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1 ELECTRICAL COMMUNICATION SYSTEM

Electrical communication systems are designed to send messages or information
from a source that generates the messages to one or more destinations. In general,
a communication system can be represented by the functional block diagram
shown in Fig. 1. The information generated by the source may be of the form of
voice (speech source), a picture (image source), or plain text in some particular
language

Figure 1: Functional block diagram of a communication system.

A transducer is usually required to convert the output of a source into an
electrical signal that is suitable for transmission. For example, a microphone
serves as the transducer that converts an acoustic speech signal into an electrical
signal, and a video camera converts an image into an electrical signal. At the
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destination, a similar transducer is required to convert the electrical signals that
are received into a form that is suitable for the user; e.g., acoustic signals, images,
etc. The heart of the communication system consists of three basic parts, namely,
the transmitter, the channel, and the receiver. The functions performed by these
three elements are described next.

1.1 The Transmitter:

The transmitter converts the electrical signal into a form that is suitable for trans-
mission through the physical channel or transmission medium. For example, in
radio and TV broadcast, the Federal Communications Commission (FCC) spec-
i�es the frequency range for each transmitting station. Hence, the transmitter
must translate the information signal to be transmitted into the appropriate fre-
quency range that matches the frequency allocation assigned to the transmitter.
Thus, signals transmitted by multiple radio stations do not interfere with one an-
other. Similar functions are performed in telephone communication systems where
the electrical speech signals from many users are transmitted over the same wire.
In general, the transmitter performs the matching of the message signal to the
channel by a process called modulation. Usually, modulation involves the use
of the information signal to systematically vary either the amplitude (AM), fre-
quency (FM), or phase (PM) of a sinusoidal carrier. For example, in AM radio
broadcast, the information signal that is transmitted is contained in the amplitude
variations of the sinusoidal carrier, which is the center frequency in the frequency
band allocated to the radio transmitting station. This is an example of amplitude
modulation. In FM radio broadcast, the information signal that is transmitted is
contained in the frequency variations of the sinusoidal carrier. This is an exam-
ple of frequency modulation. Phase modulation (PM) is yet a third method for
impressing the information signal on a sinusoidal carrier.
In general, carrier modulation such as AM, FM, and PM is performed at the

transmitter, as indicated above, to convert the information signal to a form that
matches the characteristics of the channel. Thus, through the process of modu-
lation, the information signal is translated in frequency to match the allocation
of the channel. The choice of the type of modulation is based on several factors,
such as the amount of bandwidth allocated, the types of noise and interference
that the signal encounters in transmission over the channel, and the electronic
devices that are available for signal ampli�cation prior to transmission. In any
case, the modulation process makes it possible to accommodate the transmission
of multiple messages from many users over the same physical channel. In addition
to modulation, other functions that are usually performed at the transmitter are
�ltering of the information-bearing signal, ampli�cation of the modulated signal,
and in the case of wireless transmission, radiation of the signal by means of a
transmitting antenna.
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1.2 The Channel:

The communications channel is the physical medium that is used to send the
signal from the transmitter to the receiver. In wireless transmission, the channel
is usually the atmosphere (free space). On the other hand, telephone channels
usually employ a variety of physical media, including wirelines, optical �ber ca-
bles, and wireless (microwave radio). Whatever the physical medium for signal
transmission, the essential feature is that the transmitted signal is corrupted in
a random manner by a variety of possible mechanisms. The most common form
of signal degradation comes in the form of additive noise, which is generated at
the front end of the receiver, where signal ampli�cation is performed. This noise
is often called thermal noise.
In some radio communication channels, such as the ionospheric channel that is
used for long range, short-wave radio transmission, another form of signal degra-
dation is multi-path propagation. Such signal distortion is characterized as a non-
additive signal disturbance which manifests itself as time variations in the signal
amplitude, usually called fading.

1.3 The Receiver:

The function of the receiver is to recover the message signal contained in the
received signal. If the message signal is transmitted by carrier modulation, the
receiver performs carrier demodulation in order to extract the message from the
sinusoidal carrier. Since the signal demodulation is performed in the presence
of additive noise and possibly other signal distortion, the demodulated message
signal is generally degraded to some extent by the presence of these distortions in
the received signal. As we shall see, the �delity of the received message signal is
a function of the type of modulation, the strength of the additive noise, the type
and strength of any other additive interference, and the type of any non-additive
interference. Besides performing the primary function of signal demodulation,
the receiver also performs a number of peripheral functions, including signal
�ltering and noise suppression.
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2 Transmission Lines:

Transmission line can be represented by a successive symmetrical sections (∆x).
A uniform transmission line is a �distributed circuit� that we can describe as a
cascade of identical cells with in�nitesimal length. The conductors used to realize
the line possess a certain series inductance and resistance. In addition, there
is a shunt capacitance between the conductors, and even a shunt conductance
if the medium insulating the wires is not perfect. We use the concept of shunt
conductance, rather than resistance, because it is more convenient for adding the
parallel elements of the shunt. We can represent the uniform transmission line
with the distributed circuit below (general lossy line)

Figure 2: A transmission Line between two points A and B

Figure 3: transmission Line Types
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Figure 4: Example of TEM mode for a coaxial TL

Figure 5: Schematic representation of the elementary component of a lossy transmission line

Figure 6: Schematic representation of the elementary component of a lossless transmission line

The impedance parameters L, R, C, and G represent:
L = series inductance per unit length
R = series resistance per unit length
C = shunt capacitance per unit length
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Figure 7:

G = shunt conductance per unit length.

Each cell of the distributed circuit will have impedance elements with values:
L∆x, R∆x, C∆x, and G∆x, where ∆x is the in�nitesimal length of the cells. If
we can determine the di�erential behavior of an elementary cell of the distributed
circuit, in terms of voltage and current, we can �nd a global di�erential equation
that describes the entire transmission line. We can do so, because we assume the
line to be uniform along its length. So, all we need to do is to study how voltage
and current vary in a single elementary cell of the distributed circuit.
Assumption:

• TL is uniform.

• the change of voltage and current of the source does not appear instanta-
neously at the load.

• SW1 is closed from t1 to t2, where ∆t = t2− t1 and ∆x = x2− x1.

• e+ represents the incident wave, while e− represents the re�ected wave from
the the load to the source due to mismatch between the ZR and Zo.

• if ZR = Zo (Matching state), e− = 0

• The energy supplied by the source = EI∆t measured in Jule.

• The Energy stored in the electrical �eld of the capacity (C) and in the mag-
netic �eld of the inductance (L).

EI∆t =
1

2
(L∆x)I2 +

1

2
(C∆x)E2 (1)

and

∆x = v∆t (2)
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where v represents the velocity of wave through a TL. Now by substituting Eq.
2 in Eq. 1, we can obtain

EI∆t =
1

2
(Lv∆t)I2 +

1

2
(Cv∆t)E2 (3)

which can rewritten as

EI =
1

2
vLI2 +

1

2
vCE2 (4)

The current from the source in the time ∆t has charged the section of TL
∆x = v∆t to a a potential E and the charge Q can be expressed as

Q = I∆t = C∆xE (5)

By substituting Eq. 5, which is ∆x = v∆t , in Eq. 5

I∆t = Cv∆tE

I = CvE (6)

Now, by substituting Eq. 6 in Eq. 4

E2Cv =
1

2
vL(CvE)2 +

1

2
vCE2

1 =
1

2
LCv 2 +

1

2
(7)

Finally, we can write an expression for v as

v =
1√
LC

m/s (8)

This means that for a TL with length l the signal needs a time of T =
√
LC × l

to reach the load.

For air dielectric v = c =
1

√
µoεo

= 3× 108 m/s, where µo = 4π × 10−7 H/m

and εo = 8.85× 10−12 F/m. While for another dielectric with εr and µr the

velocity would be expressed as v =
c

√
µrεr

.

The general formula for the velocity can be written as:

v =
1

√
µsεs

(9)
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where µs = µoµr and εs = εoεr and for air µr = εr = 1. Moreover, εr is the
relative permittivity, while µr is the relative permeability of the dielectric.
Now by substituting Eq. 8 in Eq. 6, this will lead to I = C 1√

LC
E, which can

be rewritten as

E

I
=

√
L

C
= Zo Ω (10)

The last equation represents the characteristic impedance for lossless TL in which
R = G = 0 as de�ned already. In practice, Zo depends on R, L, C, G and fre-
quency. Moreover, it does not depend on the length of the line.

Zo =
e+

i+
= −e

−

i−
(11)

3 Re�ection in Transmission Lines

The re�ection occurs in TL if the impedance of the load is not matched to the
characteristic impedance of the TL Zo, i.e. ZL 6= Zo. In this case the load will
absorb part of the incident wave e+, and another part of the signal will re�ect
back to the source as e−.

As de�ned already, we have Zo = e+

i+ , and because of the re�ection, the voltage
and current at the load will be created and de�ned as

Vr = e+
r + e−r

Ir = i+r + i−r (12)

where i+r = e+r
Zo

and i−r = −e−r
Zo
, in which the negative sign of the current is due to

the opposite direction of current for the re�ected wave.
But it is known that the value of the load is de�ned as

Zr =
Vr
Ir

=
e+
r + e−r
i+r + i−r

=
e+
r + e−r
e+r
Zo
− e−r

Zo

(13)

This lead to

Zr
Zo

=
e+
r + e−r
e+
r − e−r

(14)

The voltage re�ection coe�cient KV
1 can be expressed as KV =

e−r
e+
r

, which

1In some books the symbol Γ is used to express the voltage re�ection coe�cient.
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makes Eq. 14 to be

Zr
Zo

=
1 +KV

1−KV
(15)

Which can be rewritten as

KV =
Zr − Zo
Zr + Zo

(16)

Using the same procedure, we can derive the re�ection coe�cient of the current
which should have the same magnitude but with opposite sign, i.e.KI = −KV .

What discussed already for the load can be applied exactly to the source as
well, in which the re�ection coe�cient from source KS can be occurred if Zg 6= Zo

KS =
Zg − Zo
Zg + Zo

(17)

Example (HW/CW):A lossless transmission line with length l has a capacity
C and inductance L. Its characteristic impedance is Zo and the impedance at
the load ZR 6= Zo and the source impedance Zg 6= Zo. Write the expressions for
KV , Ki, Kg, Zo, T in addition to the incident and re�ected signal e+ and e− for
6T .
Answers:

• Kr = (Zr − Z0)/(Zr + Zo).

• Ki = −Kr = −(Zr − Z0)/(Zr + Zo).

• Kg = (Zg − Z0)/(Zg + Zo).

• Z0 =
√

L
C .

• T = l × 1/v = l ×
√
LC

• e+ = E × Zo
Z0+Zg

(t = 0 to t = T)

• e− = Kre
+. (t = T to t = 2T)

• e++ = Kge
−. (t = 2T to t = 3T)

• e−− = Kre
++. (t = 3T to t = 4T)

• e+++ = Kge
−−. (t = 4T to t = 5T)

• e−−− = Kre
+++. (t = 5T to t = 6T)
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Figure 8:

• We will denote KR for voltage re�ection coe�cient at the load, Ki for current
re�ection coe�cient at the load, and Kg for voltage re�ection coe�cient at
the generator.

• If ZR = Zo, this will lead to KR = 0, (Matching case).

• For short circuit (SC) load, i.e. ZR = 0, this will lead to KR = −1.

• For open circuit (OC) load, i.e.ZR =∞, this will lead to KR = 1.
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Example 1: For the lossless TL shown in below with length l, let
Zg = 0 and ZR = 3Z0. Use Zig-zag diagram to show the incident and
re�ected signals for 8T , then draw the time-spacing diagram for the
sending end ES and IS and receiving end ER and IR.

Example 2: For the lossless TL shown in below with length l, let
Zg = Z0/3 and ZR = 0 (short circuit load). Use Zig-zag diagram to
show the incident and re�ected signals for 8T , then draw the time-
spacing diagram for the sending end ES and IS and receiving end ER

and IR.

Example 3: For the lossless TL shown in below with length l, let
Zg = 6Z0 and ZR = ∞ (open circuit load). Use Zig-zag diagram to
show the incident and re�ected signals for 8T , then draw the time-
spacing diagram for the sending end ES and IS and receiving end ER

and IR.

Example 4: For the lossless TL shown in below with length l and
characteristic impedance Z0, let Zg = Z0 and ZR = Z0. The line in
connected another lossless TL with with length l and characteristic
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impedance 2Z0. Use Zig-zag diagram to show the incident and re�ected
signals for 8T , then draw the time-spacing diagram for the sending end
ES and receiving end ER and at the point the two lines are connected
Emid .

Solution:

Example 5 (HW): For the lossless TL shown in below with length l

and characteristic impedance Z0, let Zg = Z0 and ZR = Z0. The line
in connected another lossless TL with with length l and characteristic
impedance 2Z0 and an impedance of Z0 is connected between the two
line as well. Use Zig-zag diagram to show the incident and re�ected
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signals for 8T , then draw the time-spacing diagram for the sending end
ES and receiving end ER and at the point the two lines are connected
Emid .

Hint:
K→mid = (3Z0||2Z0)−Z0

(3Z0||2Z0)+Z0
K←mid = (3Z0||Z0)−2Z0

(3Z0||Z0)+2Z0
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4 Discharge of TL

An open circuit TL from both ends, charged to a voltage E through its length.
At t = 0 the switch closed and a wave of −E starts from right to left. Find ES

variation with time.

Figure 9: Discharge of TL

er = e+ + e−

0 = e+ + e−

e− = −e+ = −E (18)

For the circuit shown in Fig. 9, we can see that Kg = 1 for open circuit source
and KR = −1 for short circuit load.
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Example: An open circuit TL from both ends, charged to a voltage
E through its length. At t = 0 the switch closed to connect a resistance
R at the right end.
This causes a voltage e− which originates at the switch and moves to
the left along the line until the arrival of re�ection. This wave produces
a current through the resistance R equal to −e−/Zo and a voltage across
R is equal to e+ + e− = E + e−. Show that the wave of voltage that is

started by closing the switch is given by e− = E
−Zo
R + Zo

R =
ER

iR
=
e+ + e−

i+ + i−

(19)

where i− = −e−
Zo

and i+ = 0
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R =
ER

iR
=

e+ + e−

0 + (−e
−

Zo
)

(20)

e− =
−Z0

R + Z0
e+ (21)

and because e+ = E

e− =
−Z0

R + Z0
E (22)

Also, we have ER = e+ + e− = E − −Z0

R+Z0
E, which leads to

ER = E
R

R + Z0
(23)

Example: Find the space-time diagram for the sending and receiving
signals ES and ER with the time.

e− = E
−Z0

R + Z0

e− = 40
−50

100 + 50
=
−40

3
volt

Also we have Kg = 1 and KR = 1
3 (Why?)

Example: The two switches are closed at t = 0, Find the space-
time diagram for the sending and receiving signals ES and ER with the
time.
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5 AC Steady State Solution for a Uniform TL

Figure 10: Schematic representation of the elementary component of a transmission line with Variation of
voltage and current along the line

e− (e+
de

dx
∆x) = (R∆x)i+ (L∆x)

di

dt
(24)

Eq. 24 represents the voltage drop on the resistance and variation of voltage on
inductance, which can be simpli�ed to be as

−de
dx

= Ri+ L
di

dt
(25)

Similarly for the current

i− (i+
di

dx
∆x) = (G∆x)e+ (C∆x)

de

dt
(26)

which can be simpli�ed as

− di
dx

= Ge+ C
de

dt
(27)
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de

dx
= −Ri− Ldi

dt
di

dx
= −Ge− Cde

dt
(28)

Assume e and i to be sinusoidal signals

e = Real{(E exp(jwt)}
i = Real{(I exp(jwt)} (29)

This is because exp(jwt) = cos(wt) + j sin(wt) , and exp(σt) is the exponential
function which increased for positive σ for and decreased when σ is negative as
shown in Fig.11.

Figure 11:

Now, by substituting Eq. 29 in Eq. 28, the letter can be rewritten as

d

dx
(E exp(jwt)) = −RI exp(jwt)− L d

dt
(I exp(jwt))

d

dx
(I exp(jwt)) = −GE exp(jwt)− C d

dt
(E exp(jwt)) (30)

The last equation can be simpli�ed more by completing the derivation of
d

dt
(exp(jwt)) = jw exp(jwt) , then by removing exp(jwt) from both side. These
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steps lead to

dE

dx
= −I(R + jwL)

dI

dx
= −E(G+ jwC) (31)

We can now de�ne the series impedance Z = R+ jwL and the shunt admittance
Y = G+ jwC in Eq.31

dE

dx
= −IZ (32)

dI

dx
= −EY (33)

To eliminate the current I in Eq.32, we can �nd d2E
dx2 as

d2E

dx2
= −Z dI

dx
(34)

and we have dI
dx = −EY , which leads to

d2E

dx2
= ZY E (35)

The last equation represents standard di�erentiation equation which can be solved
as

E = V1 exp(−
√
ZY x)︸ ︷︷ ︸

e+

+V2 exp(
√
ZY x)︸ ︷︷ ︸

e−

(36)

where V1 and V2 are constant and they have dimensions of voltage.
Now in order to �nd the current, we can substitute Eq. 36 in Eq. 32, which leads
to

d

dx

(
V1 exp(−

√
ZY x) + V2 exp(

√
ZY x)

)
= −IZ (37)

I =
1√
Z/Y

(
V1e

−
√
ZY x − V2e

√
ZY x
)

(38)

which can be rewritten as

I =
V1√
Z0

e−
√
ZY x︸ ︷︷ ︸

i+

− V2√
Z0

e
√
ZY x︸ ︷︷ ︸

i−

(39)
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where

Z0 =

√
Z

Y
=

√
R + jwL

G+ jwC
(40)

which represents the characteristic impedance of the lossy TL. It is quit obvious
that for lossless TL we can use Eq. 40 after substituting for R = G = 0 to obtain

Z0 =
√

L
C as given already.

Also, it is important to de�ne the propagation constant as

γ =
√
ZY =

√
(R + jwL)(G+ jwC) = α + jβ (41)

where α is the attenuation constant in (Nep/Km), while. β represents the phase
constant in (Radian/Km).
Example: TL has the following parameters

R = 10Ω/Km,
C = 0.0088µF/Km,
L = 0.0037H/Km, and
G = 0.4µS/Km
Find Z0, γ, α and β
f = 1 KHz.
Answers:
Z0 = 663− j134 = 696.8∠− 11.42
γ = 0.0363∠78.2
α = 0.0077 Nep/Km
β = 0.0363 rad/Km
The students can use the MATLAB code in below to check their results:
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6 Transmission Lines with NO Re�ection (Matching Scenario)

At any point at a transmission the voltage and current are expressed as given
already as:

E(x) = V1 e
−γx︸ ︷︷ ︸

e+

+V2 e
γx︸ ︷︷ ︸

e−

I(x) =
1

Z0
V1e

−γx︸ ︷︷ ︸
i+

− 1

Z0
V2e

γx︸ ︷︷ ︸
i−

For the case of matching TL with load, in which the transmission line is smooth,
in�nite and ZR = Z0, It is known now that the incident signal e+ will be absorbed
totally by the load which leads to make the re�ected signal e− = 0. This lead to

Figure 12: Matched TL

E(x) = V1e
−γx = e+

I(x) =
1

Z0
V1e

−γx = i+

At x = 0

ES = V1 = e+ =
EZ0

Z0Zg
(42)

and the voltage at any point at the TL from x = 0 to x = l

E(x) = ES e
−γx = ES e

−(α+jβ)x = ES e
−αx e−jβx (43)

E(x) = (ES e
−αx) ∠−βx (44)

Similarly for the current

I(x) = (IS e
−αx) ∠−βx = (

ES

Z0
e−αx) ∠−βx (45)
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We can now write the absolute value for the voltage and current, i.e. without
taking into account the phase.

|E(x)| = |ES| e−αx

|I(x)| = |IS| e−αx = |ES

Z0
| e−αx

Figure 13: The e�ect of the attenuation constant α on the voltage and current along a TL

7 Traveling Waves and Its Characteristics:

The prorogation constant γ a�ects on the amplitude by the attenuation factor α,
while the e�ect of β is on the phase of the signal.

E(x) = ES e
−γx = ES e

−(α+jβ)x = ES e
−αx e−jβx

We assume now that we have a sinusoidal applied at the source as:

ES = A cos(wt) = AReal(ejwt)

This applied signal will be a�ected by propagation constant γ = α + jβ as ex-
plained already. Therefore, the applied signal, for matched load, at any point over
the TL will be expressed as:

E(x) = ES e
−γx = ES e

−αxe−jβx

= AReal(ejwt)e−αxe−jβx

= Ae−αxReal(ej(wt−βx))

= Ae−αx cos(wt− βx)

= Ae−αx cos(θ)
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Figure 14: The phase velocity

where θ = wt− βx.

Phase difference = θ2 − θ1 = Constant

(wt2 − βx2)− (wt1 − βx1) = Constant

(wt2 − wt1)− (βx2 − βx1) = Constant

wdt− βdx = Constant

1

dt
(wdt− βdx = Constant)

w − βdx
dt

= 0

dx

dt
=
w

β

where dx
dt is de�ned as phase velocity (vp), which represents the velocity of

moving the power over TL, and can be de�ned as

vp =
w

β
=

2πf

β
m/sec (46)

The phase velocity (vp) is also represents the product of the operating frequency
(f) and the signal wave length (λ), i.e. vp = f × λ , then vp = f × λ = w

β = 2πf
β ,

this leads to

β =
2π

λ
(47)

Furthermore, the time delay or (the phase delay) which represents the time re-
quired to the wave in order to be moved a unit of length, this term can be de�ned
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as

phase delay =
1

vp
=
β

w
sec (48)

The delay must be constant and independent of frequency.
Example: A lossy TL has a length of 200 Km and its characteristic

impedance is Z0 = 683 − j138Ω. The load ZR = Z0 is connected to this
TL and it source impedance is equal to 500Ω with a voltage source
of 10 V.r.m.s, the propagation constant for this TL is measured as
γ = 0.0074 + j0.0356 per km. Calculate Es, IS, Ps and ER, IR, PR.

The students can use the MATLAB code in below to check their re-
sults:
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8 Variation of Z0, α, β with Frequency

As it becomes well-known now that:

Z0 =

√
Z

Y
=

√
R + jwL

G+ jwC

γ =
√
ZY =

√
(R + jwL)(G+ jwC) = α + jβ

To discuss the variation of Z0, α, β with frequency, we can take di�erent scenarios:

• f = 0 the case of D.C:

Z0 =

√
R

G

γ =
√
RG→ α =

√
RG and β = 0

• For the case of High frequency:
(wL >> R) and (wC >> G)

Z0 =

√
R + jwL

G+ jwC
=

√
jwL

jwC
=

√
L

C

γ =
√

(R + jwL)(G+ jwC) = (jwL+R)
1
2 (jwC +G)

1
2

Now , by using binomial expression to solve the last equation as

(a+ b)
1
2 = a

1
2 (1 +

b

a
)
1
2

For a >> b → a
1
2 (1 + b

a)
1
2 ≈ a

1
2 + 1

2a
− 1

2 b

γ =
[
(jwL)

1
2 + 1

2(jwL)−
1
2 R
] [

(jwC)
1
2 + 1

2(jwC)−
1
2 G
]

γ = jw
√
LC + 1

2

√
L
CG+ 1

2

√
C
LR +

1

4
jw−1 1√

LC
RG︸ ︷︷ ︸

neglected at High frequency

γ =
R

2

√
C

L
+
G

2

√
L

C︸ ︷︷ ︸
α

+ jw
√
LC︸ ︷︷ ︸

β

But we have Z0 =
√

L
C as been found above which leads to

γ = R
2Z0

+ GZ0

2 + jw
√
LC

α =
R

2Z0︸︷︷︸
Losses due to Conductor

+
GZ0

2︸︷︷︸
Losses due to Isolator

and β = jw
√
LC
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We conclude from the last equation:

• α depends on R and G and it does not depend on frequency because Z0 is
constant.

• β has linear variation with frequency.

• Phase velocity vp must be equal at all frequencies

• For distortion-less TL the equation in below should be applied.

R

L
=
G

C

But in the real world R
L >

G
C , therefore, it required to increase L as a practical

solution in order to avoid distortion in TL.

Example: For a lossy TL with R = 10Ω; L = 0.0037H; C = 0.0088µF ;
G = 0.4µS.
1. Examine the TL to check if it causes distortion or it is distortion-
less.
2. if it causes distortion Find the value of LCoil that should be added
to the value of L to make this TL dimensionless.
Answer:
R/L = 2.7027e+ 03
G/C = 45.4545
The two terms are not equal, so this TL causes distortion.
The total inductance required to make this TL distortion-less can be
obtained as:
LTotal = R ∗ C/G = 0.2200 H
So, inductance of the loading coil can be calculated as:
LCoil = LTotal − L = 0.2163 H.
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Example: A telephone cable operating at frequency of 30 KHz, and
it has the following parameters R = 52.5Ω/Km,G = 0, C = 0.062µF/Km
and L = 1.1mH/Km. Calculate:
1) α, β, λ, vp
2) The length of the line which gives attenuation of 25 dB.
The Matlab code in below is only to check the results accurately by the students.

Hint:
The relationship between linear ratios for voltage and power and these ratios in
dB is calculated as

VdB = 20 log(VLinear)

PdB = 10 log(PLinear)

while to convert these ratios back from (dB) to linear

VLinear = 10
VdB
20

PLinear = 10
PdB
10

where V represents a ratio between two terms (voltages) in volt, while, P is a
ratio between two terms (power) in watt.
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9 Transmission Lines with Re�ection

9.1 For lossy Line:

• Let ZR 6= Z0 and Zg 6= Z0

• This means that there are several re�ections form both terminals (load and
source).

• At any points at this TL, we can �nd the voltage and current as a function
of E, ZR, Zg and Z0, i.e. as a function of KR and Kg.

• The propagation constant γ will a�ect the voltage, power and current de-
pending on the distance from source to load, i.e. x = 0→ x = `.

• Let us measure the distance to the load by using the term x, while to measure
the distance from load to the source we can use the term d, where d = `− x
and x = `− d.

• As we know that KR = ZR−Z0

ZR+Z0
, Kg =

Zg−Z0

Zg+Z0
and ES = EZ0

Z0+Zg
= e+.

• At point x on this TL, we can calculate Ex as:

Ex =
EZ0

Z0 + Zg

(
e−γx +KR e

−2γ`eγx +KRKg e
−2γ`e−γx

+K2
RKg e

−4γ`eγx +K2
RK

2
g e
−4γ`e−γx + . . . .

)
(49)

• By continuing in this manner, it will be an in�nite re�ections at distance x
which represents the A.C steady state.

• By using geometrical series Eq. 49 can be solved as

Ex =
EZ0

Z0 + Zg

(e−γx +KR e
−2γ`eγx

1−KRKg e−2γ`

)
(50)
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Figure 15: Zig-Zag Diagtram for Lossy TL with multiple re�ections form both source and load.

and the current

Ix =
Ex

Z0
=

E

Z0 + Zg

(e−γx +KR e
−2γ`eγx

1−KRKg e−2γ`

)
(51)

• Comparing Eq. 50 with Ex = V1 e
−γx︸ ︷︷ ︸

e+

+V2 e
γx︸ ︷︷ ︸

e−

, we can rewrite e+ and e− as

e+ =
EZ0

Z0 + Zg

( e−γx

1−KRKg e−2γ`

)
e− =

EZ0

Z0 + Zg

( KR e
−2γ`eγx

1−KRKg e−2γ`

)
(52)

Also, we can write expression for V1 and V2 as:

V1 =
EZ0

Z0 + Zg

( 1

1−KRKg e−2γ`

)
V2 =

EZ0

Z0 + Zg

( KR e
−2γ`

1−KRKg e−2γ`

)
(53)
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Moreover, sometimes it is required to express E and I with respect to a
distance measured from load using the term d

Ed =
EZ0

Z0 + Zg
×

(
e−γ(`−d) +KR e

−2γ`eγ(`−d)
)

(1−KRKg e−2γ`)
(54)

which can be rewritten as:

Ed =
EZ0

Z0 + Zg
×
e−γ`

(
eγd +KR e

−γd)
(1−KRKg e−2γ`)

(55)

Similarly

Id =
E

Z0 + Zg
×
e−γ`

(
eγd −KR e

−γd)
(1−KRKg e−2γ`)

(56)

9.2 For Lossless TL:

As we know that the propagation constant is de�ned as γ = α + jβ, and for
lossless TL α = 0, then γ = jβ, which can be substituted in Eq. 50

Ex =
EZ0

Z0 + Zg
× (e−jβx +KR e

−j2β`ejβx)

(1−KRKg e−j2β`)

Ex =
EZ0

Z0 + Zg
× e−jβx(1 +KR e

−j2β`ej2βx)

(1−KRKg e−j2β`)

Ex =
EZ0

Z0 + Zg
× e−jβx(1 +KR e

−j2β(`−x))

(1−KRKg e−j2β`)

Ex =
EZ0

Z0 + Zg
× e−jβx(1 +KR e

−j2βd)

(1−KRKg e−j2β`)
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10 Interference and Standing Waves Patterns:

• For ZR 6= Z0, re�ection occurs from load, which means that the load absorbs
part of the incident signal, while another part is re�ected back to the source.

• Total re�ection is occurred when the load is open circuit (O.C) or short circuit
(S.C).

1. Open circuit (O.C) Load:
ZR =∞→ KR = +1
Ex = e+ + e− and Ix = i+ + i− → Ix = e+

Z0
− e−

Z0

where Ex and Ix represent the voltage and current at a distance of x away
from the source, respectively. Furthermore, e+ is in-phase with i+, while, e−

is out of phase with i−.

At the load, which is open circuit here, it is known that voltage would be
E|x=` = Emax while, the current I|x=` = 0, as shown in Fig. 16.

In Fig. 16, by moving from the load towards the source, the voltage would
be decreased to minimum at d = λ

4 from the load, and it would be increased
again to the maximum when d = λ

2 from the load. In contrast, the current
would be increased from zero to the maximum at d = λ

4 from the load, and
it would be decreased again to the minimum (zero) when d = λ

2 from the
load. It is obvious that the maximum and minimum for both the voltage and
current are repeated every d = λ

4 from the previous case.

Figure 16: Voltage and current standing wave patterns for open circuit
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2. Short circuit (S.C) Load:
ZR = 0→ KR = −1
Ex = e+ + e− and Ix = i+ + i− → Ix = e+

Z0
− e−

Z0

At the load, which is short circuit here, it is known that voltage would be
E|x=` = 0 while, the current I|x=` = Imax, as shown in Fig. 17.

In Fig. 17, by moving from the load towards the source, the voltage would be
increased to maximum at d = λ

4 from the load, and it would be decreased again
to the minimum when d = λ

2 from the load. In contrast, the current would be
decreased from maximum to the minimum (zero) at d = λ

4 from the load, and
it would be increased again to the maximum when d = λ

2 from the load. It is
obvious that the maximum and minimum for both the voltage and current are
repeated every d = λ

4 from the previous case.

Figure 17: Voltage and current standing wave patterns for short circuit
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11 Input Impedance of lossy Transmission Lines:

By returning to Eq. 50 and Eq. 51,

Ex =
EgZ0

Zg + Z0
× (e−γx + kRe

−2γleγx)

(1− kRkge−2γl)

Ix =
Eg

Zg + Z0
× (e−γx − kRe−2γleγx)

(1− kRkge−2γl)

To simplify Ex, we can substitute V1 =
EgZo
Zg+Zo

× 1
(1−kRkge−2γl) , then we can rewrite

Ex as
Ex = V1(e

−γx + kRe
−2γleγx) (57)

Similarly

Ix =
V1

Z0
(e−γx − kRe−2γleγx) (58)

From the above equations of voltages and current at a particular point (x) in the
TL, we can evaluate the impedance at that point as:

Zx =
Ex

Ix
= Z0

(e−γx + kRe
−2γleγx)

(e−γx − kRe−2γleγx)

The input impedance can be found by substituting for x = 0 and l = d+ x = d,
because (x = 0). In another words, if we have ZR, the input impedance can be
calculated easily by applying the last equation, this leads to

Zin = Z0
(1 + kRe

−2γd)

(1− kRe−2γd)

while to �nd the impedance at any point in the TL can be obtained by multiplying
the last equation by (e

γd

eγd
), or, we can return to the equations of Ed in Eq. 55 and

Id in Eq. 56, which are given previously as

Ed =
EgZ0

Zg + Z0
× e−γl(eγd + kRe

−γd)

(1− kRkge−2γl)

Id =
Eg

Zg + Z0
× e−γl(eγd − kRe−γd)

(1− kRkge−2γl)

From the last two equation, we can evaluate Zd as Zd = Ed
Id
, which can be expressed

as

Zd = Z0
(eγd + kRe

−γd)

(eγd − kRe−γd)

34College of Electronics Engineering



Communication Principles Dr. Mohamad Alhabbar

Now by substituting for KR with its well-known derived formula as KR = ZR−Z0

ZR+Z0
,

and after some straight forward simpli�cations we can obtain

Zd = Z0

(eγd + (ZR−Z0

ZR+Z0
)e−γd)

(eγd − (ZR−Z0

ZR+Z0
)e−γd)

Zd = Z0

[
eγd(ZR + Z0) + e−γd(ZR − Z0)

eγd(ZR + Z0)− e−γd(ZR − Z0)

]

Zd = Z0

[
ZR(eγd + e−γd) + Z0(e

γd − e−γd)
Z0(eγd + e−γd) + ZR(eγd − e−γd)

]
Now by substituting cosh(γd) = eγd+e−γd

2 and sinh(γd) = eγd−e−γd
2 in the above

equation, Zd can be expressed as

Zd = Z0

[
ZR cosh(γd) + Z0 sinh(γd)

Z0 cosh(γd) + ZR sinh(γd)

]
Finally, as we know that tanh(γd) = sinh(γd)

cosh(γd) , Zd can be expressed as

Zd = Z0

[
ZR + Z0 tanh(γd)

Z0 + ZR tanh(γd)

]
(59)

The above equation is very important as it represents the impedance at any
point on the TL, for example if d = 0, which means that we are going to evaluate
the impedance at the load, i.e. Zd = ZR. While, at the source when d = l,

Zs = Z0

[
ZR + Z0 tanh(γl)

Z0 + ZR tanh(γl)

]
.

Furthermore, for the lossless transmission lines γ = jβ, and we can substitute
l = d+ x in Eq. 57, as

Ex = V1(e
−jβx + kRe

−j2β(x+d)ejβx)

which leads to
Ex = V1e

−jβx(1 + kRe
−j2βd)
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Figure 18:

and the current in Eq. 58 can be expressed similarly as

Ix =
V1

Z0
e−jβx(1− kRe−j2βd)

By using the same procedure used for the lossy TL, we can �nd a general expres-
sion for Zd for the lossless TL by substituting cosh(jβd) = ejβd+e−jβd

2 = cos(βd)

and sinh(jβd) = ejβd−e−jβd
2 = j sin(βd), and tan(βd) = sin(βd)

cos(βd) in the above equa-
tion, Zd can be expressed as

Zd = Z0

[
ZR + jZ0 tan(βd)

Z0 + jZR tan(βd)

]
and the impedance at the source terminal can be expressed as

Zs = Z0

[
ZR + jZ0 tan(βl)

Z0 + jZR tan(βl)

]
Note that if ZR = Z0, this will lead to Zs = Z0 as well.
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Example:
A lossy TL with Zg = 700Ω, Erms = 10volt Z0 = 685 − j92Ω, f = 1000Hz,
l = 100Km, ZR = 2000Ω and γ = 0.00497 + j0.0352 per km, Find Zs?
Solution:

Zs = Z0

[
ZR + Z0 tanh(γl)

Z0 + ZR tanh(γl)

]
where

tanh(γl) =
sinh(γl)

cosh(γ)l)
=

sinh((α + jβ)l)

cosh((α + jβ)l)
=

sinh(0.497 + j3.52)

cosh(0.497 + j3.52)

which can be solved separately using the formulas in below (given in the exam no
need to remember them)

sinh(a+ jb) = sinh(a) cos(b) + j cosh(a) sin(b)

cosh(a+ jb) = cosh(a) cos(b) + j sinh(a) sin(b)

where a = α` = 0.00497 ∗ 100 = 0.497 and b = β` = 0.0352 ∗ 100 = 3.52

sinh(0.497 + j3.52) = sinh(0.497︸ ︷︷ ︸
rad

) cos(3.52︸︷︷︸
rad

) + j cosh(0.497︸ ︷︷ ︸
rad

) sin(3.52︸︷︷︸
rad

)

= 0.518 ∗ (−0.9293) + j1.1261 ∗ (−0.3694)

= −0.4811− j0.416

cosh(0.497 + j3.52) = cosh(0.497︸ ︷︷ ︸
rad

) cos(3.52︸︷︷︸
rad

) + j sinh(0.497︸ ︷︷ ︸
rad

) sin(3.52︸︷︷︸
rad

)

= 1.1261 ∗ (−0.9293) + j0.5177 ∗ (−0.3694)

= −1.0464− j0.1913 (60)

tanh(γl) =
sinh(0.497 + j3.52)

cosh(0.497 + j3.52)
=
−0.4811− j0.416

−1.0464− j0.1913
=

0.636∠−139.15

1.063∠−169.639

= 0.598∠30.48 = 0.515 + j0.303

Zs = (685− j92)

[
2000 + (685− j92)(0.515 + j0.303)

(685− j92) + 2000(0.515 + j0.303)

]
Zs = 862.39 + j322Ω
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Example:
A loss-less TL with Z0 = 50Ω, f = 10MHz, l = 30m, ZR = 50− j10Ω, Find Zd
at d = 10m, 15m, and 30m → Zs?
Solution:
λ = c

f = 3∗108

10∗106 = 30m

β = 2π
λ = 0.2 rad×180/π = 12o

1) For d = 10m
βd = 12× 10 = 120o

Zd = Z0

[
ZR + jZ0 tan(βd)

Z0 + jZR tan(βd)

]

Zd = 50

[
(50− j10) + j50 tan(120o)

50 + j(50− j10) tan(120o)

]
= 58.75 6.69◦

2)For d = 15m
βd = 12× 15 = 180o, which leads to tan(βd) = 0

Zd = 50

[
(50− j10) + j50× 0

50 + j(50− j10)× 0

]
= ZR = 50− j10Ω

3)For d = 30m
Zs = ZR = 50− j10Ω (Home Work)

Comment of these results?

The impedance, voltage and current have the same values every d =
nλ

2
.
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12 The Complex Re�ection coe�cient (KR) for Lossless TL:

For a lossless TL Z0 is real (why?), but because in general KR = ZR−Z0

ZR+Z0
and ZR

might be complex, this leads to make KR complex at the load. Therefore, we can
express KR as

KR = |KR| ejθR

At any point on the TL the re�ection coe�cient can be written as

K = KR e
−j2βd

which leads to

K = |KR| ejθR e−j2βd = |KR| ej(θR−2βd)

= KR θR − 2βd

where |K| = |KR|, which means that K at any point on the TL has the same
magnitude of KR but with di�erent phase. We can return to Eq. 57 and Eq. 58
to �nd Ed and Id by applying substitution of x = d − ` in both equations to be
as:

|Ed| = |e+||1 +KR e
−j2βd︸ ︷︷ ︸
K

| (61)

|Id| = |
e+

Z0
||1−KR e

−j2βd︸ ︷︷ ︸
K

| (62)

To draw (1−KR e
−j2βd) for di�erent distances away from the load, i.e. di�erent

d from d = 0 to d = `.

Note: It is obvious that by changing d along the TL, the phase would be
changed as well, while the absolute value of KR, i.e. |KR|, stays constant. On
the other hand, the term |1 + KR∠(θR − 2βd)| is a�ected and changed by any
change in d as shown in Fig. 20.
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Figure 19: Drawing KR e−j2βd = |kR|∠(θR − 2βd) only without 1

Figure 20: Phase diagram of voltage. Drawing 1 +KR e−j2βd = 1 + |kR|∠(θR − 2βd)

Example: For the circuit shown in below �nd |Ed| at
d = 0, λ8 ,

λ
4 ,

3λ
8 ,

λ
2 ,

5λ
8 ,

3λ
4 ,

7λ
8 , λ?

Solution:
For OC load, it is known that KR = 1∠0 Ed = |e+||1 +KRe

−j2βd|,
where e+ = E Z0

Z0+Zg
= E
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Figure 21: Phase diagram of voltage

Figure 22: Phase diagram of voltage for OC load

Example (H.W): For the circuit shown in below �nd |Ed| at
d = 0, λ8 ,

λ
4 ,

3λ
8 ,

λ
2 ,

5λ
8 ,

3λ
4 ,

7λ
8 , λ?

Solution:
For SC load, it is known that KR = −1 = 1∠180o Ed = |e+||1 +KRe

−j2βd|,
where e+ = E Z0

Z0+Zg
= E
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Figure 23: Phase diagram of voltage for SC load

13 Standing Wave Ratio (S)

Emax = |e+|+ |e−| = |e+|(1 + |e
−

e+
|) = |e+|(1 + |K|) (63)

Emin = |e+| − |e−| = |e+|(1− |e
−

e+
|) = |e+|(1− |K|) (64)

E and I are always root mean squared (r.m.s) values. We can de�ne a new
parameter know as Standing Wave Ratio (SWR) which can be denoted by (S),
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which can be expressed as:

S =
Emax

Emin
=
Imax
Imin

(65)

S =
1 + |K|
1− |K|

(66)

Also if we have S we can �nd |K| as:

|K| = S − 1

S + 1
(67)

Moreover, in order to evaluate the maximum impedance across a transmission
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line we can use the expression

Zmax =
|Emax|
|Imin|

(68)

From Eq. 65, it is obvious that |Imin| = |Imax|
S , and we know that

|Imax| = |Emax|
Z0

, where the letter is de�ned already in Eq. 63, all these steps lead
to express Zmax as

Zmax =
|Emax|
|Imax|
S

=
|e+|(1 + |K|)
|e+|
SZ0

(1 + |K|)
(69)

Zmax = SZ0 (70)

Similarly, to �nd the minimum impedance along a TL

Zmin =
|Emin|
|Imax|

(71)

Zmin =
Z0

S
(72)

1︸︷︷︸
ZR=Z0 and Zmax=Zmin

≤ S ≤ ∞︸︷︷︸
OC Zmax=SZ0 and SC Zmin=

Z0
S

(73)

14 Power Transmitted along TL

P = |E| × |I| cos θ

P = |Emax| × |Imin| = |Emin| × |Imax| (74)

in which the phase between Emax and Imin is zero, and the phase between Emin

and Imax is zero too.

P = |e+|(1 + |K|)× |e
+|
Z0

(1− |K|) =
|e+|2

Z0
(1− |K|2)

P =
|e+|2

Z0︸ ︷︷ ︸
Incident Power

− |e−|2

Z0︸ ︷︷ ︸
Reflected Power

(75)
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15 Crank Diagram

It is one of the simplest graphical solution for lossless TL, which can be used
to �nd the current, voltage, impedance and power at any point on a TL using
graphical methods.
Example (1): if the voltage a cross a load connected to lossless TL is 10 Vrms

and the KR = 0.5∠0o.

1. Find the voltage at d = λ/8, λ/4, λ/2

2. Find ZR which is at d = ( )?

Solution:

|Ed| = |e+||1 +KR e
−j2βd︸ ︷︷ ︸
K

|

|Ed| = |e+||1 +K| → |Ed| ∝ |1 +K|

Figure 24: Blank to solved by Student

• Let 1 = 10cm→ KR = 0.5 = 5cm.

• Draw the line of 10cm to represent the 1 in the above equation.

• At d = 0 → Ed = ER = 10 = 15cm → voltage Scale (V.S) = 10V
15cm , while

the current scale C.S = V.S/Z0.

• Put the right angle to represent the angle θR, the angle associated with re-
�ection coe�cient, kR, which is at d = 0.

• In this example, θR = 0 as has been given.
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• At d = λ
8 , which is in the position of −90o

• E|d=λ
8

=
√

102 + 52 = 11.2cm→ E|d=λ
8

= 11.2×V.S = 11.2× 10
15 = 7.46 volt

• E|d=λ
4

= 5cm× V.S = 5cm× 10
15 = 3.33 volt, which represents Vmin .

• E|d=λ
2

= 15cm× V.S = 15cm× 10
15 = 10 volt, which represents Vmax .

• Z|d=0 = ZR = |e+|(1+|K|)
|e+|
Z0

(1−|K|)
= Z0(1+|K|)

(1−|K|) = Z0
15cm
5cm = 3Z0

• we can �nd Z|d=0 which represents ZR without using the graph as
Z0(1+|K|)

(1−|K|) = Z0(1+0.5)
(1−0.5) = 3Z0

• IR can be found at the apposite direction of ER, i.e. at d = λ
4 . IR =

5cm× C.S = 5cm× V.S
Z0

= 5cm× 15
10Z0

= 7.5
Z0
.

Example (2): HW if the voltage a cross a load connected to lossless TL is
10 Vrms and the KR = 0.5∠45o.
Example (3): HW if the voltage a cross a load connected to lossless TL is

12 Vrms and the KR = 0.4∠−45o.

1. Find the voltage at d = λ/8, λ/4, λ/2

2. Find ZR.

Solution:

Example (4): CW
A lossless TL with L = 5µH and C = 2nF , if the voltage a cross a load connected
to lossless TL is 15 Vrms, and the load impedance is ZR = 49.8− j58.

1. Find KR and the VSWR (S) for this TL.

2. Find the voltage and current scales.

3. Find the voltage and current at d = 0, λ/8, λ/4, λ/2 using Crank diagram
and tabulate the results.

4. From Crank diagram con�rm that S has the same value found theoretically
already in (1).

5. Using the drawn Crank diagram evaluate the transmitted power.

6. Draw clearly the SWR pattern from d = 0 to d = λ/2 showing the maximum
and minimum positions in your plot. dmin = ( ) and dmax = ( ).

7. If the load is changed to ZR = 50 how would the SWR pattern look like?
why? draw it clearly.
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Solution:
1)

Z0 =
√

L
C = 50Ω

KR = ZR−Z0

ZR+Z0
= 0.5∠−60

S = 1+
1-
|
|K
K|
|=

1−0.5
1+0.5 = 3

2)
Voltage Scale (V.S)= 15volt

13cm

Current Scale (C.S)= 15volt/13cm
50Ω

3)

d Voltage (volt) Current (Amp.)

0 13cm* V.S= 8.5cm *C.S=
λ
8 6cm*V.S= 14*C.S=

Min voltage position (?) Min. Voltage= 5cm*V.S Max. Current= 15cm*C.S
λ
4 8.5cm*V.S= 13cm *C.S=
3λ
8 14cm*V.S 6cm*C.S

Max voltage position (?) Max. Voltage= 15cm*V.S Min. Current= 5cm*C.S
λ
2 13cm* V.S= 8.5cm *C.S=

4)
S = 15cm

5cm = 3
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5)
P = Emax ∗ Imin = 15cm ∗ V.S ∗ 5cm ∗ C.S = ( )Watt

6)

−2βdmin = −22π
λ dmin = −120o ∗ π/180→ dmin = λ

6

−2βdmax = −22π
λ dmax = −300o ∗ π/180→ dmax = 15λ

36 = 0.4167λ

7)
When ZR = 50 Matching case leads to S=1 see VSWR �gure above.
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16 Smith Chart

Example1: CW to be solved by students

Example2:CW to be solved by students
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Impedance Matching:

Series Matching:
Quarter Wave Transformer for Pure Resistive Load:
For the TL shown in below, assume that ZR = R+ jX and X = 0, which means
that there is no imaginary term and the load is pure resistive. For the case of
Z0 6= ZR, the re�ection from load is existed.

In order to remove the re�ection and make the TL matched with the load without
any changes in the load, we can use a Quarter wave transformer, i.e. a TL of length
(λ/4) and with a characteristic impedance of Z01, in which Z01 6= Z0 as shown in
the �gure in below:

Now by applying the TL equation which is given previously as

Zd = Z01

[
ZR + jZ01 tan(βd)

Z01 + jZR tan(βd)

]
(76)

we can obtain

Z|d=λ/4 = Z01

[
ZR + jZ01 tan(π/2)

Z01 + jZR tan(π/2)

]
(77)
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Now by applying the limits theorem we can

Z|d=λ/4 =
Z2

01

ZR
= Zin

In order to make the main TL of characteristic impedance (Z0) matched to the
load after adding this additional (λ/4 ) transformer of characteristic impedance
(Z01), we should satisfy Zin = Z0, which leads to

Zin =
Z2

01

ZR
= Z0

but we have ZR and Z0 already, therefore it is required to evaluate Z01, which
can be found as

Z01 =
√
Z0ZR

Quarter Wave Transformer for Complex Load:
For the case of load that is not pure resistive, i.e. ZR = R + jX and X 6= 0,
we could not use the same procedure explained previously. This means that the
quarter wave transformer does not connected directly to the load. To solve this
problem we can use smith chart to �nd the next position of TL that the impedance
is pure resistive. This can be obtained in two positions on the TL, the maximum
and the minimum voltage positions.

1. At Maximum Voltage:
It is well-known that at the maximum voltage the impedance would be ZA = SZ0 .
Now, it is required to �nd the position of d that makes the voltage at the maxi-
mum by using smith chart. This λ/4 transformer is positioned now d away from
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the load. The second important parameter is to evaluate the value of Z01 which
satisfy matching of TL with load, i.e. ZB = Z0. This can be implemented by
applying equations (76) and (77) above, which leads to

ZB =
Z2

01

ZA
= Z0

Z01 =
√
Z0ZA =

√
Z0SZ0 =

√
SZ0

It is important to note that S can be found from smith chart, or it can be calcu-
lated from the re�ection coe�cient.

2. At Minimum Voltage:
Using the same procedure of the maximum voltage, ZA can be expressed as

ZA =
Z0

S

ZB =
Z2

01

ZA
= Z0

Z01 =
√
Z0ZA =

√
Z0
Z0

S
=

Z0√
S

Example:
A TL has the following parameters: Z0 = 340, ZL = 210 + j280, λ = 5 meter
1) Examin this TL to �nd whether it is matched or not to this load. 2) if this
TL is not matched, design a λ/4 transformer that satisfying matching with this
load with an impedance of greater and smaller than the characteristic impedance
of the original TL.
Solution:
Step 1 Z̄R = 210+j280

340 = 0.618 + j0.824 This normalized load impedance is
located at 0.128λ (TWG) outer on Smith chart.
To �nd d that makes the impedance is only real value, there are two positions,

the maximum and minimum voltage positions.
At Max voltage:
Z01 =

√
S ∗ Z0 =

√
3 ∗ 340 = 588.89 Ω which is greater than 340 Ω

This new λ/4 transformer should be located at dmax = 0.25λ− 0.128λ = 0.122λ,
this means that the actual position of this transformer is dmax = 0.122 ∗ 5 = 0.61
meter.
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At Min voltage: Z01 = Z0√
S

= 340√
3

= 196.29 Ω which is smaller than 340 Ω

This new λ/4 transformer should be located at dmin = 0.5 − 0.128λ = 0.372λ,
this means that the actual position of this transformer is dmin = 0.372 ∗ 5 = 1.86
meter.
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Parallel Matching Using Single Stub:
Parallel Matching can be used via applying single or double stub on the TL to
satisfy matching with the load. As the subs are always connected in parallel with
the load on a particular TL, it is easier to deal with admittance (Y) rather than
the impedance (Z). In the �gure in below, it is required to satisfy

Yin = Y1 + Yls = 1

where
Yin = the admittance to the left of stub.
Y1 = the admittance to the right of stub.
Yls = input admittance of the stub.

This can be satis�ed by assuming :

Y1 = 1∓ b
Yls = ±b

NOTE: see the website in below, it is very helpful for using smith chart and
matching techniques:
http://amanogawa.com/archive/transmissionA.html
Example 1:
A TL of characteristic impedance 600Ω and a load antenna of 100Ω, and the oper-
ating frequency is 1 GHz. Design a single parallel short circuit stub that make this
TL matched to this load. (Find d and ls?) Z̄R = 100

600 = 0.167 λ = c
f = 3∗108

1∗109 = 0.3
meter
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• Find Z̄R on the smith chart.

• Draw a circle that its center is at 1.0 of the real part of smith chart.

• Find ȲR on the circle and �nd its position on the outer of smith chart (TWG).
ȲR = 6 at 0.25λ TWG
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Communication Principles 

Ampltiude Modulation (AM): 
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Example: 
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Angle Modulation (Phase and Frequency Modulation) 
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BT ≅  2fm (1+) 
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Reversion: 
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Example: 
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Outline

� Two methods of generating FM waves:

� Direct method

� Indirect Method: Armstrong’s wideband frequency 
modulator
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Frequency deviation for FM signals:

Review of frequency deviation:

3
For example, FM radio allows 75kHz deviation to each side of the carrier.
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Direct FM Generation

� The carrier freq is directly varied by the input signal 

� Can be accomplished by Voltage-Controlled 
Oscillator (VCO), whose output frequency is 
proportional to the voltage of the input signal. 

� A VCO example: implemented by variable capacitor

4

 

A varactor diode is a capacitor whose capacitance changes with the applied voltage.

Therefore, if this capacitor is used in the tuned circuit of the oscillator and the message

signal is applied to it, the frequency of the tuned circuit, and the oscillator will change

in accordance with the message signal.

 

The reactance-tube is an inductor whose inductance varies with the applied voltage 

is employed and the analysis is very similar to the analysis presented for the varactor

diode.



Problems of direct FM generator

� The carrier freq of VCO tends to drift away.

�(Crystal oscillator cannot be used in direct FM: 
its freq is too stable,  and is difficult to change.)

�Feedback freq stabilization circuit is required:

� The complexity is increased.

� The frequency deviation with direct FM is only 
about 5 KHz, too small for wideband FM:

�Recall: the max frequency deviation in 
commercial FM radio is 75kHz.
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Indirect Method: Armstrong Modulator

� First obtain NBFM via a NBPM circuit with crystal oscillator

� Then apply frequency multiplier

� Increase both the carrier frequency and the freq deviation

� If necessary, use mixer to concatenate multiple multipliers
� Mixer only changes the carrier frequency, but not the frequency deviation.

� Indirect FM is preferred when the stability of carrier frequency
is of major concern (e.g., in commercial FM broadcasting)
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Recall: Narrow-band FM

� if  ∆f is small: 

Crystal oscillator can be used to get stable frequency (prevent drifting)

But frequency deviation of NBFM is small. 

To get larger one, use freq multiplier…



Frequency Multipliers

� How to increase the frequency deviation ?

� Answer: trigonometric identity! 

If we can get the squared signal:

))(22cos()(
0∫+=

t

fcc dmktfAts ττππ
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Frequency Multipliers

If we can get s3(t):
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Freq Multipliers via Nonlinear Circuit

� A general nonlinear circuit produces

� The bandpass filter:

�Center:  

�Passband width:  

�In practice: n = 2, or 3.    Larger n is not efficient.

�But can concatenate multiple stages to obtain higher orders.

� The highest carrier frequency: 

� The highest freq sensitivity factor:

)(...)()()( 2

21
tsatsatsatv

n

n
+++=

10

FM signal with carrier fc

and deviation ratio D

FM signal with carrier  n fc

and deviation ratio n D.



Armstrong’s Indirect FM

� Two stages of multiplier and one mixer are used.

�Allow flexible choices of carrier freq and freq deviation.

�The first stage multiplier amplifies both fc and Δf.

�The mixer brings down the central freq.

�The second stage amplifies fc and Δf again.

12
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Example
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C. B, A,at   and f Find

432.15  ,500  :output NBPM

f

HzfkHzf

∆

=∆=

30
2
=n

B

C
LPF

A

162
1
=n

MHzf 97.77
1
=

 At point A:  fA=162*500KHz=81MHz

Freq. Divation=162*15.432=2500Hz

 

At Point B: fB=81-77.97=3.03 MHz

Freq. Divation= 2500Hz

 

At Point C: fC=3.03*30=90.9MHz

Freq. Divation= 2500Hz*30=75KHz

 

 



2
=n

Example

14

B

C
LPF

A

1
=n

            

 ∆f  at point C is 75KHz and the frequency is 100MHz

while ∆f at the o/p of NBFM modulator is 10HZ and the 

frequency is 100KHz. Find n1 and n2. 

??
f=8.5 MHz
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FM Demodulatation 

1st Method: 

FM discriminator:  

• FM demodulators are implemented by generating an AM signal whose 

amplitude is proportional to the instantaneous frequency of the FM signal. 

• Then using an AM demodulator to recover the message signal. 

• To implement the first step; i.e., transforming the FM signal into an AM 

signal, it is enough to pass the FM signal through an LTI system whose 

frequency response is approximately a straight line in the frequency band of 

the FM signal. 

• The next step is to demodulate this signal from which the message m(t) can 

be recovered. 

 

• There exist many circuits that can be used to implement the first stage (FM 

to AM conversion). 

• One such candidate is a simple differentiator with: 
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3 
 

 

• Such a circuit can be easily implemented, but usually the linear region of the 

frequency characteristic may not be wide enough.  

• To obtain a linear characteristic over a wider range of frequencies, usually 

two circuits tuned at two frequencies, f1 and f2, are connected in a 

configuration which is known as a balanced discriminator. 

 

 

 
• Use two tuned circuits each set to a fixed frequency at least fc ± Δf, 

i.e. f1=fc + Δf and f2=fc - Δf. 

• The center-tapped transformer feeds the tuned circuits (Tuned 
circuits are 180 degrees out of phase). 
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• When fi>fc, the o/p of the upper tuned circuit has positive voltage (+ve), and 

it is greater than the o/p of the lower circuit which has negative voltage (-

ve). Maximum (positive) voltage can be obtained across D1 in this situation.   

 

• When fi<fc, the o/p of the upper tuned circuit has positive voltage (+ve), and 

it is smaller than the o/p of the lower circuit which has negative voltage (-

ve). Maximum (negative) voltage can be obtained across D2 in this situation.  

 

• When fi=fc, the o/p of the upper tuned circuit has positive voltage (+ve), and 

it is equal to the o/p of the lower circuit which has negative voltage (-ve). 

The voltages across the two diodes D1and D2 are the same, in this situation 

the overall circuit o/p is zero.  

 

 
2nd Method: 
FM demodulator with feedback (FMFB) using PLL:  

• FMFB demodulator is implemented via using a phase-locked loop (PLL), as 

shown in below.  

 
• The input to the PLL is the angle-modulated signal (we neglect the presence 

of noise in this discussion, i.e. noise=0). 

 

 
• The VCO generates a sinusoid of a fixed frequency, in this case the carrier 

frequency fc, in the absence of an input control voltage.  
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• Now, suppose that the control voltage to the VCO is the output of the loop 

filter, denoted as v(t). Then, the instantaneous frequency of the VCO is  

  
where kv is a deviation constant with units of Hz/volt. Consequently, the VCO 

output may be expressed as 

 
• The phase comparator is basically a multiplier and filter that rejects the 

signal component centered at 2fc. Hence, its output may be expressed as 

 

 
 

 
 

• Since the control voltage of the VCO is proportional to the message signal, 

v(t) is the demodulated signal.  

 

• We observe that the output of the loop filter with frequency response G(f) is 

the desired message signal. Hence, the bandwidth of G(f) should be the same 

as the bandwidth W of the message signal. Consequently, the noise at the 

output of the loop filter is also limited to the bandwidth W.  

 

• On the other hand, the output from the VCO is a wideband FM signal with 

an instantaneous frequency that follows the instantaneous frequency of the 

received FM signal. 

 

 


