Coin Flips 

The number of heads in four flips of a coin (a numerical property of each different sequence 
of flips) is a random variable because the results will vary between trials. 

 
Discrete and Continuous Random variables : 

Random variables are classified into two broad types: discrete and continuous.  
A discrete random variable has a countable set of distinct possible values.  

A continuous random variable is such that any value (to any number of decimal 
places) within some interval is a possible value. 

 

Examples for  Discrete and Continuous Random variables 

Discrete Random Variables: 
 Number of heads in 4 flips of a coin (possible outcomes are 0, 1, 2, 3, 4) 

 Number of classes missed last week (possible outcomes are 0, 1, 2, 3, ..., up to the 
maximum number of classes) 

 Amount won or lost when betting $1 on the Pennsylvania Daily number lottery 

 

Examples for  Discrete and Continuous Random variables 

Continuous Random Variables: 
 Heights of individuals 

 Time to finish a test 
 Hours spent exercising last week 
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Discrete Random Variables 
Probability distribution: A table, graph, or formula that gives the probability of a given 
outcome's occurrence 
 

Probability Distribution for a discrete random variable : 

For a discrete random variable, its probability distribution (also called the probability 
distribution function) is any table, graph, or formula that gives each possible value and the 

probability of that value. 

 

 
 

 

Note: The total of all probabilities across the distribution must be 1, and each individual 

probability must be between 0 and 1, inclusive.  
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Cumulative Probabilities 

Cumulative probability: Likelihood (probability) of an outcome less than or equal to a  

given value occurring. 
To find a  cumulative probability we add the probabilities for all values qualifying as "less 

than or equal" to the specified value. 

Cumulative distribution: 

Cumulative distribution: A listing of all possible values along with the probability of that 

value and all lower values occurring (i.e., the cumulative probability). 
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Expected Value of a Discrete Random Variable : 

Law of Large Numbers: Given a large number of repeated trials, the average of the results 

will be approximately equal to the expected value. 

Expected value: The mean value in the long run for many repeated samples, symbolized 

as E(X). 

 
 

 
 

 
 

 
According to this formula, we take each observed X value and multiply it by its respective 

probability. We then add these products to reach our expected value. 
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Standard Deviation of a Discrete Random Variable : 

To calculate the standard deviation we first must calculate the variance. From the 

variance, we take the square root and this provides us the standard deviation. Conceptually, 
the variance of a discrete random variable is the sum of the difference between each value 

and the mean times the probability of obtaining that value, as seen in the conceptual 
formulas below: 

 

 

 

 
 
 

 
 

 
 

 
 

In these expressions we substitute our result for E(X) into μ  because μ is the symbol used 
to represent the mean of a population . 

However, there is an easier computational formula. The computational formula will give 
you the same result as the conceptual formula above, but the calculations are simpler.  

 
 
 

 
 

 
 

 
 

 
 
 
 

 

 

Notice in the summation part of this equation that we only square each observed  X value 

and not the respective probability. Also note that the μ is outside of the summation. 
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Binomial Random Variable : 

A specific type of discrete random variable that counts how often a particular event 

occurs in a fixed number of tries or trials. 
 

For a variable to be a binomial random variable, ALL of the following conditions must be 
met: 

1. There are a fixed number of trials (a fixed sample size) 
2. On each trial, the event of interest either occurs or does not 

3. The probability of occurrence (or not) is the same on each trial 
4. Trials are independent of one another. 
 

Examples of Binomial Random Variables 

 Number of correct guesses at 30 true-false questions when you randomly guess all 
answers 

 Number of winning lottery tickets when you buy 10 tickets of the same kind 
 Number of tails when flipping a coin 10 times 

 
Notation 

n = number of trials 
 p = probability event of interest occurs on any one trial 

Example 

Number of correct guesses at 30 true-false questions when you randomly guess all answers 

There are 30 trials, therefore n = 30 
There are two possible outcomes (true and false) that are equally probable, therefore p = 1/2 

= .5 
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 Probabilities for Binomial Random Variables : 

The conditions for being a binomial variable lead to a somewhat complicated formula 

for finding the probability any specific value occurs (such as the probability you get 20 
right when you guess as 30 True-False questions.) 

 
 
 
 

 

 
 

 
 

 
Cumulative probability: Likelihood that a certain number of successes or fewer will  

occur. 
Binomial random variable probabilities are mutually exclusive, therefore we can use the 

addition rule that we learned before. 

In the red flowers example, we first computed P(X = x) and then P(X ≤ x). This latter 
expression is called finding a cumulative probability (CDF)because you are finding the 

probability that has accumulated from the minimum to some point, i.e. from 0 to 1 in this 
example. 
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The Poisson Probability Distribution : 
Another discrete random variable that has numerous practical applications is the 

Poisson random variable. Its probability distribution provides a good model for data that 
represent the number of occurrences of a specified event in a given unit of time or space. 

 
Here are some examples of experiments for which the random variable x can be  

modeled by the Poisson random variable: 

• The number of calls received by a technical support specialist during a given 
    period of time (time). 

• The number of bacteria per small volume of fluid(Space). 
• The number of customer arrivals at a checkout counter during a given minute(time).  

• The number of machine breakdowns during a given day (time). 
• The number of traffic accidents on a section of freeway during a given time 

     period(Space). 
 

In each example, X represents the number of events that occur in a period of time or 
space during which an average of  “ µ “ such events can be expected to occur.  
The only assumptions needed when one uses the Poisson distribution to model 

experiments such as these are that the counts or events occur  randomly and 
independently of one another. The formula for the Poisson probability distribution, as well 

as its mean and variance, are given next. 
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Alternatively, you can use cumulative Poisson tables : 
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Continuous Random Variables 

Continuous random variables are random quantities that are measured on a 
continuous scale. They can usually take on any value over some interval, which 

distinguishes them from discrete random variables, which can take on only a sequence of 

values, usually integers.  
 
Probability distribution of a continuous random variable : 

describe the probability distribution of a continuous random variable by giving its density 
function. A density function is a function f(x) which satisfies the following two properties: 

 
 

 
 

 
1- The first condition says that the density function is always nonnegative, so the 

graph of the density function always lies on or above the x-axis. 
2- The second condition ensures that the area under the density curve is “ 1 ”. 

 
The probability that the random variable takes on a value : 
the probability that the random variable takes on a value between a and b is the area under 

the curve between a and b. More precisely, if  X  is a random variable with  density function 
f (x) and a <  b, then : 

 
 

 
 

Example : Suppose the income of people in a community can be approximated by a  
continuous distribution with density : 

 

 

a) Find the probability that a randomly chosen person has an income between $30; 000 
      and $50; 000. 
b) Find the probability that a randomly chosen person has an income of at least $60; 000. 

 
Solution:  

a) Let X be the income of a randomly chosen person. The probability that a  randomly 
chosen person has an income between $30; 000 and $50; 000 is : 

 
 

 
 

b) The probability that a randomly chosen person has an income of at least $60; 000 is : 
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Expected value and standard deviation for continuous random variables 

The procedure for finding expected values and standard deviations for random 
variables of continuous random variables is similar to the procedure used to calculate 
expected values and standard deviations for discrete random variables. The differences are 

that sums in the formula for discrete random variables get replaced by integrals 

(which are the continuous analogs of sums), while probabilities in the formula for discrete 
random variables get replaced by densities. More precisely, if X is a random variable with 

density f(x), then the expected value of X is given by : 
 

Expected value of X 

 

 
 
while the variance is given by : 

 

 
 

                       OR 
 
 

 
As in the case of discrete random variables, the standard deviation of  X is the square 

root of the variance of  X.    (   standard deviation =  √    ( )       ) .  
 
Example : Suppose a train arrives shortly after 1:00 PM each day, and that the number of 

minutes after 1:00 that the train arrives can be modeled as a continuous random variable 
with  density given : 

 
 

Find the mean and standard deviation of the number of minutes after 1:00 that the train 
arrives. 

Solution: Let X be the number of minutes after 1:00 that the train arrives. The mean (or, 
equivalently, the expected value) of X  is given by: 
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Special Continuous Distributions 

As was the case with discrete random variables, when we gave special attention to 

the geometric, binomial, and Poisson distributions, some continuous distributions occur 
repeatedly in applications. Probably the three most important continuous distributions are 
the uniform distribution, the exponential distribution, and the normal distribution. 

 
Uniform Distribution:  

If a < b, then we say a random variable X has the uniform distribution on [a; b] if :  

 

 
 

 
 
 

 
 

 
 

 
 
 

 
 

 
 

The Normal Probability Distribution : 
The formula or Probability Density Function (PDF) that generates this distribution is 

shown next. 
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(  Sequences and Series  ) 

 
In this we’ll be taking a look at sequences and (infinite) series.  Actually, this section   

will deal almost exclusively with series.  However, we also need to understand some of the 

basics of sequences in order to properly deal with series 
 

Sequences  
Let’s start off this section with a discussion of just what a sequence is.  A sequence is 

nothing  more than a list of numbers written in a specific order.  The list may or may not 
have an infinite number of terms in them although we will be dealing exclusively with 

infinite sequences in this section.  General sequence terms are denoted as follows, 
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Testing the sequences for convergence or divergent: 

 Method of n
th

 term test. 
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Test of  monotone for the sequences : 
In the previous section we introduced the concept of a sequence and talked about 

limits of sequences and the idea of convergence and divergence for a sequence.  In this 
section we want to take a quick look at some ideas involving sequences.  

 
Let’s start off with some terminology and definitions.  

 
 

Note that in order for a sequence to be increasing or decreasing it must be 
increasing/decreasing  for every n.  In other words, a sequence that increases for three terms 
and then decreases for the  rest of the terms is NOT a decreasing sequence!  Also note that a 

monotonic sequence must  always increase or it must always decrease.  
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Series : 
In this section we will introduce The topic that  is infinite series. So just what is an infinite 

series?  Well, let’s start with a sequence , 
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Testing  methods for series convergence or divergence  
 

1- Alternating Series Test : 
The  alternating series test   that we looked at for series is convergence that have 

required all the terms in the  series be positive.  Of course there are many series out there 

that have negative terms in them and  so we now need to start looking at tests for these 

kinds of series.  
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2-Ratio Test : 
In this section we are going to take a look at a test that we can use to see if a series is 

absolutely convergent or not.  Recall that if a series is absolutely convergent then we will 
also know that it’s convergent and so we will often use it to simply determine the 

convergence of a series.   
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3-Root Test : 

          This is the last test for series convergence that we’re going to be looking at.  

As with the Ratio  Test this test will also tell whether a series is absolutely convergent or 
not rather than simple convergence. 
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Power Series : 
            We’ve spent quite a bit of time talking about series now and with only a couple of 

exceptions we’ve spent most of that time talking about how to determine if a series will 
converge or not.  It’s now time to start looking at some specific kinds of series.  

 
 In this section we are going to start talking about power series.  A power series 

about a, or just power series, is any series that can be written in the form : 

 
 

 

 

 where “ a ” and “ cn “ are numbers.  The “ cn’s “ are often called the 
coefficients of the series.  The first thing to notice about a power series is that it is a 
function of x.  That is different from any other kind of series that we’ve looked at to this 
point.  In all the prior sections we’ve only allowed numbers in the series and now we are 

allowing variables to be in the series as well.  This will not change how things work 

however.  Everything that we know about series still holds. 

 
             In the discussion of power series convergence is still a major question that we’ll be 
dealing with. The difference is that the convergence of the series will now depend upon the 
values of x that we put into the series.  A power series may converge for some values of x 

and not for other values of  x. 
 

 
        Before we get too far into power series there is some terminology that we need to get 

out of the way.    
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we know that this power series will converge for  x = - 3, but that’s it at this point. 
   *( 1 ) To determine the remainder of the x’s for which we’ll get convergence we can use 

any  of the tests  that we’ve discussed to this point 

   *( 2 )  After application of the test that we choose to work with we will arrive at 
condition(s) on x that we can use to determine which values of x for which the power 

series will converge and which values of x for which the power series will diverge. 
   *( 3 )   From this we can get the radius of convergence and most of the interval of 

convergence. 
 

1. With all that said, the best tests to use here are almost always the ratio or root test.    

Most of the power series that we’ll be looking at are set up for one or the other.  In 
this case we’ll use the ratio test. 
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Taylor Series : 
        In the previous section we started looking at writing down a power series 

representation of a function.  The problem with the approach in that section is that 
everything came down to needing to be able to relate the function in some way to  : 

 

 

 
and while there are many functions out there that can be related to this function there are 

many more that simply can’t be related to this. 
 So, without taking anything away from the process we looked at in the previous 
section, what we need to do is come up with a more general method for writing a power 
series representation for a function. 
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